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STRUCTURAL ANALYSIS

APPROXIMATE METHOD FOR CALCULATING THE RESPONSE

OF EMPLACEMENT STRUCTURES SUBJECTED TO GROUND SHOCK

FRCtM UNDERGROUND NUCLEAR DETONATIONS*

Mark Hartzman

University of California, Lawrence Livermore Laboratory
Livermore, California 94550

A method for ualculating dynamic response of emplacement structures Is
described in this paper. It consists in replacing the structural system by
an idealized lumped mass/finite element model. The equations of motion for
each mass, expressed as functions of the internal and external forces, are
solved in a step-by-step manner by a numerical algorithm, A running
frictional pressure pulse applied to the external surface of the structure
simulates the ground shock environment, Comparison of calculated response
values with limited experimental data Indicates reasonable agreement.

INTRODUCTION structure and the external force that the soilIts assumed to exert on the structure, WeA problem of considerable practical obtain the displacement histories by applying

interest at Lawrence Livermore Laboratory is a step-by-step algorithm to integrate the
the calculation of the dynamic response of system of a uations, taking into account the
buried emplacement structures, Such structures initial c onitions and the material properties
are used for emplacement and support of nuclear of the structure.
devices and nssociated instrumentation. They
usually inclu0 a diagnostic section that con- METHOD OF ANALYSIS
tains instrumentation systems and an emplace-
ment pipe used for supporting the rest of the Equations 'of Motion
structure. Since these structures are buried
in soil, the soil-structure interaction plays Pigure 1 shows an ideallzed structure end
an important role in the response calculations, the corresponding lumped mass/finite element

system, We assume that each mass has one
The complexity of the problem means that degree of freedom, motion along the axial

responses can usually be obtained by numerical direction. The equations of motion for the
techni ues only. A number of finite element mass system may be expressed In matrix form as
and difference continuum programs exist that
could be used for obtaining solutions, How-
ever, these programs are time-consuming because
a very small mesh must be chosen to represent 1-M.] (U) * [K] (u) * [(D] {) • (r}, (I)
the pipe wall thickness. This paper is a
description of an approximate method that
circumvents this difficulty and at the same
time gives reasonable results, adequate for where
practical design.

The method consists In replac(ng the [-NI-] w diagonal mass matrix, assumed constant

continuous structure by a lumped mass/one. {u) total displacement to time t
dimensional finite element system, For each
lumped mass, the equation of motion is (K) instantaneous structure stiffness matrix,
expressed in terms of the instantaneous which depends on the displacements,
internal forces caused by deformation of the stresses, and material properties

*Work performed under the auspices of the U.S. [1] damping matrix

Atomic Energy Commission. (F) external load vector,

II
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I 'x
rX

Sail surface

Emplacementi / pipe

,7:+I

-Dlagnostic

Substructure

Integral with soil-/

Working point
(nuclear device)

a. Idealized structure b, Lumped mass/finite
element model

Pig. 1. Buried emplacement structure and lumped mass/finite
oelement model.

Equations (1) are set of nonlinear second- mi- ith lumped mass
order differential equations that can be solved
by numerical ilethods only. In this analysis, Ui= acceleration of the 1th mass
we will use an explicit method of numerical
integration, Assuming a diagonal mass matrix, ie external force resultant acting on the
we can rewrite Eqs. (1) in the fomn ith mass

[_-N.] (U } .(Pi) ( - (UD), (2) U hinternal forces caused by elastic-plastic
E ii deformation in the elements adjacent to

where the vectors (UE) and (UDI can be the ith mass
interpreted as resultants of internal
deformational and damping forces from the SU•" internal forces caused byd
elements connected to the ith lumped mass,
Thus, any equation of the "bove system of
Iquatlons can be expressed as

The forces acting on this mass are shown
m- P - .Su j (3) in Fig. 2. ýy adopting an explicit scheme of20 2 U step-by-step integration, we can calculate the

complete internal force system at any time
without first solving for the unknown
incremental displacements. We thus eliminate

where the need to assemble stiffness and damping!4
2



In
mX

Fig. 2. Lumped mass and force system.

matrices since we can determine the acceler- The acceleration at any instant ts are obtained
ation vector completely as long as we know the from Eq, (3) and are rewritten as
external force system, f,

integration of second-order differential
equations is described In Ref. 1. At the sth
instant, the Incremental dtsplaceentq AInd-04
velocities are gIven es

Calclaton of Intenna3 Fomes ':
* {)$s' At [5(+)' +1 8)' 1  W)"s2)(4)

-r The Internal force resultants acting at
any instant can be calculated directly if we
know (1) stress and strain states at the

() beginning of a time Increment, (2) Incremental{6 .(u At * [4(' .{U)s- 1 ]. (5) displacements and strains, (3) incremental
uniaxial stress-strain relations, and (4)

The total displacements at the (s+jlth instant instantaneous velocities,
are then obtained from

Consider a generic massless element n and
the two connected masses at Its Inds, as shown{u~s! -{u~ + {u~sl. e) in Fig. 3. At a given Instant t, we assuqie

that the Internal forces at as own, Over
Assuming the inttal velocities and acceler- the time Increment At ! t , the ends of
ations are given, the first displacement the eleinent are assumed to have expvrienced
increments are 'Incremental displacemonts Au1 , Auj.

(Au)• (u), - (u00 • At(})0  ( 9)1)° (7)

Au3

U S us

FIg. S. Finite element and itnternal forces,

The velocity at ti Is then (B) From equilibrium we have

0 {t)O + AtIUin. Ul a n (10)

3



and by definition The stress-strain relation for the
materials considered here is replaced by a

B piece-wise linear approximation and Is based onU s an' An, (11) the assumption that (1) no buckling or collapse
is considered. (2) Poisson, the mal, and strain

where rate effects are ignored, and (3) nonisotropic
hardening (i.e. yield strengths In tension and

os - element axial stress at t' compression may be different) is postulated.

A initial cross-sectional area. Figures 4 ant u -now the postulated
nbehavior of the material. The main objective of

The Incremental strain Aen experienced over 6t this material description is to model the large
is defined as deformation that presumably might occur because

AU huof compression, However, it is also possible
"i """i----- " (12) that large tensile deformation, unloadinj and

€n "reloading, or cyclic loading may occur. The
present formulation could a so describe these

where Ln initial element length at time t 0 O. phenomena.

The total strain ts is obtained as We can descrly i deformation in the

* S1+A, 3 cmrsiern follows; The material isi n i t i a l ly a s s u m e .. .d e f o rm e l a s t i c a l ly u n t i lc, : +n the yield limit o <0) is reached. Deformation
then continues p r .tica lly until the stra in

We can thus evaluate immediately the Incremental tc(<O) is reached. This region is supposed to
strains over a time interval and the total represent very approximately both yielding of
current strains. We can also evaluate the the material and axisymmetric collapse of the
current stresses Itf we know the stresses at structure, If lqading Is further increased,
!t - ts- 1 and the Incremental stresses and if we the deformation proceeds elastically again,

postulate suitable stress-strain 
relations. 

reflecting the assumptions 
of ci rcumferent ial

I,

c i

Notet not to scale

Fig. 4. Assumed stress-strain, relation.
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l • I • () 0 E&,+ olýl

A - 0j (2)-'~ ' cs=EpA÷ah•(1 -r) +ras'

0 (2) as, E AE + +s(1 0 r as"'

* (*s"ACo, + E( l -o)E~'r

t E
0' (3) E , +

Sas m ,(urrent stress E ( elastic mdulus

(,,. . stress of the beginning of a time Increment E - plastic modulus
P

4E - strain Increment r'= ratio (E /E)
p

a' cuerent yield strength Inelastic strain limit
m (varles as work-hardening progresses) Cr * residual straitn

*m current strain ar * rupture stress

Fig, S. Deformation patterns and corresponding stress-strain relations.

collapse and radial soil 'constraint, effects Kelvin solid whose stress-strain relation has
that tend to stiffen the structure against the general form
further defomatlon, Unloading occurs elasti- E D (14)
cally at any point until reverse plasti
(tensile) loading Is experienced, If the stress
or is reached, the material is assumed to fail where
and the stress vanishes, However, a compressive
residual straln Er, indicating permanent CO . n .
shortening of the element, remains. As long as
ocr > tr' the stress remains zero and separation in
occurs, If the motion is such that c < Er, Since - the viscous forces
compressive loading is experienced- tensile In
loading cannot occur again, take the form

Figure 5 shows several possible modes of UDs a ; -a
dformatlon, together with the corresponding Un j u" )
stress-strain relations.

where
Once the stresses due to deformation are

obtalned, we can get the corresponding internal
forces from Eqs. (10) and (11). We obtain the * (iS)
.internal viscous forces by assuming a simple



and the working point. We also assume the existence
of a static component due to overburden. We can
transform this lateral pulse into axial forces

Ds D
U U (16) acting on the masses by using prescribed
i j" Coulomb friction factors. The sense of these

forces is determined by the relative velocities
of the masses and the corresponding points in

The viscosity coefficient n is generally the soil. We assume that these loads act only
difficult to determine. A ýypical value for on that portion of the structure that remains
'steel is 1 x 109 psf-sec. 2  underground, The choice of these mechanisms is

tSoilIvelocity

Lateral stress l
due to overburden

.(V/l - i)Yl iSoll stress pulse

v -1/6
y.,= 125 lb/ft3

Workin ° l.nt

Notet mo+ to scale

Pig. 6. Assumed &xisymetric lateral loading
at a given instant.

Calculation of External Forces -based on limitud numerical experimentation and
-is not unique. The weight is also included and

We assume that the forces acting on ths acts over the entire structure.
structure are caused by an axisymmetric lateral
stress pulse 'propagating through the 'soil from Figure 6 shows the shapes of the assumed

6



lateral loading. We obtain the magnitude of The particle velocity pulse is related to
the lateral stress at each mass point from the the stress pulse end is assumed to have the
soil stress history at each mass point. This same history,
history is obtained from calculations, based on

Sempirical results, of peak stress and arrival Once we know the lateral stress history
times as functions of axial distance from the for a given instant, we can transform it into a
working point, Figure 7 shows the postulated set of lateral forces distributed around the
shock stress history at a generic mass point, structure acting on the lumped masses. These
In these calculations, ta represents the calculations are performed at the element level.
arrival time of the plastic ftunt, The elastic
precursor in the soil is assumed negligible. Figure 8 shows three masses connected by
The rarefaction wave due to reflect ion from the two elements, and the instantaneous lateral
surface is also neglected, stress distribution, From considerations of

to w time of arrival of front

tb a time of arrival of peak stress
't M time of arrival of 1/2 peak stress
td -time of arrival of rear

t•,i t

I~v

PP t0  tb t6  tdj

PIg. 7, Lateral s~tess pulse hestorw at a gnnerio mass point.

M "Jm jn n _ Fkn

Fig. 8. Axial forces due to lateral stress distribution.



virtual work, the equivalent axial forces 2. Calculate external lateral stresses and
caused by lateral stress acting at the ends of axial forces. Check for signs based on
the elements are the relative velocity between soil and

structure, as described in the section on
Element m: external forces.

Lm 3. Calculate the total force resultantFie • . -- (2pi 4 p3) 21mmt *-- (17) acting on each mass,

!i,4. Calculate accelerations of masses -from

Eq. (9).
L / 5, Calculate velocities dnd incremental

(L m p 2p) 2 (18) displacements from Eqs. (4) and (5).Fjm , . 9- (p p)2RI-• J
JIu1  6. Introduce prescribed displacements,

Element n: 7. Calculate total displacements from Eq.(6)

L - p 8. Return to step 1.
A (217j + Pk)2R11(9

N' 'OuI /Ii See Fig. 9 for a graphic presentation of the
algorithm. The algorithm gives the displace-
mont histories of the masses and the internal

Ln "k k force historiesi the element stress histories
P (p, + 2 )k) 2rn ,. k , (20) are obtained inmplicitly in the process.

where • * soil velocity.

We can therefore obtain the external forces COMPARISON WITH EXPERIMENTAL RESULTS
acting on the masses by summing the componmnts
due to the associated elements, ie., To check the validity of, the method, we

calculated the response of an already-tested
F m F +Fj1 . (21) emplacement structure ano compared the results

with the empirical dataJ The response was
Prescribed Boundary and Initial Conditions characterized by the displacement of the top of

the emplacement pipe, Figure 10 shows both a
We assume that thm external forces di gram of the analyzed structure and the

described in the last section ar applied to finite element model of the structure. We set
all mass"e except the bottomoeti we further' the bottonmiost point of the structure at 90 ft
assume that the bottommost miss experiences the above the working pointi assuming that the
soil displacement history obtained by inte- structure below this point displaced with the
geating the soil velocity history at this mass soil . No structural damping was included.
point, We can integrate the soll velocity
history if we assume that a portion 'of the To calculate the response we varied a
structure at and Just below the bottommost mass number of factors until we got approximate
collapses and remains rigidly attached to the agreement botween the calculated and experi-
soil. mental results, The comparison it shown In Fig.

11. The varied parameters were the friction
Initially we consider all velocities, factor, the maximum tensile streas Or, and the

displacements, and accelerations to be zero. minimum strain Cc. We found that the most
However, the stresses and strains caused by the critical and least known parameter is the
static weight of the structure are calculated, friction factor. In this case, we chose the

friction factors as shown in Fig, lOb.Numerical Procedure
Figure 12 shows displacement and velocity

Assume we have calculated the incremental histories at three selected points, The dis-
displacements over a period of time. The placement of node 12 was considerably larger
calculational algorithm for the displacement than that of node 1 because of tensile failure
history consists of the following steps: in the diagnostic structure. Once this failure

occurred, the structure above the failure was In
1. For each element calculate incremental free flight, retarded -dly by the ground

strains. Calculate the stresses and friction and the weight. The average permanent
internal forces as described in the compression was 44%, but near the base it was
section on internal forces. .14%, indicating considerable damage.
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VIBRATION ANALYSIS OF STRUCTURAL SYSTEMS

USING VIRTUAL SUBSTRUCTURES

Alex Berman
Kaman Aerospace Corporation

Bloomfield, Connecticut

A method is described in which substructure
components of a structural system may be
exactly represented within the equations of
motion of the main structure. The method may
be used to obtain forced responses or natural
frequencies of the complete system.

INTRODUCTION Hou[l] and Benfield, at al[2]. The
major motivations for subsystem analysis

In many structural dynamics are1 (1) computer storage limitations r

analysos, the most important results are or excessive execution times which pre-the natural frequencies and normal modes vent the analysis of the complete
of the structure because these indicate system (2) separate components are
the frequencies and distribution of the analymed at different sites or at dif-
maximum amplitude responses under op- ferent timesl (3) it in desired to study "
erational conditions. This is not the variations in only portions of the
case when the structure analysed Is a structural system with considerations of
component of a structural system. When efftiiency preventing repeated analyses
a system is vibrating at its natural of the complete system.
frequency, the components are responding
off-resonance to multiple excitin The modal approach to component
forces. There is no unique relatlonship synthesis uses modes of the components
between the response of a component as as generalized coordinates of the system.
a part of a system and the modes of the Hurtyj3j developed an excellent and a
component as an independent structure. generally applicable technique using
The approach to component synthesis modes of the independent substructures.
which is described in this paper avoids In addition to normal modes of the com-
the common technique of using modes of onents, this method uses redundant
the components as generalized coordi- interface constraint modes. Various
nates of the system. The method pro- simplified but related methods (see
sented here makes use of substructure References 1 and 2) use different modes
response to forces at the interface and somewhat different techniques. All
coordinates and performs an exact re- the simpler methods which use modes of
duction of this substructure to these the independent components are subject
coordinates. This results in a rep- to the same deficiency. The practical
resentation of the entire system where success of these methods must depend on
the influence of the substructures or how well a small number of the chosen
components are exactly present, in modes can represent the response of the
effect, without a corresponding increase structural system. Since the actual
in the number of degrees of freedom. response of each component may have
Thus, the designation "virtual sub- little resemblance to the modes used as
structures", generalized coordinates, there can be

significant errors in the derived char-
Detailed discussions of the acteristics of the system. Comparisons

reasons for component synthesis and of various methods usina various numbers
descriptions of the characteristics of of modes have been presented in Ref-
all the important contributions to the erence 2.
field have been very well covered by

13



An improvement was made by Subscripts
Denfield and Hruda[4] when they added
approximate interface loading (mass and a,b,c Refers to Substructure a,b,c
stiffness) to each component before ob-
taining its modes, which are then more a Refers to System
representative of the actual displace-
ments of the system. Significant v Refers to Virtual or Reduced
improvements of this technique over the System
simplified methods are reported in
Reference 2 where accuracies approaching
Hurty's method l] are achieved. Superscripts

The method of this paper might, at - Refers to Interface Coordinates
first, be considered to be an extension
of the previously mentioned method, Refers to Non-Interface
Instead of adding approximate interface Coordinates
loadings, exact quantities are used.
The major difference in that, now, Refoer to Coupling Between
rather than solvinr for generalized co- Interface and Non-Interface
ordinates to be used in an analysis of Coordinate.
the structural ystem, any solution is
a solution of the aomplete system since T Transpose of Matrix
the characteristics of the other sub-
systems are exactly represented in the -I Inverse of Matrix
model. Because of the nature of the
model, the quantities which are di-
rectly obtained aro responses rather BASIC CONSIDERATIONS
than natural frequencies and modes.
The subsystems are linearly represented A structural system is a structure
and include damping. The virtual rep- composed of discrete interconnected
rusentation of the eubystems is f - structural units. These units are
quency dependent and this analysis leads called components or substructures. The
to some general observations regarding entire system and each component are
the reduction of linear models. assumed here to be repr•ented by dis-

crete element linear mathematical models
This method is presented here consistinq of a stiffness matrix, K, a

primarily as an analytic tool, however, mass matrix, M, and a damping matrix,.i

t appears that test or combined test In this presentation, for minusoidal
and analysis applications may be motion, the damping is represented in
developed, the form igx where a is the commonly

used tructural damping coefficient.
The procedures apply to any linear form

NOMENCLATURE of the equation of motion, however.

C Damping Matrix The response of the system or any
component at one steady-state frequency

K Stiffness Matrix may be written in the formt

M Mass Matrix Zy-f (N)

Y Mobility Matrix (- 2") where y and f are complex vectors rep-
resenting the displacement and applied

E Impedance Matrix (- -w2M + U force amplitudes at each coordinate of
+ ic)x) the structure. Z is the complex

"impedance" matrix of the structure and
f Force Vector is of the form

y Displacement Vector Z - -21 + (1 + ig)K (2)

g Structural Damping Coefficient
where w is the frequency of the motion.

SFrequency of Excitation The impedance matrix can be called the
model of the system. The inverse of Z

Re( Real Part of will be called the "mobility" matrix, Y,
resulting in the relationship

Im( ) Imaginary Part of
y -Yf (3)

14
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The matrices Z, Y, M, K are all
symmetric. There are no restrictions on
whether the structures are constrained
or free, except that for the free con- INTERFACE
dition at w m O, the mobility matrix,
Y, is not defined since K is singular,

The forces, displacements, and co-
ordinates may be considered to be
generalized quantities with no loss in
applicability of the equations. In the
applications considered here, however,
the "forces" are either ordinary forces
or moments and the displacements are Figure 1. Structural System Composed
either translational or rotational of Two Substructures
motions of physical points on the struc-
ture. There is no necessary ordering

may be rearranged as desired providing are established or transformed so that
that the corresponding rows and columns the common points (or interface coor-
and the elements of y and f are also dinates) are compatible. Each structure
consistently rearranged. has an independent equation of the form

The impedance and mobility matrices, " f
while inverses of each other, have sur- aa a
prisingly different physical signifi-
cai~ce. The impedance matrix is wholly ~ (4b)
dependent on the specific model formu- Zbyb fb
lation. Changes in the number and
location of coordinates will change the It is convenient to rearrange and par-
elements of this matrix. This matrix tition the elements of the impedance
can be more-or-less intuitively derived matrices in the following fashiont
from the physical characteristics of the
structure and has been called an
"intuitive" quantity (See Reference 4 a a
for a discussion of these concepts.). Za * T (ta)
The elements of the inverse, however,
cannot physically depend on the leoa- a a
tions of the other coordinates in the
model. This matrix is a "measurable"
quantity and the elements represent the A
eflection at a point due to a force at rb 'b
a point. These are quantities which all Z (5b)
valid models of the same structure must
yield. ý T A

Tb Zb
The contributions of physical

quantities to the impedance matrix are where T' and T are the partitions of
simply additive. That is, if all nec- the corfespondinq independent structures
eaaary coordinates are represented in at the common system interface. The
the matrices, the addition of spring, impedance of the system then, may be
inertial or damping characteristics exactly formed by supeormposing these
cimply requires that the values of these matrices as followet
parameters be added to the appropriate
elements of the matrix. 0Za a

These concepts will be applied in
the following paragraphs to the analysis 3 T (. )
of structural systems. a ab b

THE PARTITIONS OF THE IMPEDANCE MATRIX 0 T A

0 b Ob
Consider two structures a, b, which are
parts of a structural system as illus- These relationships have been written as
trated schematically in Figure 1, though the substructures are rigidly

•,• 15



attached, however, there is no loss in Where the off-diagonal submatrices
generality here for elastically coupled represent the transfer impedances be-
substructures. The elastic members may tween the non-interface coordinates and
either be considered to be part of one the interface coordinates and between
of the substructures, or divided between the various interfaces themselves. This
them, or they may be treated as a matrix is formed simply by rearranging
separate component of the system. the elements of the impedance of com-

ponent a. If each of the components b,
It io the objective here to form n, d may be represented by impedance

the matrix Z. so that it is no larger matrices only at their respective in-
in order than that of the main compo- terfaces, then the entire system may be
nent, a. If a valid model of subotruc- written ase
ture b could be formed using only the A
interface coordinates, the impedance of
the system could be written:

zs ab÷vb
a a a a

(7) . a V C, ad+ ,

a Av
where the off-diagonal and the non-

where Zv is called the virtual impedance do notor virtual model of the substructure. interface submatrices of 2a4ono
change. This approach is quite readily

This matrix then would represent the
msystem with no more matrix elements than entenedto cove morecerarrty e
is required to represent one component. ments with no loss in generality.
The only portion of the matrix which is
changed is that portion representing the The question of determining the

ihnter hotpordinte reesnivirtual impedance Zv is investiqated in
interface coordinates. the next section.

This concept readily extends to a
structural system• of several components oDUCRD IMPEbMHCE
(as in Fiqure 2, for example). The reduction of the static stiff-

"ness matrix to any set of coordinates
has been performed in an exact manner by
Turner, et alf6l. When the stiffness
matrix is partitioned as above,

a A (10)

d the apparent stiffness matrix seen at
the interface is

Figure 2. A Structural System of v
A similar, but not exact, reduction of
the mass matrix has been derived by

The impedance matrix of substruc- Guyan[7li
ture a may be partitioned as follows:

A . P + V K M X F (12)

These reduced quantities are used in
ab .Reference 4 to obtain the interface-

z'ac (8) loaded component modes as discussed

' ' ' adl
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When considered from the point of only the static response is preserved.
view of a reduction which must be a good Each Z in Equation (15) is made up of
approximation over a relatively wide mass, Stiffness, and damping matrices,
frequency range, there are several e.g., -W M + (1 + iq)x.
apparent deficiencies in this processt
(1) the resulting linear model can have In order to better illustrate the
only as many natural frequencies as significance of this reduction, consider
there are interface coordinates (unless the simple case of a full size model
additional degrees of freedom are added) having a diagonal mass matrix and no
thus, if the number of interface coor- damping. Equation (15) then becomes
dinates is relatively small, one would (this equation has also been obtained j
not expect adequate frequency response in Reference 8)i
characteristics of the reduced modelt
(2) the Guyan reduction can be expected - - - WJ) T (16)
to be most valid when the chosen coor- V .-

dinates are physically representative
of the structure and since interface Note that for w - 0, Z, K (as in
coordinates are usually inappropriately Equation 11). If Zv A tself assumeddistributed, this reduction can be ex- to be of the form Kv- WMv and Xv is
e, pocted to be of limited applicabilityl taken from Equation (11), Equation (16)

1J (3) the type and distribution of the becomes
appropriate damping parameter is not
obvious. =v (Zv K •v + lM^(I '

A more general approach to the V
reduction will now be presented. A
requirement for a valid analytical model M ' X17)
im that it correctly predict the re-
sponses of the structure to applied Th!j reduced maui matrix will vary with
forces. Thusp a reduced model must w, At w 0, Equation (17) becomes the
predict the same responses to forces at Ouyan mass reduction, (t ib hot
the retained coordinates as the full ,mmediately apparent how important this no
model, that is to may, the retained frequency depenence will be, When thei
elements of the moaility matrix must athe d will b ay, the
remain invariant with respect to the constant mass matrix is used, the re-duced system will have only as manymodel changes, natural frequencLes it has coordinates,

Cosdrte meac mti fa When the frequency range oft, ay, the "

subtructur e inverse, pati first half f these natural requencies

tioned so he coordinates to be retained is les than the range of interest, it(the interface coordinates) are in the i! apparent that such a model is in-erftan coordnaer aadequate. When the reduction is made toupper left-hand corner. a relatively small number of interface J

coordinates which are typically dis-
tributed on a portion of the periphery
of the structure, the situation can be
(13) expected to be much worse.

The mass given'b Equation (17) is

made there. i not suggested that
this formulation necessbrily be used in

y Z") practice, but was presented to point out
the frequency dependence of the reduced
mass matrix.

If 2 in the virtual (or reduced) The next section shows how the
impeance, thenp,, uinf tho usual ex- model may be obtained numerically using
pression for r ptitioned inveree a more general large model and includingdamping.

-1

At first thought, one might con-
which is an exact representation of ahe sider writing the more general form of
full size model at the reduced coor-of
dinates. This equation is identical in the impedance of the full size model offormto quaton 11)whic ma bethe substructure and then substitutingform to Equation (11) which may be into Equation (15) and attempting to
derived in the same way, except that into tie (and otte todcehere the dynamic response rather than identify the matrices of the reduced

MIt



model. This procedure would be quite intuitive physical quantities is more-
laborious and also unnecessary unless or-less arbitrary. A logical argument

. one were searching for an analytical could be made for a constant mass matrix
approximation. There is no need to and a frequency dependent stiffness
obtain separately identified mass, matrix or any other combination. How-
stiffneus, and damping matrices since ever, if the form of Equation (19) is
what is required is the reduced assumed and if K is assumed to be in-
impedance. dependent of w, Yhen Equations (20) and

(21) follow.
The most direct way to obtain this

quantity at each frequency is as follows: From previous discussions, it is
1() Form the substructure impedance expected that M (from Equation 20) will

matrixl (2) Obtain its inverses (3) Form vary with frequXncy. Zt is further to
a matrix of the elements corresponding be expected that C. will not be always
to the interface coordinatesi (4) Invert proportional to Kv. These presumptions
this matrix to obtain the virtual imped- are borne out in the numerical illus-
ance matrix. These operations limply tration presented.
implement the identity, Zv a 7- as in
Equation (15). When the number of APPLICATION CONSIDERATIONS
degrees of freedom of the substructure

r is large and the inversion in Step (2) The following procedure is sug-
above, is not economical, then a modal gested to determine the frequency
representation of the full substructure response of a system. (1) Choose one
may be the most efficient means of ob- of the components to be the main struo-
taining the mobility matrix of the turs (as "al in Figure 2). (2) Arrangeinterface ooordinates at each frequency. the coordinates of the impedance matrix
This matrix, when inverted would be the associated with this structure so that
virtual impedance of thn substructure. all the interface coordinates are
In usinrj the modal approach at this grouped as in Equation (8). (3) At each
point, one must be careful that suf- frequency of interest, determine the¶ ficient modes are used to obtain the virtual impedance of the substructures
mobility accurately at each frequency (seg previous section) and add as in
over the range of interest, Equation (9). (4) Solve this system

for its response.
While it is true that there is no

need to interpret the virtual 4-,edance It is not necessary to have any
in terms of mass, stiffness anz lamping one substructure as the main structure,
matrices, such an interpretation can as in (1) in the previous paragraph,
shad some light on the general study of but all structures may be reduced to
reduced models of linear systems. If models at the interfaces only. This
the complete model of the substructure would remove the first row and column
is written as of submatrices in Equation (9). This

variant would be useful when actual
2 + + i)K (18) responses are not required but natural
b ( )(frequencies of the synter•i are the ob-

jective.• ,and if one assumes a reduced model of
corresponding form If it is desired to obtain natural

frequencies of the system, this can be
- .W2 Mv obtained from the frequency response

v - v iv characteristics just as would be done
with test data, for example, by ob-

then Mv and Cv may be obtained from: serving frequencies of maximum response
or by applying the method of Kennedy
and Pancu[91.

Mv - I~ .[Re(Zv) -Kv] (20)
v When the number of degrees of

freedom of the system, Equation (9), is
and relatively small, the direct inversion

Cv . Im(Z )(21) of this matrix would be the moat econom-
v v ical means of determining the response

of the system. if many degrees of
where Zv has been compu':ed as above and freedom make this approach impractical
Xy has been obtained from Equatio.n (11). then such techniques as a modal analysis
It should be noted that no assumption at each frequency or a correction method
is made that Cv gKv as in the full for the inverse of a modified matrix
size model, Such an assumption would, should be considered. Thu details of
in general, be iontradictory to Equation these considerations are outside the
(21). This interpretation in terms of scope of this paper.

18
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The obvious situation for direct The reduced stiffness is -on-
applicability of these procedures is sidered to be constant, a. dir,cussed
where several medium size components above, to be compatible with the static
are interfaced at a relatively small solution. Because the interface coor-
number of coordinates. The virtual dinates are adjacent to each other, the
models of each substructure would be reduced mass matrix remainc diagonal,
obtained independently over the fre- which fact makes the interpretation of
quency range of interest and then the the results intuitively more understand-
responses of the system could be ob- able.
tained with relative ease and with
confidence. Figure 4 illustrates the response

of mass 3 to a force at masa 3 versus
ILLUSTRATIVE COMPUTATIONS frequency, up through the 3 non-zero

resonance. The dashed line on this
As an illustration of the tech- figure shows the response of the system

nigqies discussed, a simple 10-dogree- which i redicted using the model of
of-freedom lumped parameter longitudinal Kvy HOvW 0 0), and o w .02 am would be
model was analyzed as a substructure, determined by the usual reduction
Figure 3 shows the model and indicates methods. Notice that, in this ease,
the masses and stiffnesces. The struc- the usual method in completely in-
ture was considered to be unconstrained adequate for predicting response except
"•with a strutural damping coefficient at very low frequencies.
of 2%. The structure was assumed to
interface another component at masses Figure 5 illustrates the elements
3 and 4. Thus, a 2x2 virtual impedance of the virtual mass matrix as a function
matrix was calculated versus frequency. of frequency. This data was obtained
The reduced stiffness matrix is: by the method suggested above for ob-

tasing Zv and then using Equation (20).At o - 0,F theme values agree with the

.4635 -. 4635j Guyan reduction. The damping matrix
Kv -- was obtained using Equation (21), i.e.,

-. 4635 .4635 using the imaginary part of the virtual
impedance. At frequencies up to the

a h e matrix at • 0 i vicinity of the first non-zero resonance
the C matrix was nearly proportional to
the Kv matrix with the factor of .02

1.4226 0 which was the original form of the
(W 0 0) damping. Howeverl at higher fre uenciem1v0 .3763 thiu proportionalty does not ex at.

On Figure � in shown a plot of (Cv) 11/
ATA - IN. M51. -I.6•/0, - Lf/1H (KV) 1i and (Cv) 2 2 /(Kv) 22. It is

meen-ihat these quantit es vary widely
..003 and above the lowest frequencies do not

1.20 anywhere approach the nominal value of
11.0 .110 .02.

34.3 .311 The model represented by Xv (above),
My(Figure 5), Cv (Figure 6) exactly rep-
resents the correct response of the sub-

.4•4 structure as represented by the 10-
C0OK:i0OT98 degree-of-freedom model and illustrated

in Figure 4. This, of course# mui=t be
true since the correct response is used

57.1 .304 to compute the virtual impedance.2.46

I..43 This impedance may now be directly

1.41 added to any other substructure inter-
1.14 .0o0 faced at masses 3 and 4 as previously

.010 discussed to obtain the exact frequency
0.51 response of the structural system.

101. .063

3".0

124.2 .01,

Figure 3. Longitudinal Model
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*42 (Part 5) , 135-141, Jan. 1972. points if we do a modal analysis, for ewample.

9. C.C. Kennedy and C,D.P, Panoul "Use
of Vectors in Vibration Measuremmnt
and Anal im",• aournal of the
Aeronaut cal Sdiences, Vol. 14,
No2 Il• Nov, 1947,
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MULTIDEGREE.OFFREEDOM ELASTIC SYSTEMS HAVING

MULTIPLE CLEARANCES

by

Riohard C, Winfrey

Project Engineer
Burroughs Corporation

Wetlake Village, California 9130*

A computer program has been written to aid In the design and analysis of
multidegreeocf-freedomrn elastic systems with clearances, The ull of finite element methods
has permitted the program to be applied to a variety of problems. A simple algorithm Isi
described for monitoring and directing the computations as the elastic system changes due
to the clearances, A carn-driven valve train and an Impact damper are shown as examples,

INTRODUCTION

The Investigatlon into the dynamic behavior of
machinery in general and mechanisms in particular his
recently led to the Inclusion of elastic deformatlons In the
modeling of mechanisms, These deformations are caused
by both Inertidl and externally applied forest. The
mechanism Is typically modeled using finite element
methods, h and the resulting equations of motion are
numerically Integrated. More recntly, the effect of
clearances and Impact in mechanisms has been studied in
in effort to obtain a more realistic mathematical model of
a piece of machinery. Duboweky I reported on the affect
of clearances, but he was more concemed with the
modeling of a single joint rather then a complete valve not

mechanism, valve

The modeling and analysis of a complete
mechailsm has been described previously by this author,
however, the method was limited to the case where one
member of each Impact pair had Its motion completely
specifled as a function of time. The cam.driven valve train,
shown In Figure 1, was used as in example; the effect of a
clearance at the cam and at the valve seat was discussed.
The computer program described by Heference I has been
modified to eilminate the previous limitation, and It Is now
poslsble to model the Impact between any two machine
members undergoing arbitrary motion, The method for
Improving the computer program consisted of using
conservation of momentum just before and just after
initial contact of an impact pair, The primary Intention
here Is to demonstrate this more general method of
solution by Investigating the same cam.driven valve train,
using four clearances Instead of the previous two, end then Figure 1, Cam-Driven Valve Train With Harmonic Cam.
by studying the behavior of an Impact demper,

* Formerly, Mechanical Engineer, Navel Civil Engineering Laboratory, Port Hueneme, California.
' One Is arbitrarily added because it Is not convenient to have a configuration number of 0.
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4•,4 CAM-DRIVEN VALVE TRAIN

The cam-driven valve train, whioh contains nine
,...~ degrees of freedom and four clearances (Figure 1), will be

"used as the first example, The finite element model Is
shown in Figure 2, and the elements are shown In Figure 3.
A camn profile that causes ilnusoldal motion wil arbitrarily
chosen for simpliclty, and, similarly, the cam was
arbitrarily chosen to turn at a constant angular velocity.
Both the cam and valve seat were assumed to have Infinite
mass and bt its, This I a not a requirement of the presentii•.,,program, but It was required In Reference 5; thus, the

4141 asumption wasn retained to ast to providle continuity
between resulti.

4, Control of the program Is accomplished by
continuously monitoring displacements and forces at each
of the clearences-i-,e, cam-push rod, push rod-rocker
arm, rocker arm-valve stem, end valve-valve seat. The
system exists as a unique structural conflguration,
Frdepending on which member of the system is In contact

"Figure 2, System Coordinates. and which is not, The total number of possible

L - 1 i d L 0 tn, configurations Is given by

'~C- 2"

where C n number of configurations

61 n L number of clearances (four for this case)

A systematic method of keeping track of the variousconfiguratlons can be obtained by using the table of binary '
K,.- 346 Winuf, numbers shown in Table 1, Note thit the number of the

3 In, configuration is equal to one plus the decimal equivalent
d. 0. lt., of the column of binary numbers below It, aero In the
,.. table meant that there Is no contact at the corresponding

" ,I -"clearance, Hence, the displacement of each nmember of the
d i04In, Impact pair must be monitored after each numerical

integration time step to cheek for possible Interference
(is&, contact). Similarly, a one In the table indicates
contact at a clearance, and, hence, the force between
members must be monitored to see If separation has
occurred (the sign convention requires that forces at a
clearance be positive to maintiln contact), For example, If

1ý Figure 3, Elements,

Table 1, Configuration Matrix

Configuration Number

Clearanoes
1 2 3 4 B 6 7 8 9 10 11 121 13 141 15 16

Cam-puohrod 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

Push rod-rocker arm 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1

Rocker arm-valvestem 0 0 0 0 I 1 1 1 0 0 0 0 1 1 1 1

Valve-velvielt 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
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Figure 4, One Cleerenoe,

the system Is In cnntact at the cam and at both ends of the Separation Is permitted at each and of the
rocker arm, but Is not In contact at the valve liat, then the rocket arm in Figure 5, and In Figure 6 the valve seat Is
binary column Ih also Included, Ino a ttempt to clarify the results, the

displceteyo ourver whre offset by a coursant dinteahe ofI I Inch, 2 Inches, and 3 Inches. Also, the fores were

s plotted gn rFl, +FA, tF? plus g constant, andc+F plus the

n same eonmient, It Y s obvious that a great deal Is gobne an at
onc toan In this relatively simple aystem, The Idea In

0 Interpreting the results shown It to follow a displacement

ofe th cima l p qush alet rd w th is col n ad 7; p tog er, ad nd t, ccurve of Interest, However, becuse of the rtolutiton ofThe ecial qulvlin ofthi colmn t 7 aftr adin 1, the plotter, It II not always possible to detect a se~paration

the system Is In configrathon number 8, and the program Thus, one n sed m to ralp an eye on the force turvhe
Is toldt t he fpru e at clearances 1, 2, and 3 end to singe they go to zo when q purstlon occurs, In l ay h setmonitor the displacements at clearance 4. Now, assume ofdsaemn uwt amrfiei urmoedl

that the forne at the a m benomet negative, and that onef d isplacement atrlest the a valId su this ls

mopration oec urs, The one In the firqt row changes to a asfumption.
zero, making the equivalent decimal number 6. Thus, the IMPACT DAMPERF

program tumps to eonfpguration 7 and begins to monitor
foreland displacements according to the seventh column, A second example that can be used toThe computer algorithm to perform this process Is quite demonstrate the program Is the Impact damper, which
simple and general. Alec, the program generates the binary contains only two clearances, However, each of thoes
table at the beginning of execution on the bosils of the clearances Involves a fixed off-set, This Interesting dwsvl; is
number of clearances specified by the programmer, at least 28 Vllrl old,' and more recently his been the

Figure 4, which Is baned on the comp~uter subject of a number of publications, ',. "The most seammen
program of Reference 5, shows the fore@ and dliplacement approsoh to analyzing the Impact damper hat Loon to use

of te psh od ith an q pined ogeher q4andthe concept of coefficient of restitution and to =asume two
q, pinned together, andl the valve noat removed. It can be Impacts occurring symmetrically during each cycle of the
won that the push rod bounces several times before forcing frequency, The question of stability ties boon
remaining on the cam, and that It actually, bounces once examined at least in part on the validity of this lolt
more because of residual high frequency oscilllations just assumption,

before the major separation,
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dd/2

3 20

M

K.

/J Tm jc

Figre , Ipac Dmpe Moel,.c Figure 8. Damped Response for d/2 - 5 Inches,

>1The system to be analyzed Is shown In Figure K( 10.0 (lb/In.)
7,weethe conventional bali hoe been replaced by a two

degree-of-froodom oprIng-mossadamper system, It has been m (b-sec'/in.)
found experimentally'~ that the friction between the ball g
and the container has negligible effect on the total motion, k *50 (lb/in,)I
and, thus, It Is assumed that the "ball" In Figure 7 rolls
without frition on the large! mass, M, 0 C, v= (lb-seo/in,); t2 0.10

The coefficient of restitution Is defined In Fim Kl(sn wt(lb~iw - 4 (lred/see)
terms of the relative velocity of two bodies just before M
Impact end just after Impact; thus, one Is permitted to
Ignore what happens during Impact, However, as the totai A value for a was determined through modal damping. As
gap, d, Is decreased, the time during Impact becomes a previously stated, zero damping was assurned for the rigid
of coefficient of rustitution becomes leos valid. It was for the elastic mode shape (q, - *q IIIso as to give a

de iddtInvestigate the effect of Impact time by using a coefficient of restitution of approximately 0,35.
"ball" which was relatively soft, In this way, Impact times
of up to 15% of the total time would be obtained for For tj - 0,05, the maximum amplitude of
largler pevnalues of the totelaio and t1o p 10.0~ InhFigure 8 hosth e system

The values for the constants used In Figure 7 amplitude built up until the damper was contacted. There
are as follows: was a slight overshootbefore the system settled Into a

M. Ob-iobec/n.) 3,2 Inches. lit should be pointed out that only the peak

C- 2ý1through 10, the lines In between were drawn as either
C - ~ ,R~~ib~sc/i.),~ - ,05being straight or approximately oinusoidall Next, d/2 was

Is0

Fiue9 apdRsoms p / . nhs

II

II4



set at 9,9 inches, with the result shown in Figure 9. Again,
the amplitude w,; quickly reduced once the Impact
damper was contacted, but this time, a constant, -00
steady-state amplitude was not obtained, The reason for ©, -

this fluctuating amplitude Is easily seen by examining
Figure 10. The upper and lower curves are Identical and /
represent the motion of the left and right bumpers of the
mass, M, while the middle curve represents the ball a's
bouncing back and forth. It can be seen that when the bael l
impacts near the center of a bumper curve where the
velocity of M Is maximum, the amplitude of the 1 .-tii'j ~~displacement of M decrew.. However, due to the time o, • z

,;,•'/required for the bill to traverse the gap, the period of the

bill Is not the ismsa.s that of the mass, M. Thus, afterseveral bounces, the bell Impacts at s peak displacement o,-1

(iero velocity of M) and rebounds relatively slowly,
misning one complete cycle of M. The amplitude of M then
builds up, but the ball now Impacts at a point near
maximum velocity, end, thus, the cycle Is repeated, - o-

t,'•., dWINK)

Figure 11. System Response for Varying Gap, d.
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DISCUSSION

intgaionwstsp blow upijou6 are above the natural froquency,

MrLWifrjZXJ This was a Newmark methad. M.lnitWhen you have a large number
It was a straight line on th ceeaino a o-o.fedmyou oar talking al..ut
between time intervals. a vary vary @mall

M~r. jjngnji When yo aealarge number iý You can may about a number of
of dejiress-of-freedom. isn't this going to program: thaiPRIre AVIe no theoretical limits
reduce the time step msiz? but there are certainly practical' limits in' the

al ec and speed of the computer that you have,
Mr.A Win frov This would be a function of van-degroee-of-freedom was the largest syatem

the maximum natural frequency, So, presumeably that I did run. To give you a ball park number
if you have a large number of degrees-of-freedom this wae on an IBM 370, Model 165, The problem
you have high natural frequencies. The time I showed with nine-degreese-of-freedom took
stop for the numerical integration was about 20 seconds to run out through 2h
approximately one foutth of the highest natural revolutions, This wae about 100,000 iterations,
period. so the program works fairly rapidly.

Mr. zinflni The title of the paper indi-
catesi vYII clearances and a lag &number
of degrees-of-freedom. My experience with this
kind of program is this problem of having a lot
of degrees-of-freedom and having the thing
blow up.
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RESPONSE BOUNDS FOR STRUCTURES WITH
INCOMPLETELY PRESCRIBED LOADING

W. D. Pilkey

Department of Aerospace Engineering and
Engineering Physics

V University of Virginia
Charlottesville, Virginia, 22901

A, J. Kalinowski
Division of Engineering Mechanics

ITT Research Institute
Chicago, Illinois, 60616

Problems concerned with finding upper and lower bound* on the response of
elastic and plastic structures subjected to incompletely proscribed loading
are treated, The solutions are formulated as mathematical programming
problems, The particular members of the class of loading, that lead to the
bounding values of the response are determined in addition to the extreme
responses. Both transient and steady state problems aie considered, The
loading can be characterimed by amplitude bounds or properties such as total
energy or impulse,

INTRODUCTION multi-degree of freedom dynamic system can be

treated, Also, the loading uharacterisation
The important problem of determining infor- is flexible, e.g. a load can be defined by a

mation on the dynamic response of structures time-varying band.
when the loading is not fully prescribed has
been gIvan limited attention. This is especial- SeverAl interesting mechanical system
ly true when the loading is to be characterised transient problems tre to be found in theme
deterministically rather than statistically, referencas, Reference 10 discusses the peak
This paper is devoted to the deterministic case, response of a beam subject to a load, which

is defined in terms of upper and lower bnunds,
References 1-18 are representative of moving along the beam. The maximum response

past efforts in this area. The work presented of a structural system for which the energy of
in these document. along with references con- the input excitations is bounded for a given
tained therein constitute a reasonably complete time duration is handled in Reference 5, In
state of the art, Generally the problem is Reference 4 a beam column is presented for
treated in terms of determining the upper and which only upper bounds are known on the
lower bounds on the response that can be transverse and axial transient loads, Ref-
achieved for the prescribed class of loadings, erence 18 deals with structural systems for
References 2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 17 which the loading can be defined with inequal-
and 18 contain a fascinating array of analyti- ities, a.g. a band in time within which the
cal solutions, Theme range from graphical forcing function must lie, References 16 and
solutions to the use of Pontryagin's maximum 17 determine peak responses for single degree
principle and Liapunov's direct method. The of freedom systems loaded by a forcing funo-
analytical efforts are restricted to either tion of specified duration and total impulse,
simple dynamic systems or simple characterisa- Several transient structural systems with
tion of the loading, e.g. a load defined by a various loading characterimations are con-
constant upper bound, sidered in References 13 and 15.

Computational techniques are proposed in In the present work, computational formu-
References 1, 13, 14, 15, and 16 for transient lationu are given for a steady state vibration
problems. The problem is cast in terms of problem, Also, an extension of the formulation
mathematical programming, For linear systems to apply to inelastic structures is proposed,
and a linear loadinp characterisation the
linear programming approach applies and a
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CHARACTERI7ATION OF LOADING Worst Disturbance -- For prescribed aon-
straints on fl find

Consider a structure that is subject to a
loading for which only limited local and/or Max Max u(x ,tj) - 1, 2, .. ,J (4)
global characteristics are known. Typically, f i w 1, 2, ... '1
a time-varying bandwidth, within which the
magnitude and/or rise times of the loading
must lie, may constitute the close of admis- These rroblemg can be restated in terms of
sable loads, with nothing being enid about the mfthematical programminu making them suitable
probabilities of occurrence within the band, for solution using computational technique.,
Thus for a loading, f(x,t), where x is the
spatial coordinate (vector) and t is time, with TRANSIENT RESPONSE 07 ELASTIC STRUCTURES

diculd be prescbedtaion ff
discrete represedtatite"io f x4 * t ), it Consider first the best disturbance prob-

od resiedfor aiven psion xi on
the structure that ls of Eq. (3ý. set

L ff j * 1, 2, *...J (1) 04 ma2UCx~ ,t) t mxu(xm, U max

j 1 , 2t ...,J

where the boundary values f L fU are specified.
Similar descriptions can be forAed for the rate or, equivalently,
or slope of loading, Also, upper and lower
limits to the total force distributed over a u 1 t j 1 , 2, ..,3J (6)
portion of the structure might be known as

functions of time, or perhaps the total impulse
and duration might be prescribed for a given phe a eca ment
position. In the latter case, it is required problem becomest
for x that

f i rind the f , subject to prescribed con-

j fij Ate • 
1
T and J specified (2) straints, such iat

- is minimized and um , ,j s 1, 2,..,J

Any combination of these requirements also
could serve to define the class of admissible In the case of linear elastic structures u
loads, In the case of steady state systems can be computed as a linear function of a mi
perhaps thk. amplitudes of various loadings are the loading parameters f , If the constraints
defined by upper and lower bound&, can also be expressed as2linear functions of

f , ag, Eqs. (1), (2), then the problem is
THE PROBLEM o f linear programming. Large-scale linear

programming computer programs are standard
The problem posed is that of finding for items in the software library of computer

such a prescribed class of loadingst centers,

1. the peak response (stress or die- The worst disturbance mathematical pro-
placement) of the structure that gramming formulation is simpler still. The
cannot be exceeded, i.e. the worst particular set of f that is generated for
case, the class of sdmise ale loadings, the maxi-

mum possible uj, and the corresponding worst
2, the peak response that at least must disturbance caW be found by maximizing uJ,

occur, i.e. the best case, at several time intervals in 04t<T, whereaT
may be greater than t The maximum of these

3, the corresponding loadings that peakt ,. is then the iexmum possible u ., The

generate these extremal responses, r lat 8impl~eity of the worst-disturinco
problem, resulting from the fact that the

More precisely, these problem situations may be loading class definitions constitute the only
stated for a response function u(x,,t) *al constraints for this formulation, is signifi-

cant from a computational standpoint, For
Best Disturbance -- For prescribed coni- linear structures, the objective function is

straints on f find linear in the loading f If the distur-
bance constraints arm liear in f the

Min Max U(x- t j 1, 2, .. ,'J (3) problem is again one of linear prnramming,
fe t1 1, i 2, .. ,el
ii tj Structures modeled by nonlinear elastic

and the corresponding . Here, the time theories are also suitablp for extremal dis-anterva corintresponding f Her, the timturbance analysis, althougai the computational
interval of interest isilsumed to be burden of nonlinear programming solutions can
0 3t 4 t be great, Limited degree of freedom models

can be solved with dynamic programming. In
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the case of linear structural models, the STEADY STATE RESPONSE OF ELASTIC STRUCTUIRS '
extremel disturbance analysis approach repre- 4

Senta a powerful, versatile technique, Not We choose to treat a specific steady state
only can a wide range of realistic classes of vibration problem rather than a generic formu-
disturbances be treated, but numerical results lation. It will become clear that this work
are readily obtained with standard linear pro- can be extended to a variety of vibration
gramming codes. No repetitive analyses of problems. Consider the problem of balancing
the structure are required, As a single response rotating shafts. Many techniques have been
analysis is sufficient input to the linear developed for identifying the unbalance force
programming formulation. This input is wholly (moment) distribution along a shaft and for
independent of the complexity of the structural removal of this unbalance uaing balancing
model because it does not vary with the degrees weights. However, there is often some un-
of freedom of the structural representation, certainty involved in placing the balancing
For transient systems any available dynamic weights, especially in the case of at-speed
analysis, e.g. a structural analysis computer balancing. it is of interest to study the
yrogram, that can provide the response of the rotor's sensitivity to misplaced weights, For
structure to unit impulses can be coupled to example, how much runout can be generated by a
the linear programming formulation, prescribed percent possible error in magnitude

or phase angle placement of the weights. For
'7everal computational formulations of the a complex shaft model it is useful to cast

transient problem for elastic structures, this problem in the worst disturbance format,
including the above, are described in References
13 and 15. Typical worst and beat disturbance Let Wf) be a vector of known balance
results for simple systems are sketched in moment or weights that are to be applied to a
6igs. I and 2, Theme were found using linear shaft. They are related to vibration displace-
programming, msnts {u), so-called runoutl, at various spuds

and locations along the axis of the shaft by
the matrix equation

4. ,. { u) - EA] (f ) (7)
2.UTo b.4d of W~d .- '

Qdulbl, dIttb,o,,% /E l where [A] is a matrix of experimentally or
analytically determined influence coefficients.
Equation (7) is formed using a linear rotor

/,,dnq,9 • \ model, Beceuse of the two-dimensional nature
0.3 of the deflections and unbalance moments, the

elements in Eq. (7) are complex numbers, It
Vh' C,40.I,,, botdl is usually desirable to expand Eq. (7) making

2,0 !the elements real numbers.
mn,,,.iOO4 th
. a.... .•i, , Suppose the components of the elements of

,45{f) are incompletely prescribed in accordance
with Eq. (1) due to the uncertainties involved
in placing the balancing weights. Then the
problem of detemininig the sensitivity of theFig. 1 Worst Distirbance Analysis rotor due to these uncertainties can be

of Bpring-Dashpot Isolator stated as: Find maximum u 1., where u is an

element of fu) of Eq. (7),Aad If) of El. (7)
is subject to constraints of the form of

f(t) Eq. (1). The quantity Iu I is a vibration

Ol IWMU55 amplitude involv ing a qua~ratic equation in
f* 0.4 -fI Is sought such that max Ix is 2

O t miniimlsed, um- ai fifj (5)T f belong$ to the citie of forices
1.0 hd...aracterlsed byj 0 05 t AT

ý01, f 0 toTThus, the objective function is quadratic

* 0 2 T while the constraints (Eq. (1)) are linear.
1 9 4 G1 dt &T Necribed This becomes a quadratic programming problem,

-0 W Computer programs of reasonable dimension are
-1.0 ,,Tj5v/6 available for quadratic programming problems.

BeatDisturbance Quantities Representative results for the rotor ofAre Starred. Fig. 3 are shown in Table 1. This rotor was

modelod by 25 lumped mammas with several un-
Fig. 2 - Best Disturbance Analysis balance masses. The rotor is to be balanced

of Spring Mass System using wnights at five locations. The balance
weights are identified with a least square
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fit on runout observations through the first applied initial velocity distribution. Although
three criticals. The u I of the final general bounding theorems have been developed
column of Table 1 are lonated close to the for determining the displac emnt bounds for a
antinodes. three dimensional continuum 7l9,221, pplica-

tions appear to be restricted to problems no
more complicated than beams or symmetrically

lunout Fknout •u' 1 (0i4) loaded circular plates, Furthermore, the solu-
Unbal- (Mile) risulting from 10% tione have been applied to problems where the
anced with Error jn !.gnitude initial velocity field was completely epeci-

Speed hinout Balance andlO Error in fied. We propose to 3hov that with the aid of
Station (RPM) (Mile) Weights Phase Angle modern mathematical programming techniques end

the method of finite elements, efficient
10253 numerical solution teuhniques for finding the

response bounds of complex Imputleve~y loaded
7 -2310 H48 3 08

20tructures can be formulated, Unlke te
*.....L.....,~AO 19 .3 296 previous applications ot thd boundin& tterm,

we also consider a class of problems having. un-
Table I Typical Worst Balance Results certainty in the initial velocity field wherein

this field is spepified only to within a pais-
metric family. Bounds on the maxitum in time

ISO8" ".value of the displacement for the worst possi-
01,3' ble initial velocity field are to be detemirad,

k00b/nE04The worst velocity field will also be estab-
(10)bOi/ EnpOsi (104)psi lished am a product of the solution, For the

c'S lb-secAin Denslty 0.,101 lb/In3  caas of a single deterministic initial
velocity field, the mathematical prograIming

SR'otor Model formulation reduces to the usual problem types
considered pravii •lly, except that even in
this case it appears that the mathematical pro-
gramming approach combined with finite elements
has not yet been studied.

We choose the plane mtraso problem as a

representative situation for which to formu-
late the solution. The mathematical pro-

2312 RPM gramming solution to the displacement bound
problem could be formulated more generally in
terms of generalised stress and displacement
variable. (e.g. momenta and curvatures for
plates) so that it would be applicable to a
wider class of problems, However, this is
set aside because the practical details needed
to fully describe the procedure differ sub-
Sstantially from beam problems to plate problems
to plane strees problems, etc. The main
ingredient common to all of these problem
types is that a parametric family to kinemat-
ically admissable displacement fields or a
parametric family of statically admissable
equilibrium fields is needed to implement the
solution techniques, The mathematical form of

1 3 5 7 9 1I 13 16 '7 19 21 23 25 fields generated end the restrictions imposed
rotor station on them differ considerably for the different

problem types References will be identified
b, Three Critical Spoeds and Mode Shapes which explain how these admissable fields may

be conatructed for problem types other than
Fig. 3 - Test flotor and ItS the plane stress cane considered here,Characteristics i

In the development to follow it is con-
TRM.NSINT RUSPONSE OF INELASTIC STRUCTURES venient to apply first the combined mathemati-

cal proSraming-finite element approach to the
Over the pest several years, mathematical case where the initial velocity field is con-

programming methods have been applied to the pletely prescribed, Following this, the
solution of certain plasticity problems, paitic- additional complication of incompletely
ularly in the area of determining upper and prescribed initial velocity fields will be
lower bounds to limit loads for rigid-perfectly taken into account.
plastic structures [21,23,25,26,27,2 . There
is a related area in plasticity to which these Problem Description
same mathematical programming techniques can
be applied, Specifically, the problem of deter- Consider a two dimensional continuum com-
mining response bounds of continue composed of posed of s rigid-plastic strain rate insen-
e plastic materiel subje•r to a suddenly sitive material subjected to an initial
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velocity distribution, Supposo that at time Upon substituting O(x,0) Vun¶x
*0the body particle velocities are cam- and the kinematically admi 1,~A K:eld; Rq.(13)

pletely proscribed at all points in the body V into the beam formulation equivalent af Sq. (M3
and that thereafter (t), 0) either the die- (note the Gissapation for the beam at the hinse
placement rates on the surface are zero (e.g. to simply 2914.), we arrive at
at a rigid boundary) or the tractions areL/
sero on the outface S. Assume that no body .I 2 e V
forces (other than inertia forces) are present 1ýo 1 L 0 4418a M(6
for the time duration of the problem. Also200 0

is convex and the plastic flow to governed by Thus we have bounded the mid-apan deflection,
mathematical programming, we will apply the
theorems to a simple example problem. Since (/) wihntelms
all the plane stress examples are too oompli-Idated to arrive at simple solutions, consider 2 222
the simply supported beam subject to a sine IRV L mV2 L2

shape initial, velocity distribution 0,4lM~ IN(/)±O063--- (7
')(Xo0); Vlosin (¶rm(L) ams hown in Figure 4. We N0  0 ~
seekt th a und at, may, x.L/2.

________An elsticp Lastic analysis of this sm
beam problem ýQshows that (neglecting the
elastic portion of the Reference 25 solution)

Yo sin(L%) iet falls within the bound given by Eq. (17).

computation of the Displacement Upper 11cunds by
mathematical Programming

Upon examining the upper bound theorem
Eq. (10), we note that in order to evaluate the

a-29 bound it is necessary to know the limit load
due to a concentritted force 14L. If we k~now
a lover botund, R'hpto the tr~le limit load,

Fig, 4 -Simple Beam Model then we can atil i obtain an upper bound to the
displ acments 6', by simply replacing RL in
Eq 10) with RL. Hences the problem of finding

First apply the upper bound theorem where- the upper displacement bound is reduced to
in the limit load due to a concentrated force finding a lower bound,! ' I~ to the true limit
a pplied at the mid-span is needed, Applying load,
the methods of limit analysis R.) the limit

*load is easily found to be EL a 4M /L. where H eyshoadHde[3 aefruae
is te y~ld mmentof te arse eatio of hsolution to finding the lower bound, R',

the beam. Then by directly applying the by applying nonlinear mathematical Programming
inequality of Eq. (10) we obtain techniques. Briefly, the method consists of i

2 subdividing the plane stress region into aJ u L~ 2finite number of triangles as shown in the
E sin (2.) dx model of Fig. L, An n-parameter family Of

.06253;L2/NO (14)

where *Ap (mass/unit length) and A -section Chord approimmo-
area. lo ocre

To obtain a corresponding lower bound with budr.8ec yia
the lower bound theorem, Sq. (13), we need to 2.Mi
first assume a kinematically admissable velocityK
field (or more specifically, we assume the ec ue
spatial function U*(x)). Select the simple budr
piecewise syummetrical linear function shown by Y~g o n / Inner boundary
the dotted line in Figure 4. i

Thus Wrig. 5 - Plane Stroes Model

U*(x) N 2x/L2 (13) s tatically admissable stroes fields is derivable
24(l-x/L) Llk-* 14 L from a general fourth-order polynominal Airy

stress function and identically satisfies the
where A * L/2. equation of equilibrium within the triangular

element. These stress distributions are linear
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an associated flow rule. Because plastic defer- Lower Time Response Bound Theorem
mation it an essentially diesipative process
and no energy can be stored in a rigid-plastic For the two dimensional problem statement,
continuum, the velocities in the continuum will, lot t, be the reuponse time measured from the J
in general. vanish after some time t We will ini ti Iinstant tO, for the structure to
consider the problem of finding bounAs of the reach its final displacement st:at ul. Then if
displacement vector, 6 , and bounds on the ul is any postulated time independent kinemati-
associated response ti•s tf. c lly admissible velocity field, the response

time can be bounded from below by the relation
Upper Displacement Bound Theorem fp~i(xyO)Ci(xy)dV

For the two dimensional continuum f -d o (12)
described above the mass density per unit i
volume is denoted by p, the dieplacement
son by the displaiment vector u xyst) * where the denominator represents the power of

L* l•{u(XNyt), V(Xy,t),O) I, the atress t|neor by dissipation associated with the assumedvelocity
a and the strain tensor by c . The indi- field and is computed from the strain rates,
c o•l1 notaton I corresponds t8 , s m- , associated with the assumed velocity
pot.ente 0 , to a , e*t., and a similar ft 4ld, ut, and from the stresses,o* , (not
subscript Notadon coefeepondance holds for necessarfly unique) associated witije through
strain,. For the plain stress problem0 to_ tyd~ * an ~ * a ~ ~ mas he plasticity asscniated flow rule, "V0and It ,L 0. , s,
x1 ys xs ys as

+(k ÷ & ). In view of the above notational Lower Displacement Bound Theorem
agrllment•ythe given informetionf is the initial
velocity field i(xlyO). Lot u denote the •or the two dimensional problem statement,
final dinplacoment vector functiSn defined over let 61 denote the spatial maximum valte of the
the surf acA 8 of the body and I.e, Tt be, in the magnitu4e of the dsp lacoment vector (u•
terminology of limit analysis . r,-elme, A set (i.e. Al a m- IT IuT),
of safe surface tractions applied quasistat- X OV
ically to the continuum under examination. For Then according to Reference 18, the displace-
these flow will not occur, (i.e, the state of ment quantity 6 can be bounded from below by
stress nowhere violfates the yield criteria), ten. quali 2
Then the bounto• the surface displacements the 1 (XYO) 1 12.
must satisfy t2f, a _•__V I dYl d(13)

where 0 is a kinematically admissible velocity
fTild (itsumed separable In the form 6 (x,y,t) *

T corebtpin mote explicit info••catonf let 01(xy) T(t)), I* is a strain rate filld car-T• dA correspond to the limting case of a rhponding tj thO sparse1 variation U Noj)

c~ncentrated force of masnitude I acting in the r ine )) a n v tioU xe
direction U• ,Furthermore, let RL be the (ie. t = (Ujj + U•',)), and st2elier
largest val&e of R for which the yield criteaton at are associated with 3 through the ples-
is not violated in the body (i.e. RL is the t dity associated flow rulia. Two further
limit lcadffor the concentrated force). Then constraints on the application of the bound
a boundf 4 , on the projection of deformation given by Sq. (13) are that the rate of die-
vector u i in the direction 9 is given by sipation (the denominator of inequality (13))

be non-negative and the rather restrictive
I f 6(x,y,O)6(x,y,O)dV assumption that the direction cosines, n (xNy),

114 I1 cop, 6f I (f0) of the acceleration field are known a priori
i 10 and remain constant in time during the entire

deformation process. A consequence of this

whsre~a is the anale between the Vt R vector last assumption is that the velocity field will
ane u, and iu'lT is the man.tdr of the yes- also have these same constant-in-time direc-

i tion cosines. Although this constant n ass•mp-
tor u at the point where the concentrated load tion cresoes no particular problem for hlate or
is aphied. beam type structures (in these cases there is

f only one non-sero displacement component,
A bound on the magnitude IIufI1 can be namely the normal displacement along with its

achieved by obt ining a bound on two orthogonal associated velocity and acceleration) it does
components of ul. This can be accomplished by limit the range of problems for rigorously
employing an inequaeity twicgofor two ortho- applying the lower bound theorem.
gonal point loadseA end U fL from which we
obtain the bounds oA two ortdogonal components Example Problem
o ui 6r, and 8q ThusS O -- Before proceeding to the formulation of

I If)2 + (6fa) (11) the solution to the displacement bound by
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in the unknown field parameter, Aj, and qua- violations of the yield criterion have been
dratic functions of the spac, varialbles x,y. experienced. Slight violations of the yield
Further, continuity requirements in the normal should not result in any drastic consequences
Ind tangential treoseep are enforced &long each on the final solution for RL, however,
interface between adjacent elements, Finally, strictly speaking, unless the yield criterion
it is required that the parametric scress field is satisfied at all points xty within the
satisfy the yield criterion for AUl points triangle, the bound theorem is not guaranteed
xy, within the region V. The lower bound is to hold,
obtained by finding the Ai quantities th.t
result in the large t lower bound and satisfies Computation of the Lower Time Response by
all constraints. The manner in which this last Mathematical Prograeming
constraint is handled deeremines the type of
mathematical programming problem we have to Analogous to the upper displacement bound
employ In order to maximise RL, In Reference problem, we begin by representing the continuum

23 the authors employed the Mimes yield with a sot of triangular finite elmentas Ai
criterion (a nonlinear expression in the stress ehown in Pig, 5. The integrals in the bounding
variables). Thus, even though all the stress inequality of 2q, (12) are volume integrals,
equations are linear in the unknown parametere, therefore we concentrate on evaluating the into-
the yield criterion inequelity destroys the gtale over a triangular region (of thickness h)
prospect of applying the more powerful linear tnd simply sum the results over all triangles
programming methods to obtain a bound. A to obtain the total volume integral.
further nonlinearity in their approach is intro-
duced when they force the yield criteria to be Consider a typical triangular element, e,
satisfied at all points in the triangle. This having nodes ijok as shown in Fig, 5. The
is accomplished by finding the relative maxi- clmpent veloc4 ies of •eh three nodes are
mum point. of the yield function over xy and f, u ,. k and N, vi, 1, Next we construct
enforcing the yield criteria at least at these a parameter kinematically admiseable field
points. The formulae that define the positions (ea.. ses Reference 21) of the form
of the relative maximum are nonlinear functions
of the field parameters. A , Becauss of the a* - 01x4 C~y+ C3
two types of nonlinearitloi disouesed, the (1)authors vetr forced to use nonlinear mathem- 4* " x÷ D
tical programming techniques, in partioular, 1 2 D3
the "Sequential Unconstrained Hinimi.ation
Technique" developed by Fiacco and Mcdormick. where - (01, 0*, 0)
The computer program referred to in Reference
23 is limited to only 20 elements, The C1 , C,, * . D parameters are related to the

nodal velo'iti'a hy the relation
By making same sacrifices on the accuracy

* ~of the bound, R-L, the formulation discussed
in Reference 23 can be converted to one of C DI x 1C1  1 1 x Yi ljlinear programing, First, the Mimes yield
criterion (a closed convex surface In a three 4y OJ P (1
dimensional space consisting of ao, a I, a a D 2 XJ yj (19) 1
as the coordinates) can be appro aAteyby "• k k
a set of bounding planes tht inscribe the C 3 x '
original yield criterion. The expressions J
describing these planes will be a set of inequa-
lities that are linear In the field parameter
A ' The consequence Ff this approximation will whrnt noie aointe 0 d -*(Xioyi),
bi that the bound, " will be lower than if 0 •* (xiyj), etc.we had used the Misse criterion, all other
things being equal, Next, we will enforce the The strain rates within the element are
yield criteria only at a finite, fixed sot of ".b
points within a typical triangle, The step of given by
computing the positions where the relative
max=a appear will be omitted, There is of C * c
course always the danger of the yield criteria Ox 1
being violated at points between the designated (20)
points, This problem can most likely be over- - D (20)
come by selecting a high density of check yy O

points within the triangle. Also, the distri-
bution of the check points could be changed on Cxy + " + '
successive solutions of the same problem to ly a 2

insure th6 stability of the results, Finally,
once a solution is obtained, the satisfaction which are constant throughout the element, The
of the yield criterion at the relative maximm
points can be checked to insure that no drastic
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i dissipaiton rate for plante stroes in cnojunc- the; tht disesapoat~i, f, be non nalatiVe (4,o

tion with the Hisao yield criterion is bMh: V, T.he me usLful bourd

will be tha largest lower bound t- Thus2 +2 +Ii + ) 21 stated as a mathematical prog~azng problem we

C *yy a + yy 2 vish to

or in toe of the C1,D, quantitie. by•Ri, - , (2s)

20 2.2c )2] f(61, 2, OUR(a

2 *D +C D+ (21)
over the 2.101 Kviables 6 l d .

finally, substituting Zqs, (19) into (21) aubject to doconstraint f((6l 12,, .4")H•.0
and sUe ing over all e lmentill we OAR express
the denominator of 2q, (12) 5!. £ nonlinear tun-
tion ;f tge nodal displacement parameter if we divide the numerator and denominator of

!F, Thus /f by.any one of the nonsero nodal velocities,
say, oi, it can be ahowni that for the particular

i-N f unctionalll fons o a and f, t can be rewit-
ton as

Galt7(6

* where HE is the number of elements and NN ie
the number of nodes in the finite element idol, and the constraint as f(l, (fA2l, A 45. 0,
V is the volume of the body, and f is a non-

lh J admissable where there are now 2M-.l- IRAPendent y VIes
lineld arfntion olf ay, na y the ratios 62/,alf _66
tihed paeratollar, a1 , (12) a b clclatied fo This moans that only the ratios above determine

each triangle by substituting Eqs. (16) and It't th acua v alusothe numerator of Eq. (1.2) can be calculated ho ~ xiu l• i o valu es Vi iof

(19) into tile numerator and oaplicitly inte- Tdditional equationa alfat aoity a'.,,"
&rating over the triangular r eion and adding aduatiufee ad ul arelatin the Isae 5..

quantitfies and still arrive a ti he ease slax;;

up each element's contribution, solution to the proble sttd ithe f ior of
stion woul the trobe seate inA& the, fo )a

Therefore we have Eq. (25). The most convinieit additicoal . qua-
tion would be to:t fl (lh I a I . 1 4 1 ) - 0

dwhere C ii any positive constant we boboss, By014L(x'y1O) 61*(x,y) dV inogu a, q',, olii., .ll.k-;

enforcing this equlity constraint, we also auto-
matically satiety the non-negative dissapation
requirement, fLO. Thus the new problem ti to

0 J((xy1)[~x Cy+03 aximiss st o g(l, 41 . . . v)rC
s va

.1 .2 #141
over the 2.21 vtiablesu , 2 , o u v

+ ,y,O) Ll' + DO ) dxdy I (a 1
1 ,.. )

subject to the equality constraint

where V is the volume region of the ath ale- I ((*1, (a2, , C * a) where C is any
sent ans g is a linear function of thl khiluat-
ical.ladmiesable field parameters, 6, positive constant.

, llI. T. he C , , , Dt col"ffinients iN..
Eq. (22) eye rlated to the (a * , , , * The expression for t' given by Sq. (27)
parameters through Eq. (19). can be aimised by appiyfng large $call non-

linear mathematical programini computer codes
linally the lower bound inequality on the The base, for such codes can be found in

response time may be written Reference 24. IW note that eVen though the
a function is Ikneat in the palrmeters
lg 6l ,Z,, , the equality constraint

it ' I. . . t (ZA) is nonlinear. Consequently, linear program-
fC ( .41 . m ing methods cannot be applied.

fir fly set of gdal parameters

U satisfying the constrait
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Computation of the Displacement Lower Sound maximias *guu .. V~)
by Mathematical Programing.

Hete our goal ai to compute lover dim- over the 2'NN variables u, u,.
placement bounds, All by applying the inequality
defined by Eq. (13). Again we appeal to the
f inite element model shown in Fig. 5. A direct subject to the equality constraint
comparison between Eq. (13) and the previously

fomltdpolmbsdo q. (12) will shoy 1 2 11
there is a great similarity between the two F(u 0 u , 0 vN) -Cwhere C1 is any
inequalities of Eqa. (12) and (13). The con-
struction of the dissipation volume integral
from linear kinematically admiesablea fields positive constant.
follow. the same procedure of the previous
demonstration, as long as ws let the velocity The nonlinearity of the equality coan-
field shope functiot Vector U , take the place etraint requires tht use ononlinear programs-
of the u' variableI in the plRe~ous development ming to solve for A1'
leading &p to 1q. (22). Thus In place of
3q. (22) we have from a parallel development Computation of Uipper and Lower Displacement

sounds For Worst lpoisturbance

&LIMAThe previous development io based ona
k dzA su z~Jaf(u1  u v completely prescribed initia eoiyfed

V 0~~i4  Covdrno h ame problem statement except
let the initiati vlocity field be any distri-

2 NN ~ ~ 3ution within thes uncertainty That~n surace
*where the pareimetet. ut uu2  v nj! boundingha impfe

theprsnoda ponsrthe tauso hanpte auctual D it- a possible'initial telocity held is one that
the oda poits athe thn th acual is.satisfies the bounding constraints

placement componenta as in the prior daevlopoint.
Otherwise the fuactianal form of ?is exactly
the asame as to The construction of the numeraw UJxly) 1 6(mlyp0)! U+(Xoy)
tor follows closely where (30)

jiPU* n~Ilui(xa,O,)II, 4V ~~).~x~,).~xy

&NINEfor all xi yaV, The new problem statement Is as
f h CCIYt C2y+ C31nx +folw

4-ýh rind the worst maximuum in time value of
the displacement, d do at some desired

2 + (2 ~ point P on the platf bounidary, S, sub-
Lbx ~+DJny)(ua(z~y,0)2+() jest to any initial velocity field that

satisfies ineq~ualities of sq. (30)
2 ~(where "worst' refters to the initial

ý.(X'yo0) 2 dx dy velocity field that gives the largest
time Maximuis displacemenit).

5 ~u~ u2  
.. v')An upper bound to 6 can be achieved by

maximising the right .±dl inequality (10) Over
in which h is the elemept thickness, La the al1 possible velocity fields within the bounds
volume region of the Mtn trianl tod i a prescribed by constraint inequalities (30).
linear function of thl kinematiullly admissible minces the denominator of inequality (10) is
field parameters u , u , .,.vN. As in the Independent of the initial velocity field and
development of sq. (23), Eq. (19) Us used to the numerator Is independent of the etatitally
eliminate the C ,.D , coef ficitents in admissible parameters used to maXimise R- , We
terms of the fiild parMmaiervu, 0Z U , . YNN. can obtain the wors, disturbance bound, a wd
Analogous to the previous 1q. (27) the final by separately Mauiialsiug the numesrator,
bound determination Is reduced to the problem
of I JP f 1(X.,y,)a (x~y.0)dV

subject to inequalities (30).
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We approach the problem in a similar flaa- subject to linear constraints (33). The above
idn to determine the time responds bound, problem Is the dual form of the standard qua-
Approximate the initial velocity fieldN in a dratic programming problem for which there
typical triangle by a linear velocity field of exist standard computer programs. Information
form on a lower bound on the worst disturbance, 4a,

can be obtained by using the worst disturbanai
r -' - nitial velocity field, found as a byproduct of

wheyrOe X+ t2y+ L3" the above solution, in the lower bound relation•i~xyO)i - 31) (29) discussed earlier.

' 0 LDiscussion of FormulationsV(X .y ,O). 11 1X+ F 2y+ F31

Although the plasticity formulations pro-
sented here have dealt directly with the plane

where the aoeffii•enti I ,re stress problem, the procedures are applicableate~ete, o the nodal initial velocitile to other structures such as beams, plates,

0 ,1 , by shells, and arches,

-" "• 0 The main differences from problem type
x 1 u v to problem type are in the parametric repre-F ]ntation for the kinematically and statically

admiesable fields, For example, such admis-
SV 2 1 Iy 4j (32) sable fields are considered for beams In
2' ~ L L ]J 0 Reference 25, plates in Reference 27, shells in

Reference 25, and toes in Reference 26, .

3 v The usefulness of lower bound inequality
(13) appears quite restricted by the require-
ment that a priori knowledge of the kinematic
velocityfield direction cosines, n be known,

where x•, x y, a are the nodal coordi- The practical usefulness of this bo~nd appears
nates, to be limited to beaus and flat plates where

Upon substituting Eq. (32) and Eq. (31) only one displacement component is considered,
Into the relation for # and integrating over In those cases the direction of the kinematic
the element and suaming over all elements, we velocity field is known as required. Another
find the quadratic form drawbAck to applying (13) to multicomponent

displacement problems im that Eq. (13) bounds
2 the maximum value of the displacement over the

volume whereas the corresponding upper bound
-pq A Wq (10) or (11) bounds the displasement at a point

p loqul On the surface, Thus, knowing the largest
value of the displacement on the surface does
not imply knowledge of the largest value of the

where A are known coefficients and w is a displacement within the volume. Therefore it
column fotor of the utknown nodah.nitial is not clear whether we are bounding the same
velocities (i.e. W *( ,hi , , , . *on)I). The quantity with the two displacement bounding
constraints (30) chn be l~neerind by repre- theorems. In tho case of plates in bending or
senting the ourved bounding surfaces with beams, however, both bounda will refer to the
approximatinl planes and forcing the constraints same middle surface displacements,
only at the nodal points instead of for all
x, yoV. Then Eq. (3) become. 8OMANY

S, •' 12tre Several response bound problems for struc-
.p yp ý(Xp,Yp) p -p1,p2 ,NN tes with incompletely prescribed loading have

(33) been presented. The loading can be charac-
tersmed by amplitude bands or in terms of a

og*yp) • --•xp'P) p N NN+l,t *2,,,2tHN global property such as total energy or impulse
and time duration, Both elastic and inelastic
structures subjected to transient or steady

Thus the problem of finding a bound, , on state loading are considered, Computational
the time worst disturbance 6wd can be V|duced solution formulations are established. A num-
to bar of practical problem situations can be

treated as linear programming problems. Because
of the availability of powerful computer soft-

pware, large-scale structures can be handled
R'ad+dMax A WpW otr W1,W2,.. with same.
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DISCUSSION

Mr, Arthur (Aarc]Iat~ Dose the load MEJ...EI.rlst You mean they had rotors
vector on the elatic structure have to have runnIng at 3000 RPM at 0,3 inches unbalanced?
the same proportion as for the unknown one?
Is there a proportionality constant? z There is no attempt to make a

practical probiem out of the one that I gave
M No, there is nwne. reaults on, but it hal been applied in practical

cases, That was a rather arbitrarily chosen
Mr.h. son(Univeruitvofdaliforniah rotor that had no particular chdracteriAtics of

It sewma that many poople are now Interested Interest to anyone,
in parameter Identification problems, where

ou start out with the known response and work klr. u.. sno aRenlnn laerPolyveohnic
ack to the parameters of the system. I notice The question I have oonerna-

that your paper is somewhat similar except that uniqueness, Have you run into uniqueness
the unknowns are the loeadins which you are problevis in trying to define the input giving
optimising to get the type of reeponse, is the response?
that correct?

Mr. sIayi The input or particular
SIt is the same pvoblem and forciiinfuinction giving the peak response is

the lippraichs are the same, The inveorm of not unique, What is of interset is thst the
the problem I talk about today is to say, response itself is unique, otherwise we wouldgiven the response of the structure, go back not have solved the problem, if you find the
and Identify the loadings. Here, 12 you are absolute upper bound on the response, the worse
given something about the loadings, you are to disturban4A that is, it is unique, but the
fiuid the peak responses, The formulations are forcing function generating it ts not unique.
the same, Ther. is no particular reason for it to be.

r. rinth (scnarl plectric Co.h.! I have
a question about the lFass of problems that you
showevd us, I didn't get a full understanding
of thomi problems, For instance, yes the ots
wiLh the rotating shaft a practical problem
taken from ar application or was it made up
to show the method?

Mr. PLkaker The technique was developed
for protical p-o'obler.n, The particular
problem for which the numerical results were
given wes just a simulated rotor, It has been
applied to reel rotore at much higher speeds
than the third critical,
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.0obtitittil iby flt-i itrumett mitotit aned bty Y'tinki OdJ 11re
0.00 0,10 0.20 0.10 0.40 0C 0 lio Iiwtil Ill "'l'oiit' 31, t1tt1d 111t'y tttntitt' toit) in gItlod 19TVillto'iiiut.

b/g. S.S tr esls resultant across the section
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COMARSO O SX ND TAIL! I
COMARIONOF IX NDTHREE TERMS SOLUTIONS FOR A SQUARE PLATE

VT *10.0, 0* -0.0, y 0.40, Hi 0 6.0, u'~0.30

go. of v1 It v13  W31  W3 Nis "01  : A

0.1000 0.0000 0.0000 0.1000 166606

0.4000 0.0006 0.000? 0. 31o 1.6635

0.00 0.0011 0.0033 0,6942 1.132%

1,0000 0.00060 0.0019 0.9643 1.6026

1.3000 0.0137 0.0171 1.3460 1.8%44

1.1000 0.01"4 0.0113 1.4149 &.4"1

0.1000 0.0000 0.0000 0.0000 0.0000 0,0000 0.1000 1.6606

0.4000 0,0001 0.0007 0.0000 0.0000 0.0000 0.3964 1.6035

0.7000 0.0021 0.0033 0.0001 0.0000 0,0000 0.6643 1.7311

*11.0000 0.0067 0.0000 0.0006 0.0000 0.0000 0.964t 1.M60

1.3000 0.0119 0.0190 0,0019 060001 0.0002 1.1704 1,5143

- 1.1000 0.31 0.05161 0,00351 0 100 004004 1.11 1.9637

COMPARISON OF SIX AND THREE TERMS SOLUTION FOR A RECTANGULAR PLATE

- 10.0, 0* m 0.0o )o 0. 60, H w 6.0, low 0. 30, pw 3. 0

Terms LLI

0.1000 0.0007 0.0000 0.0993 1,1453

0.1000 0.0114 0.0070 0.4511 0 .1741

3 1.0000 0. 241 0.0169 0,8640 6.1311

1.1000 0.3061 0.1146 1.3161 7.1363

0.1000 0.0000 0.0007 0.0000 0.0000 0.0000 0.0993 1.1U53

0.1000 0.0000 0.0014 0.0000 0.0000 0.0070 0.4516 6.3746

1.0000 0.0001 0.1010 0.0019 0.0000 0.0136 0.64143 6.6306

141000 0.001? 0.3119 0.0011 0.0001 0.1110 1.301# 7.51Ma

0.1000 0.0000 0.0007 0.0663 1. 9053

0.5000 0.0000 n.0130 0.4461 6.3607

1.0000 0,0004 0.1927 0.1047 4.3110

1.5000 0.0024 0 3345 1.1611 7.0413

-*- . ....- ...



A (- 0+ ) a (a + 0
TABLE 3 (4v' ~ - - /

COMPARISON OF PRESENT AND YAMAKI SOLUTION
FOR A HOMOGENEOUS ISOTROPIC PLATE I')Wooly - - v l +

Pu0.~30, p. 1.0, Q* - 0.0

A(I+Y)" (I-i')( + )- A4

0.0 1.00 1.00 RPNNE

0.4 .960 *I . Y. Y. YuI " A New 'Ih'litsoq- of 11ti~l at h Si~dw k'h I'lw -ii~'

o~s ~ .3 0.9 (Jw I 11hhi'tlH1iinuI Citi', J. Appl. hliii., Viol. 261,

V ibriiit 1114or Inii l~it mi &dwli'h Plows".' ' J. Apipl.
I * 8 0* 76 0* 76 vil.i, Vol. 2NJ, pp. 617P(68 I, 1 930.

* 2 0 0* 7. 0 70:1. Y. Y. Yu, ' 'Fiv'u'uiI VhIItII-alhin1 or W tIiti sili' ndwit-1i
P'itivoil'i l, A''omptillc Sell, Vioi. '27, fit. 272-2H83, 1 IXIO.

4. 1' Y. Vu, "Shlmni rh'u Vonbifl on Aini I 141 ofr ili(141c
APPENDIX Smimdwi lltlh P1i"ii', J, A'ro14itm'i SO~., Vol. 27, lpp

3. Y, Y, Yui, 'Wovl .iIt'''I .ritril VI brufolikn o', uindwic'h

DEPENDENCE OF a AND DON w Plaws' hi Plailn Strobl'', J. Aplil. '',,Vol. 27, p11.
5:15-5401, ID160,

to (a INN~ *$$I w - 'B 1 WIN 7. C. C. Chmiti atnd B.T.' lhing, '''l'iiitnoltiml and11( Prlodilt
(1-0 (T-LI F-71Rumponm of111ii it Imudiik'i SiiiiiilvLii ll'uin'll', J. Atliospoitn

0) u0 
86.)Sii, Vol. 28, 111). 382-:196, 191.0

Phlvitrn' J. 2A'oisil~ Sot', Amt., VciI. :14, ov. 18.111(3,

(A-2) f ~''I1 l r~lita9vciv~m n
iirvil V ilratiit 1of14 Sninilwl h P lnvm' , Shovk andi
Virlntloni kll. I, Vol. 35,111). Q14, 11966,

o ti lit il lis I ( d vii -i' l v tit' a o il w 1H I ' iit i'1 4 w I lb O il h m v h a n i h' l i t ii. i 14 n1 1( C o rv 1 4' ', S h i n' k o n d
liii ii V thuIonI-041 t Bul., Vol. 39, pp). 73-140, Hx1f)9.

-4 L±! -(.j'.p~jm 11i. 'I'. Fulpttl)U, ''A WIern'i'ghiii Hquiiittoi iif I01'i'
at 14- amv- 'rnolr'itlN'r1' V iblirniti oU14 Imotiplr i' siidI chIi P11nt i'm"',

0 Prov, 7il idi lmitlw'14ki1f t'i'h, Cod.r, Vol.i, Ii, p. 22:3-227,
-,yy + .Lvw 3 91

21 2. Il. 11. fi9'ifok witm A. li. I.r'uuic'titihil, ''Prmi'uvivy

A90ev ( w-') + a IN- 0 (A-3) livo'Npantc' Fuvl"t onm if Or Cthotr'op9 Smiwtoolw'i Pilmt" A~ '
W1+05 (I -v) . Avraitpnrr SeI., Vol. 2K, 11p. 7:124735, 1 F911.

Ini it 14wimi ur nh111itir, (1111'' obl lit 111 it' futitd i l tuu1I3. J. K~ ch eitii'mwpii, ''V boItt9 l ou f Cromoi St 8II'lliwit 11mid
wi'oi' liii 0141IIii) ho 'i'ti m ittd w whIch is Snodwd wIvhPllmo wI'MtI AppIlitti Ion to ?thitirwiit r Sonuid

52



Raudl iators", .1. A( Wil. Siou. Am., Vol. 3l3, mi. 105-.
14117, 9WXI.

14. DA, J M.ud mid A, J. I'i)II-OVL, "'On iliv Vibratit ons of
CyliIndrIvalk' Curve.d K'lumilt, Sundwi.'h Plawmo", Ht.&
M.,, No. 3363, 11)(4.

15f. V.* Kovrilk ando 11. MI ptik, "4Naural I 1rniIN%.'I
Vibain 11)41 4)4W(I ich kIPnim', Aclu To 'i'.nii, C'SAV
12, pp. I M7.21 9, 19617.

Ill. M.E. Havill a .nd C.H8 ILS Ing, ''D.'vi-mn~intlon or
No urnd Fiviwqt'iencl of Vibint km o Sulidiwiuh I'latum''
HxpeelII4'ft l NMncho, Vol. 7, pp). 490-19:1, 11W7.

17. R.M 8IShhio, "P~r.'' Vilirntlon of Melt Ilnyor sundwich
P114K- Ill O1w I2Imeve~I! or InuPlonti. Load'", J.1 or the
Aktronoul lvnt Mdonc'u, Vol, XIX, No. 6, pp. 433-447,
NinyJune 1972.

Is8, Y. Y. Yu, "'Nonlinemar Flexura~l Viblrot lonm or 8unlwivdi
Pl tit'm", J., Avo~uNt, go, Ali,, Vol. 314, pp). 1176-111 83,

19) I. K. p'~belouli, ''Oil (lit Theory of' snuldwiec Ii Puto.'1Ill
the He rte'gu'. State ', Int. J3. IKng. SO ., Vol. 12, pli.
5144-304, 19011.

20, IIL),Ulaw und R.W. Little, "Hending ofMutilUluer

Sondwich PIuIUN'', AIAA .3,, Vol. 5, pp. 21P(01, M.21

21. , S. WCh'M, 'mi 'On , $ahi hu'n o SLtability of nucllehyo

24. dwc h ~.S Phlven Jn . .3p. hL ec''h. Div. on K V ol. ea

Aernauku pp. ~ v1~ Vol, XI,96 17.1 .98

221. J, J .. Atozur, "B'ondin Theory V (ifrl1m Mu ..llvo lyal andl

Sondih Iuh'rN, m" I IA Js9V10 p.216219

23. N. YChem ,' 1nfOti , th hofLrye Aunp 3tnding on' PS unditi
PaVi" Prnton, of 1lathi, Plat.'' UAANet. Vol. 41, ppl.
19111 Vo.191:, 191,) 1-18 f(

24. , H 8, ingmid .J.Un. A Nll, n nNonlnea

Thmn~~~~~ ~ ~ ~ ~ oi idn i'OtorpeSnwvtPae"



A DIGITIJ. COMPUTER PROGRAM FOR AIRCRAFT RUNWAY ROUGHNESS STUDIES

Tony 0. Gerardi and Adolph K. Lohweseer
Air Force V~ight ynamice Laboratory
Wright-Patterson Air Force lSao Ohio

(U) The Air rove Flight Dynmics Laboratory has developed a
mthod for determining the dynamic response of an aircraft to
runway roughness during take-off and constant speed taxi. The
mathematical model has been programmed for a CDC 6600 digital
computer and oeveral comparisons have been made between experi-
mental data and analytical result. Results of the comparison
were very good end they substantiate that model simulations can
be substituted for costly taxi tests with instrumented airplane.1

INTRODUCTION

A major problem which can occur during and manpower. Thus, another lose costly tech-
take-off and taxiing operations of aircraft is nique to moet this requirement was needed,
abnormally high acceleration levels caused by
the interaction between the aircalft landing
&ear and an Oxassisvely tough runway. Due to e
the** accelerations, runways are evaluated withTETARAFON
respect to roughneas in order to insure timely
pavement maintenance to control aircraft ttruc- to ?
turtu loads and fatigue. Also, toh runways 6T AIRCRAFTTO
aaet crew sember abilities by reducing in-
strument readability and crew comfort. The
objective of these @valuations is ta lcate the TOLCANCE LIMIT
tough areas of a runway and reduce the air-
craft's response to them by either grinding the
rough areas down or resurfacing them. Specific
acomplar on thwe problem were rhe ecessi n v0
e dnotc response durpne gresd opera tions of
irt he cty aircraft wt two diferent overseas alocations. In both cases pilot reports Indi-

caned excessive gres member dimpoyinttg Aste
reseul of thsme pilot reportis both airplanes O
War* instrumented with low frequency servo 10"2 o

focolaro seter e and thated at them t two lost-ir
tions. In were te met aceheiretion lrrflo
ttrestr than . tg pea ret the p lot's stltion
wtrn measured. Thofe learua exceed the t o mn 3 1 h itable criterion as shown in Figur: It whlchoi 10 .00 10D.. .... D ....
c omparison between the humatn tolerance ari-

terion and the levels measured 11]. It should F REQUENCY, CPS
be noted that the peek acceleration for the
firet and second tilt aircraft were S418 at 2Ha Figure 1. Humain Tolerance Vibrationl Criteria
and .62g at 4111 resecotively. Employing thies
tests results, the tough stations of the runway One such technique involves the use of a
for both caels were identified and recommands- mathematical model to simulaet the aircraft and
ticon of repair woeo made. This demonstratso runway interaction. The feasibility of this
that tests of this type are effective in loca- technique for specific aircraft wai proven by
ting the rough areas of a runway. Howeverl the boeing Company (2] In 1961 with a simu-

they require large expenditures of both time lotion of a heavy aircraft. This technique
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give good results but required hours of computer model is excited by forces at the landing &ear
time as well as large amounte of highly detailed attachment points. The data required to repre-
airplane data. In 1970 the Lockheed-Georgia Com- sent this eleatic structure is the generalised
puny [3] developed a technique for simulating manu and frequency for each mode, the modal
another heavy aircraft during ground operations. deflections at the gear attachment points, the
This technique required less than one hour of center of gravity, a tail locution end the
computer time, less airplane data than the pro- pilot'a station.
vicus program, but still could simulate only one
aircraft. Thea. techniques did, however, prove Landing Gear Struti
the feasibility of the simulation of the air- A schematic of a typical landing gear
craft and runway interaction. strut is shown in Figure 4. The total force in

The principle purpose of this analytical a landing gear strut is comprised of three forces.
investigation, "A Dlital Computer Program for These are the air spring (pneumatic force) C4],
Aircraft Runway Roughness Studies", was to the viscous damping (hydraulic force) [4] and an
develop a general airplane/runway model capable internal strut friction force 43]. When an air-
of simulating any aircraft traversing a runway plane is static, sitting on a ramp, the only
profile*, The major advantages of this model force in the strut is the pneumatic force, This
over previous techniques are that it is simple force can bo expressed as followsi
to use, requires lose than two minutes on a CDC
6600 to simulate a typical aircraft in a take- (isotheral process) (1)
off, and, of upmost importance, compares very FA. PaoVonA (

well with experimental data. (V0 - S AX)' (n.I)

GENERAL AZRPLANR/RUNWAY MOD•L where Pa0 , the fully extended strut pressure

The general model cons•sts of a flexible
aircraft, landing gear struts and tires, and the V0  - the fully extended strut volume
runway profile. This general model is shown in
Figure 2, A a the pneumatic pise area

S - Strut stroke

Film"f 2. Coeral Alrplono
Each separteD component of the model will• UI

now be described in the following orderl struc-
turae landing geat struts, tires, and runway
profile representation.

Flexible Str~ua,|,

The flexibl•k structure as shown in

Figure 3 is modeled to an elastic structure -- METERINGwhose motish is a superposition of its free vib-
rction modes, weighted by time-dependant general- PIN

Load coordinates. ThsRe vibration modes are
cSlTculted mod aICp allend foreesntcela o the
aircraft being modeled. In addition, the aircraft
has thlree rilid body degrees of freedom| pitoh. I
plunge and horveontal translation, The elastic

" •~PISTON

VERTICAL T RAN SLATION Figure 4. Landing Gear Strut Schomatic

OITTCUNELCEDFSLG During a taxi or take-off condition, the

pneumatic force is the largest of the strut

Flgume 3, Elastic Struotumr frces. A Plot of a typical load vs. stroke

* This work is being done for the Air Force curve showing the magnitude of the pneumatic
Weapons Laboratory



force as a function of stroke is shown in device is accounted for in this model.
Figure 5. As can be seen, the pneumatic spring
force increases exponentially as the piston or The third and final strut force is a fric-
lower portion of the strut moves up and com- tional force. From a previous in-house study,
presses the air. a typical strut friction force during taxi and

take-off was less than .6 percent of the total
strut force, Thus, since the frictional force

300 is very small it is neglected.

R 1oo AIR

SPOSTATIC PITION

i ' " ORIFICE

"I - METERING PIN

5 1o Is No as so '"I
Figre1OTO INCHES O CLS•-FLUI D

Figres 5, Strut Static 'oad Stroke Curve
Figure 6. Typical Metering Device

The second of the three strut forces is

the hydraulic force. This force can be expres-
sed as|

The next component of the model is the tire.
The analytical representation of the tire force

-- ~ 3 
,, is as follooslph • h ( 2) .

2 (Cd A0) FT " KT TD (3)
where TD - tire deflection

where Ph density of the Hydraulic fluid D

Ah * hydraulic piston area K T linear tire spring conetant

Figure 7 shows a typical tire load deflec-
Ao - effective orifice area (constant tion curve. Generally, a tire in inflated to a

orice minus metering pin area) pressure much that the static deflection will

be approximately 35 percent of its section
Cd " orifice coefficient (use .9) height. This deflection is used in the analy-

sic to determine the tire spring constant. It
S strut piston velocity should be noted in Figure 7 that the load-

deflection curve is very nearly linear in and
From equation (2) it can be seen that the around the static deflection area. During taxi

hydraulic force is proportional to the strut and take-off the tire deflection is in the
piston velocity squared. Thus, if the strut linear portion of the curve. Therefore, a
piston is not moving the hydraulic force is linear spring constant (KT) which i6 the slope
aero, Figure 6 illustrates that as the strut of the load-deflection curve, can be used for
piston moves up or down the effective orifice the taxi analysis,
area (total orifice are minus metering pin area)
changes. Therefore, the hydrualic force is a The tire deflection is defined as the sum
function of both the strut piston velocity and of the deflection of the unsprung maos (strut

strut position, During taxi equation (2) is piston, tire and wheel assembly) and the run-
representative of the hydraulic force during way profile elevation.
strut compression and extension.

The mstering device which is used to vary
the effective orifice area with stroke, con be
a conventional metering pin, a fluted metering
pin or a metering tube, The change of the ef-
fective orifice area with strut stroke for each
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9.TAI WAY LINES OF WASURINIINT
I PSI ISTLATI LOON A Y L5 & A ¢[ '

OcFic0o EYPM RWAYAY TO SCALDI
35DEFLAtCION UAC

I_ STATICDEFLECTIONRUNWAYSURFACE

OAD IN Kips It) TYPICAL RUMVAY ILLVATION PROFILE

Figure 7, Tire Load Deflection Curve Figure 8. Runway Profile

Runway Progi tathseitia model I

The final component in the general All of the above components of themodel to the runway profile. The runway pro- general model can now be combined to form the

aile data is normally ineamurad as thd height detailed mathematical model shown in Figure 9,
sbove some datum line as illustrated in Figure The detailed model incorporates a flexible

8. Tie runway elevat.on profile (Yl) is then fuselage with one nose Sear and multiple main
tabulated for each nuccessive increment of landing Bear. The lending aoer struts can be
measursmeni, The increment of horitontal dis-, conventional, articulated and or the double
tance, (x), is usually two (2) feet, but a acting type. Also, this model include. lift,
one-half (1/2) foot incremencal dietance ie thrust, aerodynamic and rolling drag. The

also common. This model uses data t.ekan )n two degreema of freedom of the model are pitch,
(2) foot intervals. plunge, horisontal transletion and up to 15

flexible modes ot vibration,
To pronperl knterface with the other

components of the model it is necessary to ex- scuetion of ,otiont
proves the runway profile as a function of time,This can be done by first determining the run- The diierential equations of motion

way elevation profLle as a function of distance. for the mathematical model were derived by
One approach (5] is to use a polynomial equation application of Hamilton's principle of minimum
for fitting a curve to a selected number of energy. The general form of theme equations is
points on the runway, that st shown below and correspond to the notation

shown in Figure 9,

Y(x).al + a2x + l3X 2 + ..... ann , n-l,2.3 i gid figuad.3O Utions of Noýion

This method uses the slopu and thrse Z e(Fa 1÷F 5÷4.L-)/t4
runway elevation points to solve for the oeaf- (6)
ficients &,I 0 53A eand 64 , [g.&. vertical acceleration]31 ~ (5)1

Y(l 0 1 K, x 2 AlZ (Ft 1 -F 5 1 -Wl)/tMi (7)
y(xl) q 1 x 1  3K1  a1  ,,

y(x 2 ) q 1 L 2 x1  x 2 Z x2 (Pt3-Fv3-W3)/M3 (9)

2 3 [lending gear unsprung mass acceleration

Y(x3) q4  1 x3 X3 x3  a4 (10)
(FsI+7525+ITE1*F3C)/yy

The slope at the beginning of a runway [pitching acceleration]
segment is made to equal the slope at the end
of the previous segment, thus maintaining a - (-FA )/( o|÷M 2 +N3 ) (11)
continuous slope from one segment to another. M

This technique provides a method for (horisontal translation acceleration]

obtaining the analytical function y(x) for the wherel
runway elevation profile for a selected segment
of the runway. The prooose is repeated as many F- totl landing gear strut
times as necessary to cover the tutal horison- W Vi2s F o3 rcrees

tel distance required for a specified problem,
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LIFT

X
DRA THRUST

. A . .. - C •

411'41

Figure 9. Mathematical Model

Ftil F,2 P tire forces time rate of change of lift is small compared to0 tthe rate of change of the landing Bear forces.
05' W, 1  0 aircraft Mass, weight and

pitching inertia Solution Alforithmi

W11 W2, W3  - unsprung landing Beer weights The technique used for solving the
coupled non-linear differential equations of

A, BII m moment arms motion that describe the simulated aircraft is a
thres term Taylor Series. For example, the

L, PT, FTD' PAD - lift, thrust and tire and equationi
aerodynamic drag forces

(LFT and PA aot through x - ox + k1 (13)
the center of gravity] The three term Taylor Series representation can

Flexibility Scuations of Motion be written sal

M 'qi 4 11 Fol 1  2* +t ON+ 3 - UjwiN4i at+x1i2+i3e3 liii 2(1+) (I)(I)(I ) 2 (14)

-W 1 4iqi otr the ith mode (12) Where I - 1 +N

wherar The values for a, x and x from the previous step
are eubotituted into equation (14) and a new

Ni a the goneralised mass value for x is obtained. Differentiating equa-
tion (14) we obtain for the velocity x. the

jlt' til' qi3' " modal deflections at gear expression
location 11 2 and 3

wi w modal frequency X(14 1 )mX(1 )* ( 1)
a damping factor The values for x and x are then aubbtituted into

equation (15) and a new value of x in found.
qij ýi' ý a Bnearalimnd coordinate and time This entire process is repeated with the newdqrivativet Valunn of X and i to obtain the next point in

the solution. When compared to A general Ruin,-

Kutta solution, which was used on one of theThe leinbrli tyd force due to lit is not include previous taxi simulation proirams, this threein the flexibility equation of motion because the tarm Taylor series yielded the same accuracy,
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Outout FormatL of acceleration and it ahown which bumps in the
runway profile caused the high acceleration

The results of the model are provided responses.
as both a printed output and a time history plot.
The printed output lists ten important par&- Resultal
motor@ every one hundredth of a second.

Results of this analytical invstti-
Figure 10 shows a photographic re- gation have been compared to recorded experi-

duction of a typical Calcomp plotted time his- mental data of two heavy airplanes at two
tory. This figure depicts a cumulated fighter overseas locations, Figure 11 is a plot of
aircraft taking off from the runway at teat pilot station acceleration versus distance down
location one. The plotted output includes the runway for test aircraft one taking off
titles showing the airplane simulated , its gross from test location one at 273,000 pounds with
weight, the runway numboer and its location, The the center of gravity at 23.1 percent of the
ordinate is the time axis annotated every second. mean aerodynamic chord (MAC). The solid line
At every time annotation the current value of shows the analytical results and the dashed
aircraft speed, in feet per second, and the line shows the meteired results, The test and
current aircraft position on the runway, in feet, analysis results indicate that one area of the
are printed out. Runway markers (1000 foot runway e onistently produces aircraft eaoelera-
markers) are plotted on the time scale to aid in tione greater than the 4&g criterion, The
aircraft positioning, The plot titled "Nome location of this rough ares measured from the
Gear Track" is a time history of the runway pro- northeast end of the runway is between 3700 and
file as it is encountered by the aircraft's name 4700 feet as shown on Figure 11. both curves
Soar. There are two aircraft acceleration tine show that for most of the runwny the acceoler-
histories, One is the vertical acceleration at tion levels are less than .2z which is typical
the aircraft's center of gravity (0GA). lath of the levels for an acceptable runway.
time history is banded by the human tolerance
criteria of + .4g, in order to minimise the The results of the cooputer prolvam
amount of core required to store the acceleration "TAX•" were also compared to experimental data
time histories, the higher frequency components measured on a heavy bomber (test aircraft two)
were effectively 9ltered out by limiting the operating out of test location two. Figure 12
sample interval. All of the acceleration peaks, shows the acceleration time histories of simu-
however, are shmo on the plot. It should be lated (top three lines) and measured (bottom
noted that the pilot station and center of three lines) data for the pilot station, og at
gravity acceltration time histories are not a location in the tail FS 1655 respectively for
always within the band of accepted human toler- & 400,000 pound airplane during a constant speed
an*e criteria. Thus, the plot is very useful in 40 knot taxi, The location of the rough section
that it provides a graphical rsoord of the level of this runway is clearly identified at runway

I

Halt ao" MAC LocfrON

At~r -1rý

Fige 10. Typical Plot of Simulated Output

~. 'I

41614q4... . . ' . .. .. ... .... .. . . . . .... .. .. ...... ..1"14 40' I I4.iI. ,;0 1401



A
marker number three. The cimuuLted acceleration factorily on cargo, bomber and fighter type
levels were within six percent or the measured aircraft respectively.
levels where the peaks occurred.

mesrd A comparison o~f simulated results to C
mesrddata wee also made on a fighter air-

craft. Figure 13 shows the plotted results of 9~.4 L~'~ CRIT-ERIA-
simulated (top two lines) and measured (bottom P
two lines) data on the 37,500 pound fighter
during a constant speed 29 knot taxi over aI 2 NLYIA
built up ramp. The ramp was a bump 15.5 feet.2 AATIA
long with a maximum amplitude of 1.5 inches Bv - 0R
Te simulated acceleration level at the ai roraft -

cetrof gravity was within nine percent of the
measured level at the peak. a 4 a

FEET DOWN RUNWAY 9 10-5
Figures 11, 12, and 13 demonstrate Figure 11. Comparison of Mean Values of Experi-

that the computer program "TAXI" will work satie- mental and Analytical Results of
Test Aircraft Number I

PIL.OT STATION ACCELERA~TION ~U A ~

C G ACCELERATION

5 10 15 20 25

R3

TIME (SEC)

E XP ERI NEN TA L
PILOT STATION ACCELERATION

0 G ACCELERATION

TAIL ACCE.LERATION R

5 10 i5 20 25

TIME (SEC)

Figure 12. Comparison of Simiulated and Measured Acceleration Time Hist%)ries
of Test Aircraft 2 During a 40 1Xnut Taxi at Test Location 2.
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* stage. Still another application would be the
evaluation of now pavement techniques and

_.................... .. designs, A typical example in the recently
used "Slip-Form method of paving runways.* This
model, with minor modifications should land
itself very readily to these and other future

. applications.

-........ ......... ......... The present objective of formulating
- •a general model has been met and now that it

-LA/ has successfully been demonstrated, runways can
. , be evaluated for roughness cheracteristice with-

1114It 4.GI 41 40 ,, , 4, Is out a costly taxi test,

1 a 4 1 5 7 11 1 Reforeiwes

1. Cyril M. Harris and Charles X. Credet ed,
IE "Shock and Vibration Handbook" Vol. 3, McOraw-STIME (82t) Hill, 1961,

2. Delmar A. Quad., The Boeing Company, Wichita
l Division, "Location of Rough Areas of Runways

For 1-52 Aircraft" AFFDL-TR-67-175, March 1968.

3. O.K. Iutterworth and DE. looser Jr,,
"C-141A Computer Code For Runway Roughness

I I, I I J ~Studies" AMW-TR-70-71, August 1970.
4. Chance Vought Corporation, "A Rational
Method for Predicting Alighting Gear Dynamic
Loads", ASD-TDR-62-555, December 1963.

5. Robert F. Cook, Air Force Flight Dynamics
Laboratory, "Use of Discrete Runway Profile
Elevation Data in Determining the Dynamic Res-

Figure 13, Comparison of Simulated and pones of Vehicles" TM-68-3-PDDS, May 1968,
Mea,•red Acceleration Time
Histories of a Fighter Aircraft 6. George, N. Miles, "Construction Procedure
Traversing a Ramp of Blip-Form Pavement", Highway Research Board

Bulletin 291, Concrete 1ixin1 and Paving,
Conclusiont Presented at the 0th annual meeting, Jan 9-13

1961.
In conclusion, the goals of generating

a general airplane/runway model capable of
accurately siulating practically any airplane
traversing a runway profile with a minimum of
input data and in a reasonable amount of com-
puter time were fulfilled. Three aircraft have
sucesIfully been simulated with the model and
the results compare favorably with available
experimental data. The amount of airplane data
required by the program hue been kept to a mini-
mum. The computer time required to simulate a
typical airplane taking off is less than two
hundred seconds and less than 77700 storage
locat,.nns on a CDC 6600 computer,

The nodel 'imulistion compares very
well with experimental data in that the rough
are.s of the rtunway were located and peak pilot
*ýatlon accelerations were closely matched,

A •.cLal of this type has many possible
applicationv. Runway repairs can be simulated
to determine if the repair will be effective in
roducing airplane respunse. Another application
would be to determine the response of new
systems to runway roughness in order to expose
a potential roughness problem in the dusign
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DISCUSSION

Mr. OLeary (B§oeing Vartol Division): . ore hLokhed California Co.•L
Did u understand you to say that you needed the It would ee to is te there shouidT oe
input to be defined tor the runway roughness? application of Dr. Pilkey's work to your work
In other words, what is the input to the in defining classes of runway roughness which
program? would fall within the scope of keeping the

response levels below the required 4 &Is.
Mr. Oerardit The input is actual profile

data taken on two foot intervals. The profile esdi | I think the areas are
ti measured, probably related,

M Do you have any wing or , I iJn£ViIviAsj DOes the
airplane aerodynamics in there, I noticed for peak celeretion odour at the same point as
instance that the oleo spring and the tire the peak roughness?
springs are nonlinear, To represent the
dynamics of that astructura you almost need the Mr.s..gparij Oenerally. there is a slight
time history of a takeoff, time lag and it depends on the vertical

translation or the pitching frequency of the
Mr. Garardit We do have aerodynamics airplane,in it both -dru and lift, It is a function of

speed an it should be, We have located the Mr. Thomion (University of Oalifornia~ti! ~lift fares at the center of graitiy to off-sat ao d you ie he pcl m ueene|

the problem of moments that would have to be two foot intervals? What kind of instrument
pilot input, do you use?

Mr. OlLsorJ | You say it ts a general MI. eiaard4i We started out with a rod
modal, Do you generally have bottoming and level, bRt the Air Fore. now has a machine
springs in the cleaot I didn't see that that will take runway selevation points at five
represented on your oleo spring, miles j,:jr hour, It takes elevation pointsevery six inches, d~iitiaen thain and puts them

MrGeejradx i No, we don't. We have on magnetic tape,
never vrn into probleom where we have
bottomed a strut in simulation.

iiil
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AN ALGORITHM FOR

SEMI-INVERSE ANALYSIS OF NONLINEAR DYNAMIC SYSTEMS

R, L. Eshleman
Senior Research Engineer

T, M, Scopelite
Manager

Engineering Mechanics Division
I IT Research Institute
10 Wast 35th Street
Chicago, Illinois 60616

This paper describes an algorithm for determing the transient response and
control functions of nonlinear dynamic systems subjected to prescribed time
dependent constraints. The directional handling behavior of a tractor semi-
trailer performing a prescribed maneuver is computed using this technique.

INTIRODUCTION state variables, then the integration time may
become prohibitive, especially if multi-runs
are required for design or diagnosis. For a

Modern development of the digital com- class of problems involving time dependent
puter has rendered the simulation of the dynam- open loop controls to achieve a prescribed sys.
ic behavior of nonlinear systems a reality. Us- tern performance, a semi-inverse algorithm
ing mathematical models and computer soft - combining parameter perturbation and numer-
ware, the conceptual design of a system can be ical integration has been shown to have func-
evolved; prototype hardware can be developed; tional and economical advantages over direct
and production product can be evaluated for integration. Specifically, this technique has
function through digital simulation. Therefore, been successfully implemented in tractor semi-
through the derign, development and production trailer handling studies I J.
stages of an evolving product, a digital simula-
tion model of a system's performance and This paper is devoted to the descrip-
structural integrity can be a vital asset, tion of the semi-inverse computational technique,

to its implementation on the digital computer,
Often the transient response of nonlin- and to its application to tractor semitrailer

ear systems is required to determine perform- directional handling.
ance and structural Integrity. Present technol-
ogy calls for the direct integration of the sys-
tein equations of motion using a numerical in- TECHNIQUE DESCRIPTION
tegration technique such as Runge- Kutta or
predictor-corrector implemented on the digital The semi-inverse technique is applica-
computer. Direct integration of the system's ble to a class of open loop controlled dynamic
equations of motion is usually a costly proce- systems which can be mathematically modeled
dure. Many small time steps over several by the following set of equations:
periods or duration of phenomena are required. ...
If the formulated lxoblem has many interrelated C1j Xj fi (Xj Xj k
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where, established by replacing the control variables:: p (t) by their perturbed values Rk (t + 6t0 at

Xj a system dependent variables (re. t&ne, t+ At, in the system equations of motion,
sponse), equation (1). At time step, t+ At, the control

variables are written in the following form:
t - time,

Cij constants, Ok (t+60- Ok(t)+ ANk (2)

Ss e o l a rEquation ( 2 ) is substituted into the system
Ok system control parameters (input equations of motion, equation (1 ), to obtain the

disturbance), following set of simultaneous differential *qua-

fi nonlinear functions of system vari- tionsi,
ables and control parameters Cjj Xj a f (Xj,Xj, t+ At, Rk+ A k) (3)

ia 1 2, ,.#1 N
The equations of motion given in the

'• k 1 , 2, 6.jM form of equation (3) are rearranged to obtain

a set of linear simultaneous equations with
The basic strategy of the semi-inverse variables X (those not prescribed) and AIk'

:• techniques is to find the system control param. The form of this set of equations is shown
store, Ok (t'), that impose a prescribed response schematically by equation (4):
on a finite number M of the system variables,
Xi, The number of prescribed dependent vatS.
a410es, X must equal the number of system CA I IYI IBI (4)
i control pAmieters, Oe Figure I schemati-
cally shows this comp tational model. The com-
putational technique involves the use of the where:
O'Alembert principle followed by integration of
the unknown response variables at discrete time CA 3 is a constant coefficient matrix
instants, The steps involved in the development evaluated at discrete time instants in
of a semi-inverse computational model are now the computation;
described in detail.

Prescribed *sponse XM

Mathematical Model y O m is an unknown vector composed
of accelerations and control

XM variable increments to be deter-
Control varia les OM System response var- mined at discrete time intervals

iablesX , NS Xle XM41.... X N

XN

Figui• 1 - Semi-Inverse Computational Model

B •f(X1,.. XMX i , Xj t + 6t' 010• "1 10M)

The system dependent variables, X1, are
prescribed as a function of time. This dbscrip- is a constant vector evaluated at discrete time
tion can be in a functional or numerical form. instants,
For example, the path of a vehicle center of
gravity can be expressed ýn the form of a poly- Equation (4) is used to determine the
noinial. The velocities, Xi, and accelerations, values of the increments in control variables,
Xk, are derived from the dpendent variables, OPk, and the unknown response variables,
Xk, through differentiation. If the accelera- X ... I XN. Essentially this procedure
tions, ilk, are given as basic data, then inte- isfillpplication of D'Alemberts principle at
gration must be performed on the problem in- discrete time points in the system transient
put data provided the physics of the problem re- response. The response accelerations are
quires it. A set of perturbed equations are
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constants, equation (5): to find * and X at that time stop. The re-
quired coAtroI pAIameters are formed by let-
ting "k A + k. Thw unprescribed var-

X Dj M+1 <j 'N (5) tables, Xtan'& X, the control parameters Ok,
and the pfescribeVd trajectories are used to e.-
tablish the simultaneous equations for the next

for the given discrete time point, and, are in- time step. Figure 2 is a schematic represen- J
tergrated using a Taylor series ecpansion. tation of the computational procedure used for
Pystem quantitites dependent on XM, 1, .. the semi-inverse analysis of nonlinear dynamic
X.andXM .... , X N are obtained after systems.

inlgratton oequations (5).
AN EXAMPLE: TRACTOR SEMITRAILER

COMPUTATIONAL PROCEDURE HANDLINO G1
The computational procedure consists The semi-inverse technique has been

of a series of numerical evaluations at discrete applied successfully to the simulation of 0irec,
time instants during the elapsed time of the tional handling of tractor semitrailer vehicles,
system motion. It is almost mandatory that Due to the kinematics of the vehicle and the
this technique be implemented on the digital tire side force-slip angle (ratio of the wheel
computer, Therefore a brief description of side velocity to its forward velocity) relation-
its use on the digital computer ks given, ships, a set of ordinary nonlinear differential

equations result, The criterion for good vehi.
e.

The input trajectory values, ale handling is the ability of the vehicle to no-

are determined as a function of time, Expert: trshaos • shown that where the trajectory d .. changes and cornering in a stable manner with-once Xha is used to obtain jeoand in the constraints of the road boundary. There- -A
plaemet, X is usdtfore, the forward and lateral motions of the ye-
a mathmaticl function should be Used. t M*hie are prescribed, The semi-inverse moth-
experirmental data to available, a curve fitting od is used to find the required driver controls
scheme should be utilized to form the function, (steering and braking) that will yield the pro-
Normally it is a good prooedurq to print out scribed tractor motions on a given road our-
the generated values of k and Xk, to assure face with specified environmental conditions.
authenticity prior to using them fn the equations During the maneuver the unprescribed responses,
of mottqn, The system is sensitive to the val. tractor and semitrailer yaw angles, are also
ues of Xk since it in the fundamental input to found as a function of time,
the set of linear simultaneous equations,

The equations of motion are similar to
The computation in initiated at time t w 0 equation (1) except that the position coordinates,

using the initial values of the system and the X do not enter into the formulation.
computation proceeds in a step-by-step manner .at time Intervals, a t. To minimize computer fj~ i (Xj, 6, D) ij u 1,2,... (6)•

time it is advantageous to select the largest
value of 6t possible which will maintain numer-
teal stability. The value of At is dependent on where
the dynamic characteristics of the system. In
a low frequency system such am a tractor semi- Ct i a function of the vehicle masses
trailer, a time atop of 0.05 soc.was used with a and moments of inertia,
requirement of about 60 computational points
for a complete maneuver. In this example it " vehicle accelerations,
was found that decreasing the size of the time
step had no effect on the accuracy of the results.

Variable values, (X (t), Xj (t), o (t) ) *j vehicle velocities,
from the previous time stip, t are usseto 8 steering angle,
form the constants in the simuitaneous equa-
tions, equation (4), at time step, t -. 6t. This D braking force
set of simultaneous equations is solved using a
linear equation solver for the control variable The problem in formulated as a set of
increments A hk e and the unprescribed aced- four linear simultaneous equations after per-
rations, .The values of %are Integrated turbing the control variables (steering and
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SYSTEM DESCRIPTION |

AIPRESCRIBED ,TRAJECTORIES /'~

GENERATE AND/OR SELECT: INC!EMENT:
TRAJECTORY VALUES AS TIME

A FUNCTION OF TIME

CONSTRUCT CHECK-
OuILIuRIUM RESPONSE CRITERIA
I OUATONS OR ELAPSED TIM-

SOLVE: WRITE:
EQILIBRIUM SYSTEM RESPONSE ANDEQUATIONS CONTROL PARAMETERS

INTEGRATE: DETERMIEi
CONTROL PARAMETERS

RSN AND INDIRECTVARIABLES SYSTEM PARAMETERS

Figure 2 Computational procedure for semi-inverse
analysis of nonlinear dynamic systems
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braking). From this not of simultaneous equa. In all physical problems, there are lim-
tions the vehicle yaw angular accelerations, the its on the control parameter-ranges resulting
steering angle and the braking force are found in physical limits on the ability to control the
as a function of time, Figure 3 shows an ex- dynamic variables. since this algorithm deter-ample of the results obtained from this method mines the controls required for npecified sym-
am applied to the tractor semitrailer simula- tern responses, the problem of physical limits
tion. The prescribed motions (12 ft lane change of the controls must be addrenssd. If the Al-
in 275 ft at 50 mph) is shown initially followed gorithm is being used for design, the control
by the steering angles required to pursue that parameter requirements can be determined,
trajectory. Succeeding portions of the figure When the algorikhm is being used for analysis
shown the resulting haw angle responses and of an eidstingsystem, the physical limits on
rear tractor tire slip angles. Promthis in- the ontrolpaqemtrs mut be programmed a
formation, the driver control requhremeMs into the computational logic to constrain the
can be examined along with the vehicle re- range of controls and responses of the system
spans. resulting from the prescribed trajec- during operation.
tory in given environmental conditions, The
experimental verification of this method as ap-
plied to the tractor semitrailer directional REFERENCE
handling problem is also shown in Figure 3,

1. R. L. Nohleman and 8. Duai, "Artic-
ulated Vehicle Handling", Department

DISCUSSION of Transporttion NHTSA contract
DOT-IHS-105--ldonl, IITlRI project

The semi-inverse method has been em- J0S2S, X8800674, April, 1972,
ployed successfully in all variable regimes of
the tractor semitrailer directional handling
problem. In fact, it has been used to establish
physical stability limits for cornering and 'ane-
changing vehicles, It was found that the com-
putrr costs were less than those incurred when
running a comparable conventional control-
"response digital computer program.

In the use of the semi-inverse technique,
certain factors such as error estimates, de-
terminant singularity and control limits have
not been investigated in general. In fact it ap-
pears that these factors may have to be con.
sidered o0 a problem to problem basis because
of the wide disparity in the nonlinear differen-
tial equations encountered.

The algorithm is dependent on the solu-
tion of a set of linear simultaneous equations,
Therefore the solution could become inaccurate
it the determinant of the matricies becomes
singular or near singular, In the example
problem noted here, this never presented it.
self as a problem. As a precaution it seems
advisable that the determinant of the coeffi-
cient matrix of the set of linear equations be
examined as part of the computation process.

Error estimates that relate to the chosen
time Increment would be useful in setting up a
problem for computer analysis. To dtte the
trial and error process employing additional
computer runs has been utilized to obtain the
optimum time step siie. A good initial value
for the time step sime can be obtained from an
estimate of the maximum rate and period of
the control parameter,
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GUNFIRE-INDUCED VIBRATION ON
I'HE A-7E AIRPLANE

T. W, Elliott
Naval Missile Center

Point Mugu, California

During the period 29 September 1969 through 6 March 1970 the U.S. Naval Missile
Center participated in the Board of Inspection ahd Survey (HIS) service acceptance trials
of the A.-7E airplane, During the BIB trials measurements were taken of vibration In.
duaed in avionics and airborne stores. These measurements were taken during various
flight conditions of steady captive nlight, maneuvers, and firing of the M61AI gun, a 20.
millimeter cannon, The objective of these measurements was to Investigate the nature of
the vibrations induced in avionics and airborne stores as functions of flight parameters
and the firing of the M61AI gun,

Examination of the vibration response data during gunfire revealed that three distinct
types of response occurred: (I) a discrete sinewave vibration response at the gun-flrlng
frecluency and at several higher harmonics or this frequencyt (2) a repetitive narrowband
random vibration, approximately NiO Ht. wide, repeating at multiples of 170 Hzi and (3) a
shaped random vibration,

It was found that although firing of the M6IAI gun significantly increased the vibra.

tional response or various units, the overall level of response was not significantly different
for the different gunfire rates. It was also found that the peak values and frequency of
occurrence of the discrete responses of types I and 2 behavior tended to exhibit an ex.
poneantial decrease with harmonic number,

INTRODUCTION guided missile trials and tfie only airplane used for the vi.
bration meanurenments, A-713 HU No, 156739 wal repro.-

During the period 29 September 1969 through 6 sentutive of production airplanes except for details of airplane
March 1970 the U.S, Naval Missile Center participated In wiring, It was manufactured for use in contractor develop.
the Board of Inspection and Survey (HIS) service accept. ment testingi therefore production wiring teachniques were
ance trials of the A-7E airplane. During the BIB trials not used lit Its manufacture although major syste1ms were
measurements were taken of vibration Induced In avionics representative of production airplanes,
and airborne stores, Those measurements were taken during
various fnight conditions of steady captive flight, mangeu. Vibration data were acquired before and during firing or
vera, and fIring of the M61AI gun, a 20-millimeter can- the 161AI gun at high and low airspeed at altitudes of 5,000
non, The objectives or these measturements were (I) to feot and 20,000 feet MSL, The gtn was fired at both the high
determine vibration levels that exceed specification or that fire rate (6,000 rounds/minute) and the low fire rate (4,000
might be potentially damaging to avionic equipment and rounds/minute), Vibration data were also obtained while thei
missiles, and (2) to Investigate the nature of the vibrations tlln wua fired during a full-power dive and high-speed pullout.
Induced in avionics and airborne stores as a function of Table I lists tile flight conditions obtained during these tests,
flight parameters and flrinlg of the M6IAI sun, This paper
Is concerned with the results of the investigation frocused Vibration response levels were incasured on the follow-
on objective (2) igl eqlipment:

I, AN/APQ- 126(U) forward.looking radar transmitter,

DESCRIPTION OF MEASUREMENTS In the noso (isolated)
2, AN/AVQ-7(U) heud-tup display (HUD) unit, in the

The A-XE airplane (Fig, 1) Is a single-place, carrier- or cockpit
land-based light attack airplune with limited all-weather 3,
attack capability, The A-7E has an airframe structurally ,Ai, data computer (ADC), in the weapons bay
eclulvalent to thle A-7A and A-7B airiplanes but Incorpo-
rates advanced radar, navigation, and weapon systemsn. 4, AN/APQ- I 26(U) forward-looking radar command
A-7E BU No. 156739 was the prime test airplane for the computer, In the weapons bay

'7.
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4.13FEETTABILE I
HUD ligh Paametrs l' Vii ration-Reaponse MCMurIN11ntsI

Fl~gt Prameervon A-71' Airplane

160 equired Flight Parameters Flight Conditions
FEET________ Attained

Guni~are Hate Sp~ecA tul Al~tiude Much
_______________ (Feut) No,

MUZEBYLow/high 20,000 0,45
MUZZE WEPON R I Lo/luw S,000 0.34

Hi Ih/hlgh 20,000 0,74
20,000 -300

Diva(initial) KIAS
Pullout 8,000 08

Pullout______ (final) 08

Low/low 5,000 0,34
6,000 Low/high 20,000 0,48

Roundsi/MInuite HIgh/high 2,00 0.7

S. AN/ASN-9 I(V) tactical com puter Not, lin the weap-
I y Om bay

6. AN/AVQ-7(V) hoad-up display signal data prov.
essor, lin the weaponis bay (isolated)

7, Arniantent station control unit (ASCU), lit the
weapons buy

H, WALLEYE weauponi, on pylon station 2

- 3873 EET 9, SHRIKE weapon, on pylon station 3
23.7 FEEI10 Sll)HWINDER weapon, on pylon station 4,

The data were recorded o'n a 14*track magnetic tape rt.
corder carried In anl instrumenstation pod on pylon station
1, Table 2 Is a list of the equipment, locating the accol-
cromuters,

For east of describing vibration response. the Wei-l
eronteters were separated Into various groups as defined

OUTBOARD FUSE AGE 0BOARD in Tlable 3. sallent variable, were axes of acceele rome turn,
PLNPLNPYLON locations In the aircraft, and gunfire rates,

STATION 8 STATION 5 TTO
POUNDS)Also likted lit Table 3 are the number of availablePOUNDS) I OUOS POUNDS) data points for each group, Other groupingsi are possible,

COMER FUSELAGE )CE TIENUE but, It is believed, the grouping In Table 3 provides the
PYLON PYLON PYLON most useful information that can be obtained without re-

STATION?7 STATION 4 STATION!2 ducing the number of data points to a level where statis-
(3100 (SM (3,HO tical confidence is lost,

POUNDS) POUNDS) POUNDS)
INBOARD INBOARD RESULTS
PYLON PYLON

STATIONSI STATION 3 Uelleral

PUMP NDS)Five separate 111lghts wore made to obtain (lie datu re-
quhired., Two flights were made to obtain data durhig the

4WEIHT HOW IS AXIUM OAD OR NDIIDUA PYON) four vondItion, of straight and level flight before and during
4,000 rounds/minuto gunfire rute, Two flights were taide
to obtain datatl during the four coniidtionN of straight and

Fig. I - Three-view drawing of A-7E aircraft level flight b~efore and during 6,000 rounds/inflUte gjinfire
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TIABiLE 2
A ct' ltrtni ieti LocaiiIon. fo Nit Mt ntuvi rnwnit

AccvItrnrnctur Stvanit rt'ien Ii Aircraft Suboystem
N 1o I~r c iuui (Un)'

I Longitiudinal *ftyir' nli idt intmIyI
2 Vurtca CnI ommandii comiputer unit

3frad-okn rada nii. hiy

L~ngit i it d fin I R(I~itr trannsiniiicr unii
V~ti'il forwo~rd-I 00k ~in radar ninotrnhIy

6I Viurtlal

73 Longitudinatl

19 Lainteral

10 Longl tud Iina I I~n li titiio

I Vetn ii In Air at~if *UcLImpluti li)

191 Long] tud Iina
21) veril IvaI Anvilditntnt lit)Li ititi

21 )4iitturl

16 Longitudinal 'Ix

2s Latural (nmill ilo3i

19 L.ongitudinal A 1lX ti0i

211 Vvrilcal (rni mluntillt' ion oh29)o

21U ULl ite iI al ~
22) L nttrigit nl

26 All (Ito 30),1k Mt h264

38 A Lonlitudlnal~l7Ii1,1,1,22,8

41 AlLanateral,2 ~,8 1,2,27 0

No All eai 00rornwaMninr Desrition an (Noin.1) Pa0m
I All Nonto 10,1 ) 234

2 All V~tt IIl (2,35,8,7 1 0 1 4, 16i 20, 23 2,19) s
3 All LoLnpitu a (.1, 14, 7,1 0, 20 6 9 2,2,2) B

10 All Stores (22 to 340) 84



rate, One flight was made to obtdii dutu dLurinlg the nia. type to the total number of data points from Table 3
neutvers at each gunlire rate. Unfortunately, becavse of (ie,, 175/264 = 60,4%),
pilot error, data werei not obtained during i nletlvers for
6,000 rounds/mrinote oanfire rate, Table 4 is a summary of It can be seen from Table 7 that the type I behav.
Itle rnms g.levels measured by all accelerometers under all for was the dominant response, Type I behavior also
flight conditions during this program, and indicates the in- showed a slight affinity for the longitudinal direction,
crease In vibration respo',se level due to firing the giun. showed a large tendency to occur during gunfire at the

4,000 r.unds/mInate rate, and always occurred in the nose
Table 4 wies examineJ to determiino whether one of and cockpit, It can be seen thot type 2 behavior occurred

the sHtalght and level tflghs praraimetets saeeed to be doin. only in the weapons bay und stores, showing a large tend.
inunt in Inducing the highust level of response, As a result ency for the stores, It can also be seen that the type .4
of the examination, data are presented in Table 5 to show, behavior occurred only during gunfire at the 6,000 rounds?
for each group, ithe ntnibet or acoeletonmeters that had tile minute rate und, as with type 2 behavior, only in the
highest vibration response l it eachlt of the four conditions or stores and weapons buy,
straight and level night befcre and during gunire, The vi.
bratlon lewvls at the two different gunfire rates are not 1i1s. A further examination of the data not evident in
tingu•ghed in Table 5 shince, in general, tith response was Table 7 revealed
highest at the tunic nfight oitdition for each gunfire rate,
SFrom Table $ it can ba seen thtat, in general, the condition I. That type 2 behavior in the stores occurred

of high speed-low altitdn induced the, highest vibration only on the SIDIWINDER and SIIRIKII missiles
response level during normal oaptlive flight (before gunfire), (never on the WALLEYE)
During gunfire, however, no such trend existed, This ilt. 2. That type 2 behavior occurred only during gun-
plies, in essence, that there I no tie•neralized dependency of fire ait the 6,000 rountdg/milnute rate except
vibration response level durnin gunfire on tile ianght condi. during maneuvers
ion of' the airplane, 3 That type 2 behavior always occurred on these

two stores during maneuvers, and

Gunfire 4. That the fitght condition or low speed-high alti-
tude Induced the highest nunmber of hiarmonics,

Examination of the vibration response data recorded
during gunfire revealed three distinct types, The fint, and This examination also revealed that the air data computer

most predominant type, which shall be culled type I be- in the weapons bay was time only other unit to exhibit

harlor, consisted of a diserei.i sine.wave vibration response this type of responfse. Finally it was noticed that type 2
at the gutm,'lrlng frequency and at meveral hiher harmonics behavior occurred only at high altitude, and that type 3
Pr this lrequeency, This speotrunU was stuperimposed upon behavior occurred only at low altitude,
the Inw-lev 'd broadband random vibration of normal cap-
tive flight. Fig. 2 Is an example of tIke tyie I behavior.

The second type of response, which shall he called
type 2 behavior, was char'acterized by a repetitive narrow. ANALYSIS AND DISCUSSION

band randot•i vibration with an upper band liniit of 170 HIt,
repeating at multiples or this upper t'requency suplerlimpt ed General

on the low-level broadband vihration, The intensity of thenarrowbatnd tended to incerease fromil tite lower hand ihntit The data was sutbjected to two dit't'erent types of
to u peak at the Inpper band limit. Fig, 3 is an examnple of atalyses, an analysis of variance and a statistical behavior
this beheair, aenalysis, The rms g-levels measured on each acceleronwter

duringi each gunfire rate were subjected to an analysis or'
variance. The independent variables used wore low and

The third type of respo•tlse, which shull be called type high levels or speed and altitude and the dependent vanl.
3 behavicr and may be considered a special case of type 2 able was rnms g-level, Thus a 2 x 2 atmalysis of variance
behavior, was a random vibration characterized by a low table was used in each instance to detormlne which, if
level from 20 to 80 IHe, and an approximately flat very high any of the primary paranmters, sliced and altitude, m0ost
level from 80 to 160 to 170 1-7, followed by a tail-off of significantly affected the rms &g-level of vibrational response.
approximately 3 db per octave to about 1,000 liz, where it The data for each acculerometer were also subjected to an
leveled off below 20 to go0 iz, Sonie o1' the Itghest vibra- analysis of variunce by using the parameters of ntornial
tional response levels were charncterized by type 3 behavior, captive flight and one gunfire rate itt each antalysis, Thus
Fig, 4 Is an eoxanple of the typt, 3 behavior, abloe 6 shows a 4 x 2, or in some eases a 3 x 2, analysis of varlunve
where these dufferent types of behavior occurred, table was constructed whereby the dula hi one column

were the measured ring gi.leveis for all runs during noriial
The data were examnined, counted to determine the captive flight sud the data in the second colunmn were the

frequency of o•current'e of each type of response in each measured rms g-levels for all the runs at ono gunilre rate,
group, and sAutmarized In Table 7, Table 7 also contains Thus a determination could lie imade of' how silgnillicouly
a colunin labeled "%" where this number represents the firing or the gan affected the rms g.level of the vibrational
contribution o1' tile frequency of occurrence of a response response during the straight and level conditions of flight.
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TA 141,E'9
Deuity of hi(mws S'ei e Fl ight Coniditiont A ffectin upV brat ion c. s poi'sc

Numtbe r at Ac cc' IronletC rs Wi tihi ighct Vlhr atlon KHit ottsic

Befrore Guntfire During (juifimr'

Group, Low Low 111gh T 11gh Low Low I1g I hhIigh
Noa. speed S pet. I Speed Speed speed SpitCEd Speed Speted

Low Hig h Low Hi 1gh Low 11igh Low. 11igh
Altitude Alt itude Altitude Altitudc Alt itude Alt Itudte Al tiriude AIt itude

1 1 3 19 4 12 18 22 7
2 0 1 5 A 4 6 7 3

3 0 1 7 ~ 1 5 6 7 1

4 1 1 7 1)3 6 B 3
--- - -- 6 6 10 7

L~zz -- - -- 6 12 12 _ _

7 1 1 0 1 2 1 1

8 0 2 1010h 7 9 4

9 0 0 1 1 14 0

10 0 0 1 0 10 6 2

T :DIRECTION OF MEASUREMIENTi VERTICAL

0 180 320 480 840 Ono 980 1 120 128 4 , 1,760 1,92 2 80
FREQUENCY (H1ERTZI

Fig. 2 - Typ ical vibi-Ltt ol spuch tutil of' ty po I behavlor
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TABLE 6
Oucurrence of Type ot Behuvior in Vibrtilon Response iI Accelerometers,

Gunfire (4,000 Rounds Per Minute) Gunfire 16.00 Rounds Per Minute)
r'Ae,,. Low Low High High Low Low High High

oreeter g0lll Spedl 81oWd Ilpell Bp" 111o ecll Speed/ spSdl
No. Low High Low High Low High Low High

Altitude Altitude Altitude Altitude Altitude Altitude Altitude Altitude
l l , l 1 1 1 1, 1...

2-
I 1 I 1 1 I 1 1

4 I I I I I I 1 I 1
S' I 1 1 1 1 1 1 1

6 i [ .1 1I 1 ' tI
7 1 1 "1 ' 1 1
8 1 1 1 1

9 1 1 1
S10 I '
1 -1 1 3 2 3 land2

12 1 I 3 2 3 1 and"2
13 1 "1 "' 1 1 1 1 1
14 1 1 1 1 I I 1 1

16 1 1 I I I . I

1817 1i 1 I I 1 '1 ' 1. ..

19 1 1 1 1 1
19 1 1 1 1 1 1 i I

20 1 1 I 1 1 1 1

21 1 1 1 1 1 1 1 1

22 I 1 1 1 1 and 2 1 1 sad 2

23 1 1 1 2 1 and 2

24 1 1 2

25

26 1 1

27

28 1 " 3 2 3 2

29 3 2 3 2

30 1 1 3 2 3 2
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TABLE 7
Frequency of the Three Difterent Types of Responme

Frequency of Response
Group Type I Type 2 Type 3S~No.

Frequency % Frequency % Frequency

1 175 66.4 31 11.7 to 3.8

2 57 65,0 12 13,6 4 4,5

3 69 78.5 8 9.1 2 2.3

4 49 53.6 11 12.5 4 4,C5

5 123 78.9 16 10.3 0 0,0

6 52 49.1 15 1319 10 9,3

7 30 100.0 0 0,0 0 0,0

a 93 71,1 8 6,2 4 3.1

9 20 100,0 0 0,0 0 0,0

10 32 381 23 27,4 6 7.2

The statistical behavior analysis of types I and 2 be. of occurrence/total number of data points) for each spike
havior was a counting. and averaging procedure. Front the to show probability of occurrence.
reduced data the peak g.values of the discrete silne-wave
vibration and narrowband vibration were determined, These Analysis of Variance
data were analyzed to determine the average value and
standard deviation of the value of the first spike (a normal During Gunfire: The results or the analysis of
distribution was assumed), Then the average value was variance of the data recorded during gunfire are given In•
assigned a value of LO and the average value of all the Table 8, The numbers in the blocks of Table 8 represent
harmonics determined and normalized to the average value the number of accelerometers in each group the data from
of the first spike, This presented a qualitative analysis of which paed some ievel~of~signiflcanue test but would not
"the general behavior of each group of accelerometers, pass a higher test, The data wos slightly more affected
providing a quick comparison in the difference In behavior, by altitude than speed, Fewer than half of the acceler.
The frequency of occurrence of each ftundamental spike oaster data would, however, pass any level.of-slgnlflcance
and harmonic was determined and presented In a pictorial test, and of those that did most would pass only a 70%
form to determine the general nature of the probability test, This indicates that the level of vibrational response
of occurrence of each spike. These data aro presented in is not largely affected by changes in speed or altitude in
terms of the percentage of possible occurrences (frequency the regions covered in this measurement program,

TABLE 8
Results of Analysis of Variance of Data Recorded During Gunfire

Speed Altitude Total
Group . Data

No. 70% 90% 95% Total 70% 90% 95% Total Points

1 10 2 1 13 11 2 3 16 48

2 4 0 1 5 3 0 1 4 16

3 5 2 0 7 4 2 1 7 16

4 1 0 0 1 4 0 1 5 16

5 5 1 1 7 5 1 2 8 21

6 5 1 0 6 6 1 1 8 27

7 3 0 0 3 3 0 1 4 6

8 4 1 1 6 6 0 2 8 26

9 2 0 0 2 0 0 0 0 4

10 1 1 0 2 2 2 0 4 12
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TABtLE 9
Rvitults of Analymis of Variance to Octrminc rflact of (iunfirc

G~roup (;unH Runs Total
N. 70% 90% 95% Total 70% 90% 95% Total Points

1 12 6 30 48 30 4 7 41 54

2 2 2 11 1I 5 13 0 3 16 1

'3 .1 4 10 ls 9 1 1 it 18

4 6 0 9 15 a 3 3 14 IN '

5 1.1 11 ~23 .1 1 2 21 27
6 1 5 19 25 12 3 5 20 2

7 1 2 3 *6 2 1 0 3 6

1 2 15 20 11 3 2 18 26
9 0 0 4 4 4 0 0 4 4

10 2 8 1811 1 0 5 16 is8:

Efect ot' Gunfire: The reSUINt Otf tile UttalysIS Of TA 13L F 10
Variance to dotermine tile effect ot' gunilre, giveni In Table Definition of Fundanmemal Romponwe of Typu I behavior
9, are distinctly different front the previous data, Here - _______ Standar-
almost alnile1 acelerometer datu assewd sollie evel-ot- Group AveagnItu e viationir R 1165tt X + 2,33(t
sigriltlcaiitu test (48 out of 54) and, more Importantly, No, Mgide Diton (fi-Pask) (lf-Peak)
more thain one haltf (30 out of' 54) of the data passed the ~ (if ea u (8 -Pek)______ _____

95% level -of-sign Itfog lce test. In only 21 out of' the 10 1 0,52,45 0.6347 1,574 2.007
groups did less than one halfo the11 data pass tile 951A level,-
and Iin all groups more, than One hallot'the dato passed the ~ 2 0,6943 018887 2.161 2,765
090 level ofasignificance, Thuts, Iin general, firing ot'the 3 0,541-0 0ý5014 1,374 1,715

gurl slgnrIfcanitly incoreases the Ievel-of-vibratioit rempotte -

over tltat o1' nornitil oaptive nlight, The data olfable 4 4 0,3014 0,4636 1.066 1,382
provide all indication of how much the level Is Increased 5 0,5097 016216 1.535 1.958
rot each avouterontetr becausme or firing of' the gun,--

6 0.5753 0,6681 1.678 2. 132
Statistical Behavior Anaulysis 7 0.1026 0.0778 0.3t 1 0.364

Type I iDiscrete sine-wilve vibrations at the sifll 8 0,5724 0.65 16 1,648 2,091
flring frequency (fundamental) and tit several harmonIes 9 1.421)5 0,6404 2.477 2.913
above (uip to the I15t11 harmionl Ini somec cases) consti. ---..--.-. -- ~ -..-. -

tuted type I behavior, tile discrete Nine wave being 10 0.1899 01. 919 t9 10,342_ 0.404
superimposed upon U broadbtand random vibration due to
normal flight. In this section the broadband random

sotwill be ignored and attention directed to the dis- eatem that thle rosponge at 6,000 rounids/minutet iring rute is
artespet v oto f tp eair slightly htigher than that at 4,000 rounds/mlInute: however,

cret sin'wbte pot~o ot ype behviorthe difference IN small and probably not sIgnificant.

Front fihe reducoed racords, thle peak g-vultuea of the
Nlnv-wave vibration at thle t'idinlenwtul were Investigated, One other munatoIcIpated result round Ilit Table 10 was
Onl the umsatimtin)lt at' a normal distri butloti, the average that, at' tile four aircrat 1.1 thou tiing arems Investiga ted, tile
value and staindard devia tion of' the lu ndamiental wore cal- 110on0e Cipill)lit had thle lowest response Of all, flits WaN
culatedt fr euch group (Table 10). The 90%/, and 95% not1 expected Aimc thils oqulipmon~tt Is locatild next to lunl
values were also calculatedl (Trable tO). These values andi closest to tile gunl muzzle anld would rnot-ally lie expected
the normalized tieltviur patterms provide a oomplete de*- to Itavo thle ItIghost response. The cockpit, which Is located
scription of tilie discrete stueo-wavu portion of' the type I behhind thle niose and further fronm the gu it muzzle, had I lie
behavlor, hittlwat response of all groups Invomtlgatest. This Inlishiate

that cockpit etuipment lsathe momt aftected by firingf of' thle
It call he seerl fronm Table 10 thtat thle vertical direction gutn. Hutchinson and Munson (reference 13 aiialyzed vlbra-

had thle highest response of' the thtree directions. The lotigi- toiout Induced by gunfire and concluded that vibration re-
tuditial direction was noticeably tower Iin ronponse Indicating .1pollse Is highest nearest tile gull mtim le. This was not the
that aun recoll Is rot a signilticant exclting force, The lat- case here and may indilcate that Stun recoil force are signif.
oral direction had the loWast response. 'fable 10 also hind- leant Iin the cockpit eqtipmw lt, Ilowover, the da~ta LIitt 110t
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land Itiled ito an hivest pat ion of' ithis h:ypozthesis 'The re- munnur as for type I exceptishat, because of' lthe lowI
Sponlse of' ilia Stores Was allso vary low, about tile %unme as 11utli1her 01' OCCUMrrenceS, they were analyzed for group I
111 l1011 Viose e )[1pnwn, I adCUst ing thati airborne stores are not (overall) only, Figs. 25 and 2(v show the normalized be-

Vey L1401)111tit) tyllU I 111,h1MVIOr dturing firing of the gun. baylor putt en end ilia frequency of' occurrence of tile
harmonies far type 2 behavior. Front Figs, 25 and 26

Thu average peak value of' tiw sine-wavi. vibration for thsae prxitueponildciyuitbsens
Lill data ( group I) t ath 11wfondivnunal, or gutn-fl'ring, fre- wag apparent lit type I behavior, Front Fig. 25 it Is

tiowcy ws asignd i vale o' 1., an tie avrag licl tha lit responses were observed out to 10tf. It Is
(ILIIWYWa alsi~lLd a alu oh (1.andtheaveriw eak noted that, atlthough the hsigher ha rnionies4 occur approx-valte at cf acth ltirmoniv was calculated anit norm alized to insatly l1,2f* of' thle time lin group I1, tar group 10, wherethe monunna.'1 rqecya'ocrec t1wts~t of the type 2 behavior was noted, these, harmoniesfandumental and ceah harmonic wag determinited and con- occur nearly 3 to 419 oflte ti me, Indicating that they

verted to a purenitagev otf ccuarrencu. In Fig. 5 the nor- should not be neglected when describing tile vibrationalnittlized pattern is presented for type I behavior of group rsog faron trs1, and lin Fig, 0 the frequency atf occutrrence lin percentrepn 1'aronste.
is pesetedloreac ItnnoieTable I I give% the itverage value and standard devio-

lion of lthe pealk of the futndanmental riarrowband for
11g S llstrte a reomiantfetur 0 11 bhavor group I and for each unit that responded with type 2 y

patern ofaltgropstha ofan pprximte xpoentul behavior. From Table I I It Is noticed that the values of'
deca it th pck vlue ofeachhertane. efelite11 peak at tite fundamental Incrouage with distance from

concluded thatI vibratiott i: th htighter htrntonice tetndud It till, gun muarl: iLe., the air data computer, which is the
to bcomemor ranom tan ine ave s eidenedfurthest unit of those throe front the stil muzzle, had the
toges bempomec more tmndo tlosts siite wave as evid edfruit aitplitude higtogram records of tlite higiher harmot ics, hgetrtpne n h lss nt h liWNIR'Ibs ws atrbutd t nminl fuctatonsin hegunfirng had thle lowest response, This is contratry to most theoo

rate atnd Itarnionics, The decay lin peak values, noted iscre, rc rdcigta h lse h ntt h ui zl
uou prvid anoherexpanaion it hatthe owe pek lthe htigher the#. response. No explanatiotn for this behav-
coud povie aotier xpitmaionitttha th loer eakor, however, wag round,Svallous at thea higher hantiotties would becomeo masked by,

or hitddetn within, lthe broad batnd random vibration leading
to te tpe f apliudehisogrms how it reemne IType 3: The data for type 3 behavior, which mayrte stnl, ye o'amprinstue exsonettlil decay is noed rin the 1, be considered a special case of' type 2 behavior, were

* dta l' ig.ciindcatng hattheproabiityat lsrviig arntlyzed to determine lthe characteristics of the peak of
a response at a sigher harmonic decreases willh Increasing tm srotadrno irto ttefnaetl
harmoni011C nfitnber, It is noteid titat rusposgies were recorded 11:1. peak value appeared to be time only characteristic
ait I5Sr ( 1,000 -Hz for 4,000 roitnds/nilnute atid 1,500 1Hz that varied significantly front record to record or fromt
for 6,000 roundi/min~intte), indicating that eqa ipiament Will the characteristics mhowim In Fig. 4. Table 12 gives the
respond at high frequencies to gunfire, althoaughi, from Pig, average value and standard deviation of the peak of tile .
6i, It is seen titat responses above 91' occur less than SIX oft fundamental nurrowband for group I (overall) and for
titea time, each unit that responded with type 3 behavior, The 9091k

and 95%1 values were also calculated and given In Table ]-
12, as was done for types I and 2 behavior, Since no

The data for groups 2 to 10, analyzed by thle guame harmonics of thea fundamental occurred, no behavior pat-
method, areý shOWn in rigs. 7 to 24. Tihese data aire not ternl spectrum figures were derived, end Table 12 and Fig.
dISCse~vsd; however, the same features, as previously d1K- 4 adeaquately desoribe tile type 3 behavior. From Table
cumssed, canl be seen to occur. 12 the sAntie pisenomena observed In type 2 behavior

emecrges: the air data computer again Its. the highest re-
Type 2: This behavior was characterized by a repet- sponse. Since types 2 atid 3 behavior occurred at differ-

ltive narrowband rasndom vibration, with anl upper band ent altitudes and only during gunfire ait 6,000 round%/
limit of 170 Hz repeating litt multiples oat this frequency. mtinute rate, there aire two possible explanations: (1)
'The data for type 2 behalvior were redutced lin the sAnnie peculiaritieq exist lin unit or accoleromneter mounting, or

TA13 L RI I
D~efinition ot' Fundamentala Rmponmse otf Type 2 Behavior

Lo i n Average Standnrd i 1,5 X 2.3 3 t
Lcsin Magniltude D)eviation (-el) (-ek

R lgi-peak. a (it-Peak) -Psi (-e)
overall 0.9442 0.6972 1.995 2,469

Air Data Compaute I.8710 0-3535 2.458 2.699
SIIRlKii1 0.7633 0.1649 1.031 1.148

SIEWND~t 0,827 O.0M'IA 0,242 0.266
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TABLE 12
"Definition of Narrowband Peak of Type 3 Behavior

K•; LoctionAverale Standard ] . , • + 2,33oif' ~~~Location .Majnitude Deviation (.ek i-ek

( &g-Peak) a (&-Peak) (&-Peak) (I-Peak)

Overall 0.8910 0,4817 1.686 2013

Air Data Computer 1.3725 0.3895 2.015 2,280

LHR _K E 0.3700 U.1321 Q,788 0.E787

(2) the input excitation for these sensitive units is pre- to 170 Hit, This random vibiition decreased in
dominantly either acoustic or mechanical and the excitu- level at a rate of approximately 3 db per octave
tlion for the other units is predominantly the. other form, from 170 Ha to 1,000 Hz, where the data levels
However, there are no known data to verify either or off, (This can be considered a special case of
these possible explanations and this would be in conflict type 2 behavior,)
with the fndings of reference I, 2. Firing of the M61AI Sun on the A-7E aircraft

signiflcantly Increases the vibration response
"I CONCLUSIONS level of the various units,

3, The vibrational reaponse of units ahowing types
On the basis of the data discussed In this paper, tho 2 and 3 behavior during firing of the MbIAI

following conclusions are drawn: sun on the A-7E aircraft tends to Increase with
distance from the gun muzzle,

1. The nieasured vibrational response that occurred 4. The peak values and the frequency ofoccurrence
during firing of the M61AI sun on the A-712 of the discrete sine-wave vibrations of type I
aircraft can be classified as three distinot types behavior tend to decrease exponentially with
of behavior, Type I behavior is a discrete sine. harmonic number.
wave vibration response at the gun-firing fre.
quency and at several multiples of the tUn.fplring 5, The difference In vibrational response of units
frequoncy (harmonics) superimposed upon a low- on the A-7E aircraft at the two rates of gunfire
level broadband random vibration, Type 2 behavior Is Insignificant,
is a repetitive, narrowband, random vibration, 90
Hz wide, rising quickly to a peak and upperlimit
at 170'Hz, This nurrowband random vibration REFERENCE li
repeated at multiples of 170 Hz (harmonics) and

was superimposed upon a low-level broadband, Hutchinson, J, A., and Musson, B. G,, "Effects or Flight
random vibration, Type 3 behavior i1. an approxi- Conditions Upon Gunfire Induced Vibration Environment,"
mutely flat, high-level narrowband, random vibra- S hoc.•,.d Vibration_..,jetin, December 1970, Bulletin 41,
lion 80 Hz wide, with an upper limit of 160 Part 4,
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APPLICATIONS OF STRAIN GAGES TO BALLISTIC PROBLENS

Paul D. Flynn
Pitman-Dunn LaboratoryFrankford Arsenal l :•

Philadelphia, Pennsylvania

This paper describes severae ballistic problems in which external our- "
face strain gage measurements were used to determine internal ballistic
pressures, to detect projectiles in gun barrels for the purpose of I
Tynohronising other instrumentation such as flash X-rays, and to study
various ballistic phenomena. A brief review of the strain gage method
is given, but the emphasis is on novel applications which may be of
general interest to ballisticiane and to the shock and vibration
commrunity.

INTRODUOTION Sages on each barrel. These and other exam-
pleas based on our experience with high

Elen tri al-tesstance strain Sales have velocity guns and ammunition testing are givsn
been used in ballistics ever since this type in the following esetions.
of gage became available comnmrcially in the
early 19401s, eg., see Refs. C1,2J. The TEST PROCEDURES
principal advantagea of strain gages are their
nominal cost, negligible eise and weight, and Under certain conditions, internal ballis.
sase in mounting by using adhesives. The tic pressures can be determined from external
chief disadvantage is that the gage output is strain gage masurements. With this non-
proportional to the strain in the part on destructive technique, the gun is not weakened
which the gage is cemented, and a relation by drilling and tapping for a pressure gage,
between the strain and the ballistic parameter and this is especially important at high
nf interest is required. pressures.

High pressures beyond the range of avail- Tub with internal1.gure. From Lame's
able piaeoelectric pressure transducers were solutiohe circumf iand radialdetermined from strain gages on s caliber 0.60 stresseD, a• and o , in an elastictChick"
high velocity launcher. During firing, walled cylinder sugjected to static internal
several chambers (thick-valled tubes, OD * pressure, p, are C3)2.3 in,, wall ratio, w * OD/ID - 2) were over-
strained and autofrettaged so that elastic as (1 + bm /),
behavior was attained at pressures up to about120 kpsi. Strain gags instrumentation was (2.)
developed for a light-gas gun to determine ab
chamber pressures, piston velocities, and Or "a-s be le),
pressures in the central breech (OD - 7 in.,
w a 4.3). The central breech deformed where a and b are the inner and outer radii as
plastically in most rounds, and pressures aS shown in Pig. 1. The axial stress, al. de-high as 800 kpsi were estimated on the basis psnds on the end conditions.
o; the elastic strain recovered during un-
loading. At the outer surface, r a b so that

Strain geges were cemented on various o* 2 a~p/(b' - a'), 0r * 0, (2)

laboratory test barrels to obtain precise
reference time signals for synchronieing flash From Hooke's law
N-rays, An adjustable sttain gaged hose clamp -U 3
was used as a simple transducer for detecting cl a E( e + •¢)II " 0 (3)
projectiles in gun barrels during firing, and
this device eliminates the cementing of strain where E is Young'@ modulus and p is Poissun's
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We were asked to monitor the strain-time
responise of several chambers and to determine
the highest pressure at which the gun could
operate and remain dimensionally stable.

Tubular chambers were machined from surplus
30 nu test barrels having nominal dimensions

cr, (Tr of 1.25 in. ID and 2.5 in. OD. An "exploded"
view of Chamber No. 1, 7 in, long, is given in
V:g. 3. Holes were drilled and tapped for
muoutliing a Kistlor quartz pressure transducer

r (Model 607A) and a Frankford Arsenal piemoelec-
trLc gage [5], Three chambers without pressure
gage holes ware also firudi No, 2, 7 in. long;
No. 3, 5 in. long; and No. 4, 9 in. long.
After loading each chamber with propellant, a
heavy-duty nut was used to screw the chamber
onto the caliber 0.60, smooth bore, 11,5 ft.
launch tube.

Comparison of Pressure oages. Chamber No.
I was used to compare the pressure-time records
obtained from strain gages with those obtained
from quarts transducers at pressures up to
75,000 psi, The pressures obtained fron the
strain gages differed somewhat from the Kistler

Fig. 1 - Thick-walled tube with
internal pressure "

ratio, and therefore

p " "k i-- 1 t - " F + •') (4) , . -o

whore w - b/a - onD/zn is the wall ratio.

Hence, the static internal pressure, p,
can be determined by measuring the strains,
€ and c , on the outer surface of an elastic
t~ick-walled cylinder. Equation (4) can be
used to calculate ballistic pressures so long
as the loading 13 quasi-static, the material
responds elastically, and the gun approximates
a thick-walled tube.

Fig. 2 * Caliber 0,60 high velocity launcher
!trainGan s CrEcuits, Potentiometer eir- and hypervelocity test facility

cuits used to measure the dynamic
strains so that NU .11I AC (5)I

SACb Avg

wher Rn is the g -i

ballast resistance, 1F is the manufacturer's
gage factor, AVg is the voltage change across
the g&ge, and V R is the steady-state gage•
Voltage.

CALIBER 0.60 HIGH VELOCITY lAUNCHJER

E. ormental Setup. Figure 2 is an over-
all Vieo te gun and hypervelocity test FA P1110
facility which can be used to fire projectiles SASS
in controlled atmospheres from high vacuum to
100 psig, In a terminal ballistics program,
increased propellant charges were used to
obtain higher projectile velocities. This
produced such high ballistic pressures that a Fig. 3 - Chamber No.1 with pressure transducers,

pressure transducer was blown off the chamber, strain gagoo, and components used in gun
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MAIILL 1
Caliber 0.60 High Velocity Launcher, Chamber No. 2

outside Diameter

Round Charge (to)max (edmax p OD 4(OD) (00)rms
gr I grain ýL 11C kpoi in. in,.•

2.5178

70 6962 1630 1410 400 77 2.5178 0 0

71 6962 18041 2600 560 - 2.5191 0.0013 520

72 6962 1800 1960 520 106 2.5191 0.0013 520

73 6962 1500 2970 470 - 2,5209 0.0031 1%30
4895 300

74 6962 1500 2270 5i0 23 2.5211 0.0033 3.310
489M 300

and Frankford Arsenal gages, and this was due ---

to disturbances introduced into the strain
field by the holes for the pressure gages. F.'or
the same propellant charge and projectile, the
prassures calculated from Eq. (4) using strain
gages on Chambet No. 2 were in good agreement .
with the values obtained from the Kistler &age 150
on Chamber No. 1. This result established the
validity of Eq. (4) for Chambers No, 2-4.

High Pressures and Autofrettage. Table 1 1/ 74
gives the pressure and the outside diameter of 01100 - - -0--
Chamber No, 2 for a test sequence of increasing Ile 72 e
propellant charge. Round 71 produced a large 7
increase in (ce)max as compared to Round 70,
and permanent deformations and residual circum-
ferential straino, (ce),,s, were obtained.
After Round 72, which was a repeat of Round 71, 50

no chinge in diameter was observed, A higher
charge, Round 73, produced additional residual
strain•, but when rspeated, Round 74 gave prac-
tically no change. Thus, this chamber was over-
strained and autofrettaged in two stages, and a
the strain history during these tests is shown 0s e
schematically in Fg. 4. The dashed lines
indicate apparent or fictitious pressures
corresponding to the (: ),xis in Rounds 71 and Fig. 4 - Premoure-strain history, Chamiiber Nc. 2
73. The differences b aswsn the €)~ t73.Tle 7andifferences a on Roheds'7e n 7 this elementary theoretical value, and this was
Rounds 71 and 72 and aloo in Round. ,aflo 74
are equal to the changes in residual circumfer- due to strain hardening and other fectorm,

ential strafn. LIOHT OAS GU
Similar experiments were performed on

Chambers No. 3 and 4. The average value of the Exper!mar.ttl Sa.tun The velocity limita-
maximum pressure at which Chambers F'o. 2-4 tions oa conventional propellant guns are well
operated with dimensional stability was 122,000 known L70. Various methods have been used to

psi. Assuming an elastic-plastic material and obtain higher volociti and light-ga guns
the maximum-shear theory of yielding, it c n be are i~i rather wide-spread use L8.'. Figure 5 is
show•. L63 that a thick-welled tube becomes a photograph of a liston-compresiion light-gas
fully plastic at a pressure, Pult' give , gun in the hypervel)city rangs. The first

section of the light-gas sun consisted of a 40
Pu n w. (6) mm breech mechaitiam, chamber and barrel from a

t y lP w, (6) surplus naval anti-aircraft gun. The barrel

In the chambers tested, w -2,cr- 124,000 was modified so that it could be coupled to a

psi, so that p I *86,000 psia ' he operating pump tube (56 in. long, 4.00 in. OD, 1.63 in.

pressures reaced in these experiments exceeded ID)). A central breech or high-pressure section
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Fig. 5 -Light-gas gun

Light Goo Gun

Rd Helium Powder Chamber Piston Diameters at P2 ,
psi& gr m k o ft/sec in 00. ID . .

6,948 1.628

8 300 227 is 1800 6.953 1.653 300

10 100 227 14 1700 6.975 1.723 610

13 300 159 6 1300 6.976 1.727 130

1 14 300 318 40 2500 6.995 12.776 800

(13 in, long, 7 'In. OD) provided the transition Table 2 lists the helium pressures and
from the 1.63 in, ID pump tube to a oaliber powder charges used in Rounds 8-14, and Fig. 6A
0.60, mmooth-bore launch tube (75 in. long), shows typical strain vs. time traces, The cir-

oumferontial strain (COP ~ increased %-other
Strain na I nstumntation, In order to smoothly and was similar i. a pressure-time 2

optieth pfomnceo. Ihe gun in the curve, The longitudinal straintl(es) iiiincreased
range of projectile impacts of interest to too, but high frequency ocilIlatinon du to
Frankford Arsenal, strain gage instrumentation longitudinal waves in the gun were superimposed
wag developed to monitor the dynamic behavior on this trace. Both the(eVan

of the gun L9]. Chamber pressures were deter- traces exhibited a sudden i ncrease as ~he piston
mined from circumferential and longitudinal moved past the velocity stations on the pump

srigae,() and (to)p? cemented on tube, These traces were recorded on a second
the outer surface NE the barreil t pressure oscilloscope, Fig. 6b, using a delayed and
station Fl midway between the breach and first faster sweep in order to obtain a more accurate
clamp. An sverage piston velocity was obtained measure of the piston velocity, The uircumfer-
from circumferential strains, (c.)~i and (gc~ 2  ential strain (cg)p2 on the high-pressure
at volocity stations Vl and V2 on As~ pump MI:e section was also recorded on two oscilloscopes,
12 in. apart, syimuntrically placud with respect Figs, 6A,II, Impact of the piston produced
to the second clamp, Strains (cG1, 2 and (i )" rather large longitudinal and circumferential
were meaaured on the outer surface of the hgfs?- strains in the gun as seen at later times on
pressure sention at pressure station P2 which the traces in Fig. 6A, e (g,, spl increased
was located 2 in, before the internal transi- abruptly and went off scale; whereas (, o
tion from 1.63 in, to caliber 0.60. creased sharply because of coupling trogg



deformations so that Eq. (4) was not applicable.
In order to estimate the maximum pressure,
p , developed during compression of the
heliu- and impact of the piston, (c,) Was
replaced by the elastic cc•oumferan i• strain
recovered during unlading, ( Also,
C. was neglected since it was small compared to
ce, With these approximations, Eq. (4) becomes

~V 2~ -' ('041* (7)S-l I E

. and maximum pressures, Table 2 and Fig. 7, were
calculated using values of w based on the di-

.. . mansions after each text. Although the data in
Fig. 7 are very limited, this type of graph is
useful for selecting operating conditions of
the light-gas sun.

SYNCH•ONIZATION SYSTE•S USING STRAIN OAGES

Several methods of detecting projectiles in
gun barrels are available. one method Involves
drilling the barrel and inserting a probe or a
pressure transducer, Such modifications to the
barrel may disturb the phenomena under investi-
gation. The strain-time traces from the gages
on the pump tube of the light-gas Sun showed
that they can be used to study the motion of
the piston in tOi tube. This suggested that
strain gagss could be used to obtain a signal

for synchronising other instrumentation.

SG lC ;,1d on Barrels. Strain Sagsa
have been usodn M14 and M16 rifles to lyi,-
chronise and obtain flash X-ray pictures of the

~I"' 00 • 'bullet in the barrel. In this work, the trigger
level of the oscilloscope was adjusted so that

Fig. 6 Strain-time traces, Round 11 it would sweep on the strain signal. The A
gate was fed from the oscilloscope to a thyra-

Poisson's ratio. tron whose output was used to start a delayed
trigger amplifier of the flash X-ray unit.

Chambor Pressure. The strains (e) 1pl and _ _ _

(4 )• owre used Ln Eq. (4) to calculate
chamner pressures, Table 2. The chamber _ _

pressures were independent of helium pressure "
and increased rapidly with increasing charge.
When a standard 40 mm projectile weighing 890
grams is fired with a standard charge of 318
grams of SPDN 8709 powder, the chamber pressure
is 43,900 psi. PFr cumparison, a chamber
pressure of 40 kpoi was obtained in the light- 4' -.-..

gas gun when using the same chargerand , pis-
ton of 820 grams. " '

Piston Velocity. Piston velocities, Table
2, were calaUfatlaUby dividing the 12 in. base
line by the time interval between the rises in
the (C) and (a ) 2 traces. It is interest-
ing to noEs that lhg values obtained were
independent of helium pressure and varied
linearly with charge. e

Hilh eseule ectIon. The central breech 11
was , '.7 3 r; a and after each test, end
the outside and inside diameters at strain lox He Pressure, po 101
gage station P2 are listed in Table 2. The
pressures developed in the central breech Fig. pr vs. helium pressure for
during Rounds 8-11, 14 produced permanent var Too powder charges
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hose clamp can be removed and put on other
Avý barrels, and it does not affer~u the performiance

of' the weapon. Feasibility tests on the 5.77
mmbarrel in Fig. 8 showed that the strain

gaged home clamp can be used to synchronize
flash X-rays in the mauzzle ballistic region
with a reproducibility of the order of one
microsecond. The simplicity of the strain
gaged hose clamp and accompanying instrumentA-
tion make it very attractive for ballistic
investigations and applications,

. . . . . .DIRECT HU"ASVWUMENT OF (co + 1c9

In response to a request from the Small
Caliber Aumunition Modernization Program

11(SCAMP) , consideration was given to the use of
strain gages for the determination of chamber
pressures in ammunition testing. Heretufore,
we had measured c and cindependently in our
laboratory experi~itw.s , Aut for ammunition
testing, it seemed that a direct measurement of

r`2 + te., foul greatly simplify the data
ucinfrchamber pressures, From E~q. (3),

Fig. 8 Extiperimental setup for flash X-rays, the measurement of (so is equivalent to
stran ggescemnte ontea barelmeasuring the circumferentiall stress in the
stran gaes emened o tet bareltube at the outer surface,

The techniques of using stress gages or
special stress-strain gages are well known 1101,
but cotmmercially available gages of these types
are relatively large and have low resistance.
We, therefore, looked into the possibility of
using a combination of circumferential and
longitudinal strain &gags to obtain (49e 4c)
It was found that three, 1000 xA, circ umferen-
tial gages (CD-DY-125AC-1OC) and two, 350 A,
longitudinal &gags (iED-DY-l25AD-350) wired in
series and connected into a potentiometer cir-
cuit will give

(ce +0.28c) 1.2 + RI/Rb
(t +O*Bc) 120 F Vg ()

200 we

2mv
Fig. 9 -Strain gaged hoses ol4mp 24.4psJ Chombor Pr

Flash X-ray. can also be used to obtain
pictureas of projectiles near the muzzle where
photo-optical 

methods 
using visible 

light are2

not applicable because of' the muzzle flash. In
Fig. 8, circumferential strain gages, 3.5 in,
from the muscle, were cemented on a 5.77mm teot -

barrel (0D - 1.163 in., w - 5.12) to detect the
projuctile and synchronism flash X-rays. ortho-
gonal. views were obtained using special 015011
beryllium tubes for soft and hard X-rays to 6.2 Ne
study flechettes, .a 

6g ea
Strain Gaged HomeeClap.rj An adjustable 0i80Idea

s traiNnS&g* os gagep Fig. 9, can be used asni,1 s ie

asimple transducer on it gun barrel to detect i.0-(t+ 4)v.tme
the projectile in the barrel during firing. The 5 .56 emm test barrel
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TABLE 3

40MM High Velocity Launcher, 12 ft. Smooth Bore

k Propellant Projectile Pressure Velocity, ft/sec
Roundun Type ( Grams Case grams psi [Predicted Measured

142 SPDN 8709 100 Partially 215 47,100 6350 6360

IMR 6962 330 filled

133 SPDN 8709 100 Full 209 55,500 6710 6700
IMR 4996 200
IM. 6962 170

136 SPDN 8709 100 Full 209 69,900 6900 6970
IMR 6962 370

69 SPDN 8709 250 Extended 191 63,100 6830 6880
%MR 4996 300 3.5 in.

72 SPDN 8709 200 Extended 197 81,500 7020 7140
ZiM 4996 350 3 in.

where the notation is the same as in Eq. (5). series of firings were made to establish ex-
Those gages are manufactured by Micro-MHaeure- perimmntally chamber pressures and projectile
menti, Romulus, Michigan, and each gage has an velocities for various propellants and charge
active area of 1/8 x 1/8 in, and a transverse weights. By using a slow propellant adjacent
sensitivity coefficient of 5.1%. to the primer, next a medium speed propellant,

and then a fast propellant, we obtained a charge
Strain gages were used on a modified 5.56 mm which filled the case and did not exceed the

accuracy test barrel to determine chamber maximum allowable chamber pressure during fir-
pressures at the case mouth position and port ing, Thus, wv were able to modify the pressure-
pressures. At each Axial location circumfour- time curves so as to maximize the propellant
ntial gages were mounted at 0 20, 2400 end charge and the projectile velocity, Next, the

longitudinal gages were mounted at 904 and 2700. components of the light-gas gun (Fig. 5) were
Typical strain-time traces are shown in Fig. 10. rearranged in order to obtain a 40 mm powder
At the chamber, it should be noted that the gun with a smooth-bore barrel, 1.630 in. ID, 12
ballistic ride time was long compared to the ft, long. The combination of strain agaes
time required for stress waves to travel radi- described in the previous section is now being
ally through the wall of the test barrel, i.e., used to miasure (cq + pea) for chamber
the dynamic response of the circumferential pressures.
strles to the internal pressure was quasi-
static. On the delayed and faster sweep for Standard operating conditions of a 40 mm gun
the port, the high frequency oscillations wtth a rifled barrel ares propellant charge,
correspond to the period of radial waves, and SPDN 8709, 318 grams; projectile, 890 grams;
the deviations from the base line are apparent- expansion ratio, 6.4; chamber pressure, 43,900
ly due to longitudinal effects which were not psi; musale velocity, 2890 ft/sec. Using the
completely eliminated by the strain gage air- Frankford Arsenal interior ballistics curves
cuit. Nevertheless, this combination of gages [111 for the standard 40 mm gun, the predicted
seems to be extremely effective for detecting velocity is 2720 ft/sec. This suggested that a
the passage of the projectile in the bore under factor of 2890/2720 - 1.06 should be applied to
the gages, and we plan to use this method for the velocity graph when used for 40 mm guns.
difficult synchronisation problems, Further Using this correction factor, Table 3 give, a
work is in progress for SCAMP on the une of comparison of predioted and measured velocities
strain gages for aminition testing, for typical. firings of the 40 mm smooth-bore

gun which has an expansion ratio of 10.6, The
40MM HIGH VELOCITY LAUNCHERS chamber pressures as determined from strain

gages were used to obtain pressure factors in
In response to a request from Picatinny the velocity calculations. Two independent

Arsenal for terminal ballistics data on cubes systems were used to selsure the projectile
weighing 2000 and 3000 grains, surplus 40mm velocities, One system used flesh X-rays, and
qaval anti-airoraft guns were selected for use the other employed a photo-optical system with
as high velocity launchers under laboratory two slit images which were recorded by a streak
conditions, Work began with a standard gun camera. In general, the predicted and measured
having a rifled barrel 6,5 ft. long, Strain velocities differed by lass than 2%.
go&es were used to monitor the dynamic response
of the gunt and to determine chamber pressures. CONCLUDING REMARKS
Observations of the longitudinal stress waves
assisted in the design of a rigid gun mount. A Although the method of using external strain
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gages to determine internal pressures in wall 1956.

known, the application of this method while the
chamber was being overstrained and autofrettaged 7. A. E. Seigelp "The Theory of High Speed
as in the caliber 0.60 high velocity launcher Guns,!" North Atlantic Truaty Organization,
appears to be new. Transient strain-time Advisory Group for Aerospace Research and Devel-
records coupled with micrometer measurements opment, AGARDograph 91, May 1965.
before and after firing enabled us to establish
dimensionally stable and safe operating condi- 8, H. F. Swift, "Hypervalocity Ballistic
tions at pressures above those at which initial Accelerators," Proc. 5th Symposium on Hypervelo-
yielding occurred, city Impact (Denver 1961) Vol. 1, Part 1, pp.

1-22, April 1962.
In the light-gas gun, chamber pressures and

piston velocities were obtained readily from 9. P. D. Flynn, "Strain Gage Instrumentation
strain-time records, whereas the calculations for a Light Gas Gun," Proc. 3rd International
for maximum pressures in the central breach Congress on Instrumentation In Aerospace Simu-
involved several bimplifying assumptions. The lation Facilities, pp. 184-189. IEEE, New York,
velocity measuring system showed that extnrnal 1969.
strain gages can be used to detect projectiles
in gun barrels. This led to the use of strain 10. F. F. Hines, "The Stress-Strain Gage,"
gages cemented on barrelo and to the develop- Proc. lot international Congress on Experimental
ment of the strain gaged hose clamp. Mechanics, edited by B. E. Rossi, pp. 237-253.

Pergamon Press, Oxford, 1963.
The direct measurement of (cj + pie), which

was prompted by the need for improved strain 11. "Interior Ballistics of Guns", Army
gage techniques for ammunition testing, simpli- Material Command Pamphlet AMCP 706-150, pp. 2-41
fies the determination of chamber pressures, to 2-45, Feb. 1965.
This method is now being used on the 40 mm high
velocity launcher, and the predicted and measur-
ed projectile velocities are in good agreement,
This technique also provides a signal which
appears to be especially suitable for triggering
and synchronizing other instrumentation much
as flash X-rays.
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$.TRESS~ WAVE 1.WSUREWNT. TEC XQUE

A. J. Kalinowald.
IIT Research Institute

Chicago, Illinois

A technique is presented for measuring the shock wave induced

i't"of Implanting a -fui4fi le sphericsa1. blaoder. (stresi)
'pressure -with 'a fluid '~ear Laaue oeiied Ajth
-a.psr cn, A mensan is,"presentOld for tninerting the fluid

.* The: resu-1ta ofp g ariea of experiments is.,prodaeted`'thi' 'd"i
Aniratp:the 4ali4ity of the tecthniquo. The escperim~inta.iin a.solid loc ofmal wi~l(incluading ;the.

embedded fluid bag stresia gage) with t- ook tube generated
'It~p..ae The, transiient' ft.easses in block determined by

tefud'big"atrea's g&age concept are r.,mpar'bd to' an indepen-
dently 'determined measure of the block'astress.ý The reault
of the e:cperimset demonstrate -the refereynce sacte of stress
and the mecaured straes to be in good agreement,

ýINTRODUCTIONI

The instrumentation of high-explosive
field, teats requires accurate measurements
of t~ie free field transmitting media md-
tiona (displacement, particle acceleration

histories) and of.the free field' atm-t of
aitss Our primary concern is to develop
existing in the free field. The a-couracy
of the stress measuirement depends upon the'
response chatracteristics -of the transducer,'
cal~ibration procedure, and the embedding
.technique used' to place the gags in the
transmin ding medium,

The research effort described 'in, this()ThAsebdStssGg

paper focuses on a new stress measuring
device roferred to as a fluid bag stres
gage. This stress gags concept consis8ts
of a fluid-filled, thih-wa lled, flexible
sphere, (bladder') and two fluid-'pressure
transducers mounted on a small stcmlike
probe (Figure .2). The stem is located
within the central region of the stress
gage and is "cantilever supported at the
surface of the sphere by a boss. The in-
itially pressurized spherical bladder is
flexible enough to conform to smal1l out-
of-roundness irregularities that 'my exist
during embedding yet is stiff fenough to
maintain its sphierical shape (ay under
its0 own weight) durnn embedding handling (b) Exploded View Gage Housing Assembly

procdurs. yt~ mic luid pressure data
are electronically passed to some remote Figure 1 Fluid Buag Pressure Gage
aboveground r ord ing station through a

stress gage-to-recorder cable network. 10



The fluid bag stress gage is intended transducers and were limited to short
to convey various levels of infornwtion duration pulses because of the capacitive
about the state of stress existing in the nature of the circuitry, With improved
free field. Each level of informatinn do- instrumentation piezoelectric gages
pends on the amount of a priori knowledge have been used for slowly varying stress
of the free field, For example, the gage measurements in soil (Ref. 1). Piezo-
convoys the most information about the resistive semiconductor material, which
free field stress state when it is known has some advantages over piezoelectric
that the primary input is made up of a and other sensors, has been used in stress
plane dilatational stress wave. In such gage applications (Ref. 2, 3 and 4). Im-
a case the full three-dimensional state of proved sensitivity, simple instrumentation

... ctroaa. is. determinable..: In.tho.a.awhere. requirementa.(i.e..,reuistancoibridge)
the 'input consists o6-multi-input P- and and suitability, for, both strtic and dynam-
S-waves rauli.ing from regleet ions off - ..of itc meapurementd .are itirk.y advantmges.,
compleAx ge0o9g.ical layere existing in the
free fieldrthe strea ,gage will give the This paper is not 'the f.rse to em-
average of the three normall stress,. compo- ploy a loaded flexible fluid container as
.nent. (i.'.a, the'mediapressure)"existing -a t.ess msu•, -ing device. For example,
.inthe dilatational portion of the multi. Ref. 10 reaports a fluid-filled disk shaped
wave input,: ......... *. . ages..' , aathe drawback of having ung -
''.• irectionil response characterintics and

The fluid bag stress gage.'fir.t me&a- poor imbedding properties relating to gage-
Sauree he dynamic ,fluid:.pressure within" medifm contaot. References It through 14
the bladder at a center and off-center po- .:give similar fluid-filled gage concepts
sition. Depending- on the stiffnass .nd. that have been tried..
imas properties of the fluid relative to
th.tranamgttin media, a portion of the other than the fluid bag gage the
incident waves Will be reflectedaway, most recent stress gage to appear Is the
from the fluid sinclu.sion and a ac tain . cue ball stress gags (Ref. 5). It appears

*et..n will refract into the 'fluid.' It" . to"hive been in the development stage at
a the rieracted portion which results in about the iame time as the fluid bag con-
the internal fluidpresaure waveforms, cept (Refs, 6and 7). The cue ball gage

Care must be' taken in selecting the physi- consists of A stiff solid spherical in-
cal properties of the fluid (i.e., density cluaion in which strain gages are embedded
and wave speed (or equivalently bulk mod- in throe quadrants internal to the sphere.
ulus)) so that a larie enough fraction of The gagI has been shown to work well for
the incident wave refracts into the fluid static problems but according to Ref. 5 .it
to ensure the pressure transducer is rug- his not worked adequately in dynamic on-
istoring refracted pressute and not noise vironmenti. The ca.libration procedure for
in the instrumentation. The final step convertini the strain measurements within
is to invert the center and off-center the free ield makes no use of the dynamic
pressure reading@ into the free field s stem transfer function (or in their ter-
state of stress through the systam trans- minology, dynamic influence coefficlent
fer function. y system transfer function relating free field stress to strain (or
we refer to the harmonic response versus strves) in the solid sphere), These in-
frequency relationship between an incident fluence coefficients are frequency depen-
input wave and the fluid pressure reading dent and the use of the zero frequency
at some point in the fluid. influence coefficients (stetic values) for

dynamic calibration is questionable in
Other Stress Oaee. high-frequency rich free field environ-

ments. A further problem area encountered
For completeness, other stress gages with the cue ball gage is that embedding

that have been used to measure the dynamic the sphere in the free field and aintain-
state of stress in solid media are dis- ing good contact over the duration of the
cussed. Erjperimenters have been interest- dynamic test is s potential problem.
ad in free field soil stress measurements Whereas with the fluid bag gage, the flex-
for over 50 years. The Goldbeck cell, one ibility of the bladder allows some lati-
of the first to 'be widely used was re- tude in conforming too small out of round-
ported in the literature in 1916. The ness irre ularities that may arise during
earliest gages wore bulky and suitable on- the embeding procedure.
ly for the measurement of static pressures
in large earth masses. Over the years, THEORETICAL BASIS OF GAGE FLUID PRESSURE-
the development of new instrumentation TO-MEDIUM STRESS INVERSION
techniques has permitted the achievement
of more compact gages with improved fre- Mathematical Description of Inversion
quency response.

lere we address the problem of em-
More recently, because of the need to ploying the center pressure measurement

measure shock response, piezoelectric mt- inside the fluid bag to estimate informs-
terials have been usedase sensing element.: tion about the state of stress (time his-
They were first used for fluid pressure tory) existing in the free field.
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Al Before proceeding to the mithematical de- In the development to follow, we will
tails of the method, the assumptions on refer to the following variables
which the inversion process is dependent
are listed: a - Cavity radius
a The free field medium is homogeneous p0 (T) - Total fluid pressure response at j

in the nelghburhood of the fluid bag origin
gage (say 10-gage radii).T-fe fedmdpmd(T) c Fluid pressure dilatational re-

a• Tha free field medium can be chafer- sponse contribution at theterized by a linear elastic solid point (0)"whose elastic constants are known. pt',i p( - Total fluid pressure response at0 The gage fluid can be characterized the point (a)., by an. inviacid acoustic fluid, i!'
by an.. "acosti i pi() - Dilatational input pressure (ex-, Good normal contact is maintained be- isting in free field) i.e., sumtween the gago bladder and solid free of normal stresses - 3)field media rOr grout).

fucdl Dilatational wave speed in solidSThe dilatational stress content of medium (1)the incomins free field is pleanr
thein(or spherical)m cd2 - Dilatational wave speed in solid
(or pherial)medium '(2)

- The total center fluid pressure can
be accurately measured. l - Shear wave speed in solid medium

, The orientafion (angle *d) of the in- ()
put wave is known relative to a set - Nondimensional time (transit
of fixed ground coordinates (ea, radii, -t edq/a)see Figure 2 for Vd orientation, If . a Nondimensionaf time (transit
this is not known then the free field radii, u-oa/cdl)dilatational stress state is e@tab- f Nondimensional circular frequencylished only to within an unknown ro- (f
tatton of the stress state relative A(a, (/,Q) - System admittance (or transfer
to the ground coordinates. function) representing the har-The consequence of violating any of these monic pressure response at any

assumptions is discussed later, point in the fluid (7 e) to a
unit harmonic dilatational input
wave

su.see ?" r/a *Nondimena ione 1ra dia 1 1 pher ict1S. . .. .- . . coordinate
Dilatationsa Wave Front. 7 - Angular spherical coordinate

In Ref, 7 it is shown that the re-90 dog *d ed -ponse at the center of a fluid-filled"Y 00 0 1 h U peical inclusion due to a harmonicplane shear wave input is identically zero
"- - ~ - for all values of the nondimensional driv--, IL 0 ing frequency, a. Since the general tran-x.. l Outward Nor1 sient response can be constructed by the

to Paper
proper summation (Fourier Integral) of all

I harmonic responses,it follows that the
I transient origin pressure response is
I likewise zero. Consequently, the dynamic

pressure response at the origin is duec2 ' only to the dilatational component of the
053 n (d) €,(free field input. The center pressure

aoIL.2v• /\readin is sveryspecial in that it un-
T in(* scrambles the aser and dilatational re-Y "s sponse. Of course if there is no shear

. ,wave content in the input to begin with,I - i 00•2 d there is nothing to unscramble and allY d [points in the fluid respond only to theX fya natunal coordinates for sphere transfer dilatational input. In Ref. 6, the rele-function tion between output (fluid bag pressure
x',y',s' ground coordinates for orientation of slie response) and input (free field pressure)

relative to ground emplacement I.s given by

Figure 2 Relationship between Local Sphere
Coordinate and Ground Coordinate
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Output-input for P-waveEl h a
(center point, 0)

E2

pc(T) fp QT-T') Yd(' drT  E 1 ~ 2 _n-ca'1I/2) hn(l) +2 azhn+l(a)
with (1) E4 1 m(n-l) hn(a)-ahn+l(a)

Yd('' fAc-2.rrfo,9) e2irif' de E12 -n(n+l) hn (ci)

Output-input for P-waveE 2 m(l)hct+1 h 1(l)
(off-center point, 1) E32 --n(n+l) I(n-1) hn(oR)-a7 hn+l(a7)1

d .Jper') d' E13 "nJn(aE)-dc Jn+l(md)
with -:(2) E2 wj(c

Yd 4(T') infA(-27rf,?) c df E3  2,R22 Jn(Z)/27
f 33

whee Yo~r),Ya(V) my b viwedam The variables in( ) denote spherical
the transiLent pro sur: respns toaui Bessel functions of the firstkid

ipleinput pressuref th center and h()~()+n()dnt
off-entr pint repecivey. he an- Henkel unctions of the first kind; Nn(
off-ente ponts espctivly. The en- is the spherical INeumu 'n function;andtar and off-center transfer functions

A(rz 0,9) and A(tti,Q,) are defined by the Pn(cosi) denotes zeroc order Loendo
folioweing equations (Ref. 6) and repre- polynomials of the first kind.
sent Ps 0, Wto nthroi n The transfer functions given by

put Eqs.(l) and (2) are for an incident dile-
iae'iczta tional wave impinging upon the fluid-

A~,OQ)-(3) filled sphere along the negative m axis
ý[l -4 / (72)j (a)defined bythe local coordinate system

where(x~y~z) shown inFigure 3. The spherical
weea (c+i) j o(13C ) rc'~i 1 . h sodaet r,0,0) a defthed relative to

H.(a) U-2 --4----'-'(dc-) te:: ,I:)aeh natural coordinates
P.it C±' for th ouion which display the solu-

pc ~ tion in its most convenient mathematical
and form.

1 ZCnJn(ZF) Pn(cos@) (4) MEDIUM ( I &AIN L SION

PT1 4 n0 a

where the mode constant Cn is determined ~ '' l

from

4n E 2 E+ 31 E42 1,+E 4 1 E12 E3  do kLAMNo WAVE FRNTN

-1 £32 41 E42 £3 £11 - 4 E12 £311! -- 4? VLCITY Co.llA

I. E4 2 E31 E13 + E4 1 E12 E33  E13 £32 £41 eee~,.
"£42 E3 E11

with Ilov Inp t teo* iialaI

El =.in(2n+l)1njna-3njnl~a) 1igure 3 Orientation of Input Plane Waves

V. W-in(2n+l)Jn(a) Given the center fluid pressure meca-
._n 2 _n c2 suremmnt MOr), we can solve Eq,(l) forE3 -(2n+l)t(n _a2T /2) Jncz t~e free field dilatational. press~ure

+ 2j+1a~lpk(T). In some applications thi is all+ an jla wig may wish to know about the input. If
PAU _in(2~)(ni nc.j~~) additional information about the state

E4 (2~ l)[ n-1) Jn~ o -a~ n100) of stress is required, this can be



t

determined from the elasticity equations r
at the dilatational wave front (Ref. 6), i -r 4/(3 R2~1J+.~,ri~
namely d-'(J

CY z(T )d - - o(r);
~~( =o)* P (T

CL 
1a (Tr) (5) P c

where y' 1 .r- -VIT14j - A

SCol (a ) fro shown*
The stresses (aj d~(y) d rhw f 2 2

in Figure 2 in the local spherical coordi- •Q 2+ 2 '-c2) p0 ('r-l-T')dr' (6)
nats notation for a P-wave input wherein -c
that principal strasm components are
aligned along the plane wave front as which is discussed in Ret. 6. Even ex-
shown. Upon rotating the element clock preasion (6) involves the evaluation of
wise (9 0 -Md) deg, the element is aligned anrin owever the unkn on oth n integral. however the unknown no Ionie
with the ground coordinates. The corre- terl 1 e longer
aponding rotated stress components are appears ins ide an integral equation witd

infinite limits and thus can be handledpresented in Figure 2, with ease.

Later we have the need for processing It can be shown tht if no addition-
e9xperimental data at an off-center al dilatational shock waves are encoun-

osition in the fluid-filled cavity. This tered (beyond the initial one), then
ýa the only reason we have included Eqa.
(2) and (4) and we emphasize that these
equations are not needed in the normal Pd(') -0.Po(T+1•.- 1)/A 0  as T ,
scheme for inverting the fluid pressure-
to-free field stresses. which implies that the input and output

it is noted that Eqa.(S) can be eval- waveforms are exactljýtha same (for long
usd witout kno ledgeof the, dilatatevion- time) except for a 1/A0 multiplier whereuated without knoledi e ce a dilatation- A is determined from the low frequencyal wave angle Od in the come of % plans 11mit of Eq.(3), namely

wave or without knowledge of the source
in the case of a spherical input dilata-
tional wave If the orientation of the A0 5A(O,0,0) J/+
element relative to a set of ground coor- [1-4 / (i [l+ 416271A
dinates is desired, knowledge of the wave
orientation Od must be known, Experimen- Consequently for -onA time (which may be
tal methods for determining id are pre- several tranest r ly) the calibration
sented in Refo. 6 and 7. Briefly, the procedure is very simple, wherein we need
most practical of these methods is one. only to compute Ao and shift the time axie
which consists of placing a et of motion by c - 1.
sensinggages in the free field about 20
fluid bag gage z2dii away from the stress Although one may use the straightfor-
gage. By measuring arrival timbs of the ward relation, Eq.(6) to solyI for the di-
impigin froee field, the orientation of latational pressure input, pl(o), we me-
the input wave can be determined, bIcted to use the finite F urier transform

technique for evaluating p1(T). The rem-
Numerical Eveluation of Inversion Formulas son for this is fourfold:

The evaluation of the dilatational a In the event that at some future date
portion of the free field input requires one wishes to include the impedance
the numerical computation of the Convolu- mismatch of the $rout or of the prom-
tion integral equations such as Eqo.(1) sure transducer into the overall
and (2). in general, the analytical eval- transfer function between the fluid
uation of these integrals is very oompo- pressure and free field media, the
cated, and only in the case of evaluating mite Fourier transform technique
Eq.(l) ire we able to obtain an analytical could handle this situation with rel-
expression for the solution. For this ative ese (whereas Eq.(6) could most
special case, the solution to Eq.(1) is likely not be altered),
given by the relation • The numerical computation scheme em-

ploying the fast Fourier transform
(FFT) algorithm to implement the fi-
nite Fourier transform is computation-

*Where (a)d is normal to the plane of ally more efficient than evaluating
the paper. Eq.(6) by some integration scheme.
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0 A clear picture of the required data is given by
sampling rates in conjunction with
the frequency response sensitivity of N-.
the gage system is maintained. I(•f) * • x(jet)e2wiin/N

a Aconsistent numerical scheme can be P p
used for both the evaluation of the transform j1
center and off-center response Eqs. N-1(1) and (2). T x(Jtt) --- a •p(nf)8+12 ijn/N . I(j.t)

In the remainder of this subsection inverse n-o
we concentrate on the numerical computa-
tion of the Fourier integral and/or Four- where N is the total number of frequen-
ior transform integrals found in Eqs.(l) cias that synthesize x(t) , At is the time
and (2). In particular, we employ a s the th sapling, Af is the frequency s Hlplin•,
finite Fourier transform technique on its ( ing) are duquy indices, Tism theassociated efficient algorithm (usually are duct) itdices T is the ore n

ae Wt)th 1qtin ran ereureferred to as the FFT). The FIT is only rats, a i -V-t . Analogous to the in.rterm ure d to describe an algorithm for finito transform pair, we use the nota-
efficiently computing the finite Fourier tion
transform. This relatively new technique
first appeared in literature in 1965 )

Rsf. 8)aend was initially used to rapid- T .-
ly evaluate complex Fourier series. Later
it was recognized that the technique could or the equivalent
also be efficiently used to evaluate Four-
ier integrals and convolution integrals (
(Re•f. 9). We draw upon the contents of
Ref. 9 for the FFT methodology used to The KZ terms can also be written in
solve E*.,(I) and (2). The details of the canonical form usually found in most
its application are lengthy and particu- literature on finite Fourier transform,
lar attention must be paid to the range Finite Fourier transform pairi
of validity of the technique. we present
only a very brief sketch of the method
and refear the reader to Ref. 6 for the X na) yjt 4-2-mijn/N
finer details and a computer program which n
automatically processes the experimental (8)
fluid pressure data into free field stress
calculation. N-1

The Fourier transform pair of a gon- " (Jat) Z Inef *2riin/M

oral aperiodic function is given by nuO

transform The purpose for the barred upper case no-
p tation In .qs,(8) is to preserve the sym-

- r% et) ffftdt metry of the ransform (i.e., avoid car-
I f) jIxt rying along the troublesome T). The sub-

(7) Script p on the expression sa(nAf) and
xo(jft) is to emphasize the fact that
these functions are periodic over the

e- fi(f) a tdf range F and T respectively. The sampling,
interval At, of the time function and

-u the oamp in& interval of the frequency
function, Af, are interrelated through N,
T, and F by the relations

The functions x(t) and a(f) appear-
ing in Eqs.(7) are defined on the rangu 6f
"-o<t-<c for x(t) and -. e<f for a( ),
For our physical applications t can be
viewed as the time domain and f as the Foz physlicl systems, the impulse
frequency domain. For convenience we do- solution, Ydo(r ) or Ydt(.r') decay to es-
note the infinite Fourier transform pair sentially zero after a Imite amount of
of Eqs.(7) by the notation time has passed. Taking advantage of

thi: fact, we are able to apply the fi-
x(t) .0-0a(f) nite Fourier transforms pair to problems

involving infinite domain, provided we
The infinite transform pair ?iven by truncate the infinite limit intugrals at

Eq2,(7) apply over an infinite domain the proper point.
time and frequency domain. For functions,
say xg(t), that are periodic over a fi- It can be formally shown that upon
nite time domain, T, there exists a rota- taking the infnite Fourier transform of
tionship similar to the infinite pair and Eq (1), there results
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c(f) -a(f).b(f) For forward problem types where we
Sare given pa(TJ and we wish to determine

where the response p-(T); we proceed by substi-
tuting Eq.(9) into the second of Eq. (8),

p°(.r)---b c(f) we obtain the pU(T) time domain so ution.
S(T)0-0,b(f ) The reader is referred to Ref. 6 for the

range of validity of this solution and
pd(r)0-0 a (f) how the range of validity may be exten ed

by using overlapping msegments of the P• -()func tion. lr
The counterpart of the above for the fi f
nite Fourier transform is A similar procedure may be used to

solve inverse problem types (integral.1(nif) - T X(n~f) I(nAf) (9) equations) where we au' given pO(r) and
we wish to determine pt(T). We proceed

where V(n~f) is the f inittra sform oI thefree field input pre)sureL p &(),and(nAf) t asing Eq.(9) to obtain
is the finite transform ok te ;mpule Z(n~f)
solution, Yd-(V). Since the Fourltrans- X(naf)
form of the -mpulse solution is the trans- T ((nUf)
fer function of the system, we may direct- and then operating onX(nAf) with the secondly use Eq.(4)ýfor T(naf), gfEqs()il replaaw Xn in E-q.(8) ith

I(n6f) toobtain the free field input

The mame type calculation discussedabove for solutions to Eq. (2) can also beThe negative frequency portion of Eq ,(4) app lied to Eq,(i) in the aome manner. To
must be extended into the second half of lliustrate the accuracy of the FFT type
the frequency domain and divided by T. solution, we consider an example calcula-
The reasons for doing this are explained tion relative to the forward solution of
in R ,. 6.

V4 p() n FFTSGM
0 VRCTU .

I

N - 2048
- 20.0
- 1.01.0

V. -I 0.25

-01
10 -.00 0:00 .80 0!10 1.0 $t

TIME (TAU-T*CD1/A)

Figure 4 Convolution FFT -- Exact Solution Transient Response Solution Comparison
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Eq.(I). A comparison is shown in Figure 4 transducer and its ability to relate to
between the exact solution (employing an the free field state of stress and/or
exact theory solution, Ref. 6) and the so- pressure in the block via the system trans-
lution to the above problem using the HFT for function.
technique. A

A diagram showing the instrumentationEXPERIMENTAL VERIFICATION system and the location of various trans-
ducers within the test block are shown in

The Experiment Figure 6. The transducers denoted by Lo
and La are the two fluid pressure trans-

The experiment apparatus consists of ducers mentioned previously. These mia-
a stubby solid cylindrical block which is sure the transient pressure waveforms ex-
located at the end of IITRI's 2 ft shock isting in the fluid during the shock tube
tube. The block is made of a plastic-like experiment. The transducers denoted by
material which consists of an epoxy resin A21 and A23 are strain gages whose purpose
activated with an aromAtic polyamine. Te.G was to measure the relative arrival times
material exhibits good linear elastic prop- of the free field incident wave for the
erties and its dynamic response iM.nearly sole purpose of determining the dilatation-
strain rate insensitive. The spherical &I wave in the block, The transducers do-
fluid bag pressure age is embedded in the noted b L arnd L2 are the air pressure
central region of tAe block as illustrated ga 9 w•ichere imbedded in the shock tube
in Figure 5. The block is loaded with a wall. The results of these gages are usednominal 20 to 40 psi flattop pressure wave to determine the free field state of pres-
by means of a compression chAmber release sure loaded into the block. These mea-
device located at the end of the tube. The surements represent our independently di-
intedt of the experiment was not only to termined reference state aginst which the
measure the pressure in the free field spherical fluid bag gage results can be(i.e., the solid test block) but to me*- compared.
sure certain information regarding the
free field shear stress content. The pro-
ance .of the off-center fluid pressure KSO Soo Tektronix Mol Mtransducer was to obtain backup informs- Cthargo hopifLors Oci41loao2pt

tion about the off-center fluid pressure
response and is not normally needed as 'l r V
part of the regular !a•gQemkeup. We focu
our attention on the center fluid pressure

,ow., -o
supply

V.

I i ur1pea0-OI 8 JJbu

DL Oaphtagrm

'[tlg lancel|

F, u |-J-o I *RpMe f l Chi am~ b er A ll

K- JPr.i.ur. 0lg.

2ue TI-ft Shock Tube Facility Figure 6 Block Die ram of Instrumentation

Syste onn Sketc o n
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A series of tests em either and is mainly a result of the mismstch in
glycerin or water as the gage f uid were impedance that exists between.. he fluid
conducted using the apparatus described and solid. The curve morke U represents
herein, The results of a typical test the solid media pressure, pt(i), that was
(employing glycerin as the gage fluid) computed from the fluid bag gage's solid-
are iL ustrated in Figu;e 7. The curve fluid interaction transfer function by the
marked with the symbo is the ind en- FFT numerical technique. As can be seen
dantly determined experimental free ed from the figure, the comparison between
pressure in the solid block. This is de- the independently determined reference
termined from the measured reflected pros- stat$, pt(-i), ano the fluid gage deter-
sure tube. The relation between the nor- mined pressure, pt(T), is very good.
mal reflected shock tube preseurt, pr(•)
and the pressure in the block, Pd T)mo During the early portion of the wave
is simply arrival within the fluid (say first 20

Lsec) ahe pressure response at the canto:

Slas an off-center point. This is a conse-
quence of the fluid-solid Interaction

where v1 is Poiscon's ratio of the solid, aspect of the problem. The object of the
This rekation is valid prior to the ar- results shown in Figure 8 are to demon-
rival of, the ed e effect waves. The curve strata the consistency between the com-
marked(;) is ahe fluid pressure, p (T), puted free fieldinput pressur, )
measured by the center pressure transdu- and the measured off-center fluid response
car (at location L2) within the fluid bag. pý (T) (i.e. , with the off-center trans-
It is noted that i• has roughly a one- dfter located in position L. in Figure 6.
third overshoot at the arrival of this
input wave. This overshoot is expected

S CONFUTED FREE jitLO p (0)3 • PFo.T. INPUT CiTIP REiP IP ('T)
E EXPERIMlENTAL. ELD PON r)

,% m
C?

Lj.

Glycerin Test

TAU - 1.0 - >25.41 ssec
o" a F 20.0

S- 2048

I .oo0 -1.o0 o'.0o f'.oo 2'.0 !'.-0' 4 D.o e'00 C'.0o

TIME (TRU=TmCO1/R)
Figure 7 Free Field DJilatational pressure in Solid

(FFT computed-to-experimental comparison)
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0 COMPUTEO OFF-CENTER FLUID RESPONSE p•(') a
8 FaFT. INPUT ICOIPUTEO FREE FIELOD )C?' • EXPERIMENTAL OFF-CENTER FLUID REGPONSEpý(C) P

00

W

Cr

CL

Glycerin Test

STAU = 1.0 - 25.41 4sec
8 F n 20.0

N - 2048

.- .00 D-'LOo o'.0 1'.DO 2.00 s'.OO 4'.00 W'.oo 6'.00
TIME (TAU=TxCO1/R)

Figure 8 off-Center Fluid Pressure (FFT computed-to-experimental comparison)

Zn other words if the fluid gage has prop- icaIly designed to maximize the viewing
erly computed the correct free field pros- time before the edge effects arrive at

re recrds of he~ g shc ueff restsuarrie andth
sure, then we should be able to compute the cavity. This point can be observed
using the fluid-solid interaction trans- by noticing the sudden dropoff of pressure
er functLo) an off-center fluid pressure in the trace after about 80 Lsec. For

r!pnse, pmd(T), which is in agreement reference purposes we included the timew~t th esrdofcne luid re- records ofthe shock tube pressure and e
sponse. By comparing the -() end P4T('r) block embedded strain gages used for de-
curves (denoted by r and• respect vely) termining the wave speed in the teat
in Figure 8, we see that very good agree- block.
ment is achieved, except for a small
amount of numeriial noise in the early SENSTTIVITY OF THE FLUID BAG GAGE
portion of the p Cv) curve. We wish to
emphaaizo that this last exercise involv- Assumptions governing the validity
1ng the off-center gage is only a demon- of the fluid pressure-to-free field stress
stration of the validity of the fluid- calculations were listed. Quantitative

aolid interaction transfer function and information regarding the consequence of
the verification of the ability to con- violating each of these assumptions can
vert free field pressure into fluid preo- be viewed as a study of the sensitivity
sure or vice versa, problem. Therefore we comment only on

those assumption deviations which have a
The curves presented in Figure 9 are clearly understood effect on the sensltiv-

photographs of the oscilloscope records ity of the gage performance.
taken during the glycerin fluid experi-
ment. The fluid transducer records were Variation of Media-Fluid Characteristics
only used up to the point where relief
waves from edge effects entered into the There are two aspects to this prob-
problem. The point in time at which the lem: variations in the values of the
planar form of the input in the block Upterial elastic constants affecting c
ceases to exist is shown in Figure 10. and vl; and variations of the material
The dimensions of the block were specif- behavior from the assumed linear behavior.
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Test Number: 61
Applied Pressure: 19.9 psi

Inclusion Fluid: Glycerin
L R Probe

Confgurat ion: PcB Piezotronics

L2

(Shock tube pressure record)

Horizontal: Li 50 tsec/div L2 100 ±sec/div
Vertical: L1 9,62 ps8/div L2 9.52 psi/div

A21

A2 3  Lo

L

(Strain &age record) (Fluid bag transducer record)

Horizontal: A2 1 20 "eec/div Horizontal: L. 50 4sec/div L 50 1sec/div

A2 3 20 usec/div Vertical: Lo 10.10 pai/div 10.64 psi/div

Figure 9 Experiment Time Records
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( 1

tnconing Air Shock Tube

Shock Wave where
U f; 1  )Jf"

Front Face i [2(l-vj)/cl.2v1 ) 1/2
Solid Test Ca eviLty Reflea,

eion Similarly the maximum high frequency limit
.koe ionlokReturn off -- o,-, for the unit amplitude input har-

Front Face monic response to the same problem do-
SSide O:Lg~urbance scribed above is given by (Ref. 7)

0ff.L~ener,,' 0 M~ck D iturbince --

tu Dottkla ra/ton in free of edats p d( . ) an
feffe€C: (ju prior to arr ival

of ede iwsve)P 1 riar
Location .9E center Preasure Trnr. adu. r - 0.0, - any r1-4/(3A 2)I
Location of off-Center Pressure Transducer 7 - 0,6872

0 -s.25 dog and the low frequency response a--pO is
Nocta - r/. given by Ref. 7

a eavity radium 2.21 in,
Local coordinate• $ , s are for Powxve solution. p,( mO)

Figure 10 Valid Region of Experiment [W2) r1+
Free of Edge Effects 3 J

For jL&mple theme results illustrate
Material Constant Variations that for cpo 1 (a hard inclusion) all

"three aspects of the responses discussed
The solution transfer functions are above either are weakly dependent or to-

complicated functions of the material tally independent on the value of 1.
constant ratios 7, 1, vl thus it is very Since c is directly related to the Young's
difficult to make general comments about modulus, El, of the materials, this has
the sensitivity of the dynamic response some bearing on the behavior of the gage
to changes (or uncertaintiea) in these for nonlinear material stress strain laws.
constants. The study reported in Ref. 7 This point is discussed further in the
covered this problem in some detail for next subsaction.
a range of parameters of F-0.2--o2.0;
S.-1.0-.2.7; and v1 .O,25-eO.40. No Material Behavior

cases were found where small changes in
the material constants resulted in a The fluid pressure-to-stress calcula-
highly nonproportional change in the sys- tions inversion process has been derived
tean response either for the P-wave tran- on the basis that the solid media in which
sient step or transfer functions solu- the gage is embedded can be represented
tions, However, because of the nonlinear bya linear elastic stress strain law
nature of the solution functional depen- c aracterized by a constant Young's modu-
dence on , c v , one should still treat lu. E and Poisson a ratio E 1. Further
each problem cindvidually and for example, the fluid was assumed to behave linear
reprocess the raw experimental data with elastically. We need not concern our-several perturbations about the bass case selves with nonlinear variations of the
besat estimate for the parameters. fluid behavior for it will behave linear-

lO for the range of pressures up to say
One other way to observe the mater.i- 3000 psi. The solid media nonlinear mate-

al sensitivity is to examine how certain rial problem is a more complex problem,
key features of the system response (eith-
er steady state or transient) vary with Nonlinear Elastic behavior: In this
the material parameters. For example problem the stress siate is assumed to be
simplified algebraic expressions for the a nonlinear function of strain state,
maximum transient center fluid response however upon release of the load, the un-
(early time overshoot) to a P-wave unit loading path retraces the loading path
step input impinging on the fluid-filled (i.e,, no plastic unloading or hysteresis
cavity is given by is present). In other words the tangent
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modulus, El,is not a constant but a func- Gage-to-Medium Contact
tion of the state of strain. In the pre-
vious subsection, we have shown that the It is important that the gage be in
transfer functions for "hard" fluid in- contact with the solid medium during opar-
clusions (ie., 1c•<l) are weakly depon- ation. A measure of the gage bladder
dent on c. But is related to the solid flexibility is realized by considering an
media tangent modulus, El, by the relation unburied free bladder subject to a net

outward radial internal pressure, Apj.
-2 - -l (l-v 1 ) The relation between this pressure and

2 the net radial outward displacement, clr,
2 (l~ 1 )(l-v1) ~is given by the relation,

where ?ý is the bulk modulus of the fluid. 2
Thus foi a fixed.2 V? , v , a weak depend- a h (1 -Vb
dance of the fluid resmonaa on n impmpes ies

a weak dependence on the fluid response Zb tkb

on the stress-strain law tangent modulus whereeav E hmean radius of thevia the prior equation, The conjecture here ab.iA.er,h ni
is that for hard inclusions the ga a sys- spharica I r Poisson'a ration,
tem would continue to provide a suffi- Young's modulus and thickness of the
ciently accurate fluid prnssure-to-stress spherical bladder respectively. For ex-
inversion even though different points in ample, the stress gages for the study

the solid media (in the neighborhood of are Tr- 00 1 7 8 in, for every 10.0 psi, Api,

the gage) are at a different stress level immure, This mens that the gage can
(hence at different M levels). The basis l out to meat a 0.178 radial gap thatof the fcur is thae , The resp is might inadvertently occur between the gageof the conjecture is that the response is and media. The above formula indicates n
increasingly independent of 7 for increas- i
ingly harder inclusions (i.e. decreasing- that by manufacturinl gages with lower hb
ly lower 7o values). The conjecture must incrEb values, this is n eow-
also be tempered with the fact that we are ba increased more than it is now. Howeve

assuming all other assumptions regarding ever, if it is too flexible the bladders
will not remain spherical under their own

of pressure-to-stress are weight. They will collapse like an unin-maintainedflared balloon rather than maintain a 1

Nonlinear.Plafcl Beha iori In this spherical shape such as a basketball shell.c ase ne ar•astatehin olid media Tne advantage to leavin the gage flexi-
Casebility more on ne5 thie g hage flet-
is assumed to be a nonlinear function of ilitymen the s tif side in that em-
the strain state, however hysteresis is placement procedures are made more easily.
present during unloading of the stress The tradeoff disadvantage is that in-

state, The unloading path implies a creased stiffness reduces the good con-
stress dependent tangent modulus as in the tact advantage,
previous discussion thus the previous sub-
section comments on a hard inclusion being Knowledge of Planar Input AnRle d
independent of the tangent modulus holds
here as well, The hysteresis has a more The pressure inversion process, for
serious effect than mentioned above in the determination of the dilatational in-

that during the unloading, portions of the put contribution, will correctly predict
gage bladder surface, originally in con- the input waveform evea if the presumed
tact during loading, may be separated value Vd is erroneous. That is, wp would
(leave a small void) from the solid media, have the correct pressure input, pwJ()•*),
Short of making a separate study of this but the orientation of the dilatat lon•lparticular prosblem, we cannot make any free field stress components relative to
routine statements regarding the effect the ground coordinates would only be in
of hystereeis on the gage response except error.
that obviously separation of a portion of
the media from the gage is not desirable, Multiwave Inputs
however any quantitative statements re- The pressure-to-stress inversion pro-
garding what percent soapration causes
what percent error in tha response cannot cesa will work the best when we know car-
be made. There is a built-in flexibility amin a priori knowledge about the input.
mechanism within the gage to account for However what happens when the wave an-
separation to some degree, namely, the counters complicated geological states
partial ability of the gae to conform to that are comprised of several layers of
areial abiitys of the mediatocofom t drastically varying material properties?ireuarities in the media out-of- Teiptl olne la -ae

roundness. This is discussed further in The input is no longer a clean P-wave,
the next section on contact. The input impinging on the gate is more

likely to be a complicated mu tiwave mix-
ture of P- and S-wave reflections that
resulted from multireflections off of the
layered media, Such a multiwave input to
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the gage will result in a net pressure Should it become important that the
reading that reprevents the sum total re- static initial pressure be monitored, say
sponse to all P-wave input for the center during the embedding procedure, then the
response. In such situations, unscram- transducer vendor can moat likely install
bling P-wave pressure contributions is a special static measuring device within
not possible. The center measurement the probe in addition to the two existing
does however still provide some very use- dynamic pressure transducers.
ful infoLmation about the dilatational
component of the free field stress state. CONCLUSIONS AND RECOMMENDATIONS
The center pressure measurement is inde-
pendent of the incoming wave orientation, During the course of this study, a
and as discussed earlier, independent of fluid bag gage system was designed, and
the.panar or spherical shape of the im- tested in a controlled shock tube experi-
pingng P-waves. Thus upon inverting the ment, Based on the results of the exper-
center pressure reading pO('), into the imont and subsequent postprocessing of
calculated free field dIlatational pres- the experiment a data , we have drawn these
sure, pg(T), we can interpret the pL4) conclusions:
calculation as the correct free fitl-d av-
erge dilatttional ptress (i.e., pv(T) • The PCB pressure sensing transducers

- x) + ()+(a)J + 3) but we cannot operate more accurately (without ring-
give any iniormation about the individual ing) than the Sensotec pressure trans-
stress components that make up the average. ducers for the early high-frequency

content portion of the input records.
Experimental Fluid Pressure Measurements In the lower frequency region after

the shock arrival, both performed
Two types of fluid pressure transdu- equally satisfactorily.

cers were considered during the course of
the program, the PCB Piezotronics probe a The spherical, bladder (or shell) of
and the Sensotec probe. With the excep- the stress gage can be made as stiff
tion of the very early time range ust or flexible as desired to suit van-
after the arrival of the incoming fluid

pressure wave, both transducers can accu- the epoxy mixture during the fabrica-

rately measure the fluid pressure to with- tion process. The tradesof between

in + 5 percent. The early time region maintaining roundness (with stiff

conlainlng the very high-frequency con- bladders) and achieving good medium-

tent input, causes the Sensotec transdu- to-bladder well contact (with ii-

cer to ring whereas the PCB transducer, tially pressurized flexible bladders)

for the eaame experiment, did not, must always be borne in mind when
arriving at any new gage configura-

Emplacement of the ga ge systems in tion.

media such as soil is not likely to have e The fluid bag gage was able to com-
ae sharp wave fronts (hence the high- pute the dilatat onal reference stute
frequency content is not present) as if (pressura or stress) existing in the
it were placed in, say, a medium such as solid medium with a high degree of
rock, Thus for soil type materials eith- precision (including both the shock
er transducer would probably work as well, front details and the steady state
whereas as for emplacements in rock, the asymptote),
PCB transducer would be better,

The scope of this effort was vast in
One advantage the Sensotec transdu- that it touches on manufacturing problems,

cer has over the PCB transducer is that experimental problems and analytical prob-
the former single-barrel configuration is lems, This study has answered some im-
smaller than the latter double-barrel porteant questions regarding the feasibil-
configuration. Thus the disturbing ef- ity of the fluid bag stress gage concept;
fect of the presence of the mea suring de- however it has also raised a few. Con-
vice is likely to be smaller for the sequently, our comments are based on
Sensotec transducer by virtue of its facts we have learned in addition to rec-
smaller size. ommendations for further study to answer

the questions raised by the current study.A final conmient on on the PCB trans-
ducer considered is that it will not a U pon being given the physical proper-
measure a static pressure. This means ties of the transmitting medium in
that any initial fluid pressure present which the stress gage is to be placed
in the fluid bag for the purpose of mak- (i.e., the medium density pI, dila-
ing good contact between the medium and tational wave speed cdl and Poisson's
bladder will not register on the transdu- ratio vl) , a decision must be made
cer response record. We point out how- with regard to the selection of a
ever that the PCB transducer is practical- fluid inside the gage. We recommend
ly a static measuring device in that it selecting a fluid that has a dilate-
has a large time constant, tc 5 0 0 sec. tional wave speed, cd2, larger than

that of the transmitting medium
116
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DESIGN TECHNIQUES

•I,' MAXIMIZATION AND MINIMIZATION

OF DYNAMIC LOAD FACTORS

George J. O'Harw
'Oaex~ echnlog Dtilon

as • hi~le"p~ nts I n, i,':'er'ixtio manner a method o• f etermining"the {SMaximum and minimum pýiible values Onastic load faeter-c Lor o

=,, ' " ",,damped and undamped, simple oscillators responding to applied forces 'st:•i, -1 •defined by'an amplitude tpoleranoe curve. In the came of forqIng func-tfions of lonh duration, limit cycles we derivedCto show the rates at,

which resonance buildup occurs. A few sample pkoblems are worked
out by the method, of exact transformiations, and the results are pro-
@anted. 'It is demonstrated that for light damping a significant variation

.can occur in dynamic foad factors for band-limited pulse shapes.

INTRODUCTION There is no reason why they cannot be applied
to complicated tolerance bounds and nonlinear

Dynamic load factor (DLF) is a common systems.term in structural dynamics which expresses
the ratio of the maximum absolute value of dy- In. the general sense, the problem consid-
namtc deflection to the statical deflection. Its ered here is: For a prescribed second-order

use has expanded over the years and has become ordinary differential equation in which the inde-
increasingly important for low-frequency sys- pendent variable in ill-deftned such that only its
tems. upper and lower ampltude bounds are known,Swhat are the maximum and minimum possible

There has been a tendency to attempt to values that the dependent variable may attain ?

define shocok pulses as a means of test speoo- This is another way of looking at the problem of
fication [1], These specifications usually define worst and best disturbance,
a set of bounds Within which the pulse must lie
to have an acceptable test. It then would seem Consider the linear simple os,:illator shown
logical that a series of different tests, allwithin in Fig. 1, responding to applied fores shown In
these bounds, might produce different dynamic Fig. 2, Any shaded area in Fig. 2 is meant to
load factors. convey the meaning that the applied force can

be any function of time which lies within this
It is the propose of this paper to consider area. The force is bounded by the straight lines.

the effects on dynamic load factor of uncertain. In other words, F, 9 F(t) ze F,
ties in applied force. A set of simple problems
is explored in some detail in an effort to define First the maximum possible response is
the problem, to examine some of the conse- found in those cases where the duration is un-
quences of the definition, and to present a aim- defined; then selected problems are solved and
pie, easily understood method for solution, presented for a specified duration time.
Therefore, only very simple pulse shapes, with
simple tolerance bounds, and simple linear os- AENRRAL APPROACH
cillators are used in this phase of the problem
to achieve this goal. It should be understood In this paper only applied forces will be
that the ideas and methods outlined here are not considered for convenience, since extension to
restricted to these pulse shapes and oscillators, base motions in straightforward.
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energy input. The left-hand side is the system
M energy.

A To maximize the system response, the
M function F (t) should be chosen to provide the

iM Fig. 1 - Linear Iimple greatest possible energy when it helps to in-
oscillator crease deflections and to extract the least

amount of energy when it decreasen deflections.
K To minimize the system response, the opposite

scheme should be followed.

CAUTION: There are certain cluse, of
problems in minimization which require the
analyst to look ahead. For example it may be

prescribed part of the forcing function will com-
plement it. The reader is referred to the litera-0 •.ture and in particular to work concerning linear

I" - " - "F4T M~j)-rT' end dynamic programming such as Ref. [2].

GENERAL RESPONSE EQUATIONS

So . ..... Examination of Fig. 2 and application of the0 g, o Tk 0 o TM preceding discussion reveal that for these sim-
F, ple cases the force will have a set of constant

values, each value being applied for a determi-
rig. 2 - Bounds of example forcing functions nable time. This is true because the bounds on

F(t) are horizontal lines. In more general

cues, to be discussed in a companion report,
this is not necessarily the situation, but it was

The differential equation of motion for the deliberately chosen to be so here for demon-
linear simple oscillator is traton purposes,

S(t) The response equations from Refs. S and 4

i + 24,h + 0Y - (1) over any time in which a constant force is ap-
plied are

where a U C/Cr a the ratio of damping to critical 1 0 y 1

damping, and w2 K/M u the square of the un- V."I a con r8 + ! min r6
damped natural frequency,

First multiply both sides of Eq. (1) by ': + Vo'6° sin r -

,(t) (2) + a Fc r6+ m In (4a)

The unit of this equation is power per unit mass, and
Here F(t) is the independent variable and Y is
the dependent variable, The power supplied to v., -y sin r6
the system is the product of F(t) and Y. The n" f "
integral of Eq. (2) is

+ve,'• rcot r- •.in r6)
JŽ2 y.2 + if.'
T + 2aw c , dt + W2 E, E f : F(t)V dt FFa '-0,6 - (4b)

(3) ,

where E0 is the constant of integration, This is where v 'Ž/w, In Eq@, (4a) and (4b), 0 wM,:
an energy balance. The right-hand side is the r = Y,, I and Vn÷ i are values at the e
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of the time increment, Y, and V, are values at Equation (4a) can now be used to set up a
the beginning of the time increment, and Fr is recursive relationship:
the viue -ring the time increment, In the un-
damped came (a 0) these equations reduce to n 6"c (8F A.

-% v,.Y , r - ., e',° 010 4 , + ,- o, (8)

Y" Yn~ Co Y a + Vn saIlnO + -• I- Cor aO) 1%
L Y snLetting the half-period damping decrement be

defined as
and

Vn# I = y - ln 0n + V. con + -i x{no (5b) •t "_
results in

RESPONSES (10)

All of the functions of Fig. 2 can be defined
as CF s F(t) 4 F, where -1 s C s 1. It is also The half-period decrement 0 is shown In Fig. 3
assumed that the system starts from rest with and is listed in Table 1.
zero initial conditions.

If the desire to maximize the response, 1.0
then i(t) must be chosen to be +F when it
helps to increase the deflection. Therefore, 0,9
this will occur when the velocity of the mus is 0.
positive. When the velocity is negative: 01

1. For C - 0, CF has the same sign an the 0.7
velocity, so the power applied is positive and Its ,.
integral increases the energy; so apply CF.

2. For C = 0, CF does not add to or sub-
tract from the energy of the system. 0.4-

3. For C > o, cr subtracts energy from the 0.3
system, so apply the minimum amount possible. 0.2I
This discussion reveals that for theme simple
examples the forcing function will be a sequence 0.1-
of horizontal lines, and switching will occur at
times corresponding to zero velocity. The 00 .1 0.2 0.3 0.4 0,5 0.6 0.7 0S 09 1,0 1,1
times of integration are then computed by set-ting Eq. (4b) equal to zero:

g E. Fig, 3 - Half-period decrement

Equation (10) now can be used to calculate
since Yn " (Fn/K) A 0, els ro n o defines the the response at the end of each half cycle,
time of application of the force. Then Letting F/I = 8, where CF s F(t) s F, the

maximum static deflection, yields the following
r., by repeated application:

so Il S(O + ) A

Y= 2 -S(I f 0)(0 - C),

At = /F__ T. (7) Y3 8(1 + q)(1 +0• - ,c),

Y4  -8(1 40)(0-C)(I +l ) l

This application time is then one half the period Y3 I + 0)[I + (0- C)(4+ (0)]
of the oscillator. Note the because of the damp-
ing term this time can become very large. Y5 .-8(1 + 9)(0- C)( I + 02 + 41), etc.
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TABLE I occurs at the first half cycle with a value of
Half-Period Decrement - for Various & [1 + p], and the deflection never becomes

Amounts of Damping negative. If C < 6, the deflection grows to a
limit cycle such that the positive displacement

Percent of is greater than 8(1 +[ 1 .
Damping Critical Damping 0

I Taking the limit as time becomes very large
None 0 1 (n-. co) yields as limit cycles:

Light 0.5 0.984415 8(1 - CO) (
1 0.909071 Y" - n odd

1.5 0.953964 a2 0.939090 and
2.5 0.924443
3 0.010019 8N.- C)
3.5 0.895813 8(."C) n even. (14)

4 0.881823
4.5 0.868042 The maximum deflection is always positive
5 0.8t54468 (except when c a 1 and the values coincide) be-

Heavy 10 0.729248 cause of the way in which C was defined, Fig-
15 0.6208'1 ure 4 is a plot of the maximum ratio Y/8 fur

20 0.526821 two of these limit cycles and for the amplitude
25 0.444344 of the first maximum as a function of damping.
30 0.372326 There must exist a net of curves between
35 0.309190 curves "B" and "C" for various values of C < 0.
40 0.253827 Inspection shows that for light damping a con-
45 0.205346 siderable difference in the maxima may exist.
50 0.123034 In fact the ratio is

55 0.126324 1+-

Very Heavy 60 0.094780 I -
65 0.068077
70 0.045980 where o n. - C, a positive number. There-
75 0.028375 fore, curve "C" is the maximum value when
80 0.015165 C k 46,
85 0.006288
90 0.001524 It is of some interest to compare this re-
95 0.000071 sult with that of a sinusoidal force of amplitude

F. Reference 5 presents the magnification ac-
Critical 100 0 tor as

V} 1

By mathematical induction and by recog- X/4 •2 42Zk (15)
nization that geometric series are involved, \ :2 + W2

this set can be reduced to
8 (1+4.q) 6 (0- C)( onI-) where X is the driving frequency. If this equa-

n a- ' S (11) tion is differentiated with respect to x/t and
I Jset equal to zero, the maximum is found at the

frequency
for n odd and to

8(0 -C)(1 e) (12)-X
1 - Note that a stationary value only occurs for

fa 5 v7/2 and that the maximum value of the
for n even. magnification factor after this is always one.

Substitution of Eq. (16) into Eq. (15) yieldsThe effect of range of C can now be ex-
amined. if c > 0, the maximum displacement
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I .
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0i . 3 6 3 AS l 0 0 01 �01.1 , ,. O. . 0. 0 .0 10
a, DAMPING RATIO a

Fig. 4 - Maximum possible Fig. 5 - Comparison of maximux of
values of DLF magnification factors

Y1 I
MA. 2a•'qi This result is valid for all I • 1 and yields

limit-cycle values of
and

Y n a(20)x -1 A
6 2 (9

For b - 1, the undamped case, it is necessaryto return to Eqs. (Sa) and (Sb) to find
As shown in Fig. 5, this is always less than the

maximum value that is attaU.•_eLor a square ' ' -2fl(-l)", (21)
wave at a frequency e ; 1 - a2, when c - -1.

Figure 6 shows the scaled absolute values
(Y/9) of Eqs. (19) and (21) and compares them

RESONANCE BUILDUP to their maximum values for selected values of
the half-period decrement,

It is of interest to examine the rate at
which the linear oscillator builds in amplitude Consider now the problem of resonance
under these types of hammer functions, The buildup of an oscillator when the forcing func-
first came considered is that of C a -1, a square tion lies within the band 0.85 F g F (t) 5 F. In
wave. Substituting C - -1 into Eqs. (11) and this se, for C to be less than ', an d of 0,05
(12) yields or less must be chosen (see Table 1), For

values of a > 0.05 the maximum occurs at the
-, 8+ -) first half cycle, and its value can be found by

1 - •adding one to the appropriate number In the 0
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LIMIT .0.8 6- 0 a a0.01
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0r + +FFtS 04 0000I +
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C1  3 5s 7 1 3671 2123235
2- Fig. 7 - Reoac builduap for it

2? band-limited example

.2 13 44 5 6 -81 9 10 11 12 13 14 15 16 The addition of a small amount of damping
INUMWBER OF HALF PERIODS quickly crushes the maximum response, until

Fig,6 -Resoanc buidupforat a slightly greater than 0.05, the maximum
a'g 6 esqnane bwa dupe o occurs at the first quarter cycle. For a = 0,0445

a sqare a~ethe maximum value of 2 is attained,

Resonance TAL Buildup for the Band-LimitedPU ES FFNT L GHProblem for Four Damping Values The dynamic load factor is normally asso-
Dynami LoadFacto - ciated with pulses of finite time. In this section4

Number of ___DnmcLa atrtwo simple cuses will be discussed, those of
Half cycles 0.0 0u~s~ .05o C - 1 and c -0.85.

1 2. 1.9907 .9102 1,5447It wasn demonstrated in the section on reso-3 . 2.0 1.96287 1.0143 1.85415 aiance buildup that the half period of the respond.
5 2.3 2.409628 2.01403 1.86152 Ing oscillator in an important parameter. There.5 2.9 2.10025 2.10732 1.86704 fore the pulse length will be measured in terrms9 32. 2.019020 2.21722 1.87029 of the half period, Let T,0 be the pulse length,

11 3.5 2.9'7491 2.28059 1.87526 and let T/2 be the hall period; then
13 3.8 3.14086 2.32122 1.87673 T 2is 4.1 3,29670 2.35487 1.87780 T 20  M 1 1

17 .4 ,44052,38274 1.87858 -r T
to 4.7 3.58049 2,40582 1,87915
21 5.0 3.70056 2,42493 1.07957
23 5.3 3.83077 2.44075 1.87988 where n in an integer and I, in a decimal. Since
25 5,6 3.94460 2.45386 1.88010 time was started anew after each half period,

I 1 5.89980 L2.51701 11.88070 1 h-r _---tT(21

In Eqs. (4) and (5). The response after the in-
column of Table 1. Table 2 and Fig. 7 show the put is over can be computed by setting F,, 0
growth of the maximum value for every odd half in these equations.
cycle (n odd). The deflection of the unadamped
oscillator increases without bound,

124



First consider the type of function (Fig. 2)
-F • F(t) ý F. If F(t) were chosen Identically
zero for all time, there would be no response, AVG 0925
so the minimum problem is trivial. The only 085
remaining problem is maximization,

In the undamped cue the amplitude always
increases each half cycle and for any applica-
tion of the force beyond a half cycle, so a sim- I IE To
pie formula results:

DLF = v/ n 4)2 + I- 2(2,1+1) i # (24) Fig. 8 - Upper wi,d lower bound• on a
';D ,V211)+I-22+1)cn0pulme-type functionI

for 9 --: wt = ,Ih, where n is the completed
number of half periods,

the undamped case. This solution is valid forIn the damped case the continuation of the maximum and minimum possible responses out
force beyond the half period does not guarantee to a value of 2 To/T of about 2,66. Howeverthe
an increase in amplitude, since if it is stopped sequence of cliffs and plateaus of curve III re-
too soon the damping can reduce the value be- sults from application of the methods of thislow that of the previous maximum. As a result, report. The sharp rises are due to energy in-

the problem is more complex. For a given put during the positive-velocity phase, after the
pulse the factors n, ii, o can be found. An ob- minimum algebraic displacement has been
VIous candidate for the DLF is F4. (19). Let achieved and after F ham been applied for a suf-
this candidate value be L (note the absolute ficlently long time. The plateaus have the
value): values presented in Fig. 7, The area bounded

by curves I and III is the region of all possible
L (1 + /)(1 - 0f) (25) solutions of Sq. (1) to inputs as given by Fig. 8

and for a = 0.

To see if the next maximum Is greater, compute To consider damping, note that resonance
by nioans of Eqs, (4a) and (4b) buildup can occur only for k : 0,85, Figure 10

shows the solutions for three values of damping;
the values of the various plateaus can be found

YA )"(L 1 eade an r + 2- in r)-Ij in Table 2.

It is now Interesting to note that all possi- 4
(- {-I"(L 41) ,", .tin rO ble solutions for 0 s a • 0.05 responding to

6 1--(L-o - r the class of forcing functions of Fig. 8 lie be- 4
tween curves I and II of Fig, 10, All possible

and solutions for 0,03 s a s 0.05 lie between
curves II and 111, etc. The impulse I in this

y t an. (L+ 1) min rO case is always bounded by 0.85FTo e I < FT0,
(L. 1) cog rt) - cL° or I . 0,925FTO * 8.1%.

where 0 L s v, Another candidate value is SUMMARY

p ~--.' YVT2a VA 2 (24) In the specification of pulses for tests and
dynamic analysis, tolerance bounds are some-

The dynamic load factor is then the larger of times prescribed. It has been shown in the
the values given by the comparison of L and P. banded rectangular pulse considered here that

the assumption that the upper bound gives the
A problem of greater interest is the banded maximum dynamic load factor is not valid for

rectangular pulse. Suppose that a measured systems with small amountts of damping and
pulse is illustrated by the jagged curve of Fig. B. whose half periods are less than 3/8 of the
An analyst might be tempted to note that the pulse duration.
function lies between 0.85 and 1, to draw these
bounds, and to compute the response in both An ea.ily understood method for predicting
oases. Curves I and II of Fig. 9 would result in the maximum or minimum possible response of
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an oscillator to a loosely defined forcing func- (2] E. Sevin and W. Pilkey, "Optimum Shock
tC on has been presented. The extension of the and Vibration Isolation," 1971 SVM-6, Shock
m•thod seems direct. Those engineers working and Vibration Information Center, Naval
with pulse-type shock testing should find this to Research Laboratory, Washington, D.C.
be of some value. 20375.

The e2•amples chosen were simple and for
a Ainear oscillator. More complex wave shapes [3] G. J. O'Hara, "A Numerical Procedure For
con be considered, and these methods can be Shock and Fourier Analysis," NRL Report

applied to nonlinear systems. 5772, June 1962.

[4] G.J. O'Hara and P.F. Cunniff, "Numerical
Method for Structural Shock Response,"
Proc. JEMD, ASCE, 51, April 1964.

[1] I. Vigness, "Specification of Acceleration
Pulses for Shock Tests," Shock and Vibra- [5] S. Timoshenko, Vibration Problems in En-
rion Bulletin No. 35, Part 6, Apr. 1966, a2nd ad. D. Van Nostran, New
SVIC, NRL, Washington, DC. 20390, p. 173. York, 7U3, p. 38.
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THE REDUCTION OF HELICOPTER VIBRATION AND NOISE PROBLEMS

BY THE ELIMINATION OF THE BLADE TIP VORTEX

Richard P. White, Jr.
Rochester Applied Science Associates, Inc.

Rochester, New York

(U)The significant reduction or the elimination of the high
vibratory loads and acoustic output created by the concen-
trated vortices trailed from helicopter rotor systems in
forward flight has been an unattainable goal in the past.
After more than four years of research, RASA has developed a
technique whereby the concentrated trailed tip vortex can be
eliminated officiently without affecting the performance
characteristics of the helicopter rotor. This paper will
present the benefits that accrue an regard. helicopter
vibration and acoustic output by the elimination of the
concentrated trailed tip vortices.

SYMBOLS Torsional deflection normal-
ized by generalized mass

C-(i) Primary coupled chordwise
bendinq n'odem of the holicop- Azimuth angle in rotor disk,
ter Linde (imfirat, second, degreesetc,) Rotational frequency of the

F-(i) Primary coupled flapwise helicopter rotor system
bending modes of the heli- (radians/sec)
coptor blade (imfirst,
second, etc.) Frequency of a blade natural

coupled mode (radians/leo)
i Radius of rotor blade (ft)

INTRODUCTION
r Radial distance to a given

location on the rotor blade (U)Since the first successful
(ft) flight of the helico ter, the "dynamic"

characteristics of tUose vehicles have
T-(i) Primary coupled control- been well-known to those who have been

blade torsion modes of the either riding in the aircraft or to
helicopter blade (i-firet, those striving to construct a succels-
second, ate.) ful rotor myatem or vibration-tree

structure, During the early year: of
V Forward speed of the heli- the development of the helicopter, the

copter (ft/mec) important dynamic effect. produced by
the vortex wake had to be ignored in

v Flapwise bending deflection deference to the more urgent need to
normalized by generalized solve problems of stability, control,
masm performance and structural integrity.

Once those goals were achieved, however,
w Chordwise bending deflection then vibrations, a more reasonable

normalized by generalized structural life, and most recently,
mass noise considerations led to the need to

n Rdefine the nature of the vortex wake.
S•-1 Advance Ratio
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(u)Zn order that helicopter blades concentrated vortex, considerable effort
could be properly designed in the past has also been expended by the V/STOL
on the basis of these considerations, industry in an attempt to understand
the aeroevnamic loadings associated with the characteristics of the structure of
the interaction of the blade with the the blade tip vortex and its interaction
nonuniform flow field arising from the with a lifting surface because of its
trailed and shed vorticity had to be great influence on blade dynamic loads
defined more precisely. The early thee- problems, and the generation of rotor
retical attemptP to predict the instan- impulsive noise. When impulsive noise
taneous induced-velocity field III and ("blade slap") is obtained, it is the
the oscillatory aerodynamic loading predominant source of noise of a heli-
[2,3] of helicopter rotors represented copter rotor system. Its contribution
qignificant advances in that era but to the noise signature of a helicopter
these advances were hAmpered by the lack is of particular importance in detection
of application of suitable high-speed, problems associated with military opera-
high-capacity digital computers. Zn the tions and in annoyance problems asso-
early sixties, however, Miller [4] and oiated with civil operations. Blade
DuWaldt and Piziali (5] undertook the slap may occur under various flight con-
problem with all its complexities and dit ens and in particular it generally
used high-speed, high-capacity digital occurs during low-speed power descents

computers to obtain marked improvement due to blade-vortex interaction as the
in the prediction of the periodic acre- aircraft settles through its wake.
dynamic loads. The results of both of Severe blade slap can also occur during
those investigations, while not showing a coordinated right or left-hand turn or
ideal correlation with experimental during a pull-up when the rotor system
data, did show a vast improvement over is rotated into its own wake. Some of
previous predictions, the approaches attempted by research

engineers in the V/STOL industry and
(U)The prediction of the dynamic more recently, in the fixed-wing in-

loads of helicopter rotor systems con- dustry to modify the trailed concon-
tinues to receive a great deal of trated tip vortex are categorized in
attention in the V/STOL industry. Fig. 1, and Fig. 2 presents conceptual
Considerable research effort has con- sketches of the various modifications of
tered around the development of im- the lifting surfaces that have been
proved analysis procedures for pro- attempted to test the validity of these
dcting the dynamic air loads developed diverse approaches.
by helicopter rotor blades. A maj or ity
of these analyses are concerned with the (U)Some of the approaches are cato-
flow field in the vicinity of the rotor gorised as hopefully accomplishing more
system and the helicopter fuselage than one kind of modificat ion. For
which is immersed in the rotor vortex example, porous tips are listed both as
wake. Current research in the develop- capable of spreading concentrated vor-
ment of computational programs in this ticity and a~so dissipating the strength
area allow the position of the "free, of the vorticity. Lifting surface tip
distorted wake" to be predicted in tho spoilers are listed in the same category.
vicinity of the helicopter rotor and End plates are categorized as both
fuselage for single, tandem and coaxial spreading and relocating the concentrated
rotor systems. This research has been vorticity, The effect of gulled outer
and continues to be aimed at improving panels [I] is to divide the total con-
significantly the prediction of the centrated vorticity into two vortices,
aerodynamic and dynamic loads generated each of lesser strength, at two differ-
by the rotor blades while the aircraft en'. spanwise locations, (one at the
is in either a steady-state or maneuver juncture of the gulled tip and main
flight mode. References 6 and 7 present lifting surface and the other at the tip),
examples of the current state-of-the-art and also to relocate the tip vortex with
in the prediction of the aerodynamic respect to a dimension normal to the
environment in which a helicopter blade wing chord plane because of the deflec-
operates in forward flight. The bane- tion of the tip of the gulled section.
fits that have accrued to the V/STOL
industry through the use of the more (U)WIhie the porous tip spreads the
sophisticated methods of wake prediction vorticity in the near wake (9], it also
are to be found in the increased effi- has the potential of dissipating the
ciency, performance and reliability of vortex because of the turbulence gener-
rotor blades and their control systems ated by the flow passing through the
that can now be designed. porous sections. As might have been

expected, the dissipation obtained with
(U)While these previously mentioned the porous tips was not significant

research programs have been associated because of the small turbulence wave-
with predicting the effects of the length generated, and thus investigators
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have found that the concentrated vortex quantitative measurements made in the
reappeared downstream with its apparent wake at a downstream position which
strength unohanged. The wing tip corresponds to a time after vortex
spoilers, by which Chigier at NASA/Ames formation of 0.075 sec (6-1/2 chord
attempted to modify the tip vortex [10], lengths downstream at the tunnel speed
seems to produce the aame end result as of the tests). The results that are
the porous tip at a downstream location, presented were obtained by measuring all
again apparently because of the small the vorticity in the wake and then
turbulence wavelength that was generated, inteqrating the measured varticity to

obtain the circulation. The results
(U)Spanwise blowing tried by presented in this figure show that the

Scheiman and others [11,12], seemed to sonic injection nozzle is much more
have no effect other than to relocate efficient in dissipating the strength of
the position of the trailed vortex. the tip vortex than the subsonic injec-

,ion nozzle. Figure 5 presents typical
(U)Znvestigstions, to date, of the -performance results that were obtained

effect of jet engine location in the for the lifting surface that generated
vicinity of the tip vortex have not been the tip vortex as a function of injected
notably successful, Dr. John Olsen of mama flow using a Oub,]'niC injection
Boeing [13] and the NASA investigators nozzle. As can be seen from the results
(14,151 who have tried this approach, presented, the performance characteris-
placed the turbulent jet in the irrota- tics are not altered when the vertex is
tional regimes of the vortex. Thus, its injected with the unstable jet.
potential dissipative action was weakly
coupled with that part of the vortex (U)while the means of rapidly
which contains the concentrated rota- dissipating the energy of the concen-
tional energy, the vortex core. trated tip vortex has been demonstrated

and a somewhat optimal system has been
(U)Based on the results of asnn- developed durinq the previously noted

ciatad research being conducted by RASA research programs, the benefits that
in 1968, it was believed that the injec- will be derived as regards dynamic loads
tion of an unstable aerodynamic mass and acoustic output of helicopter rotor
flow into the core of a swirling tip systems have not as yet been demonstrated
vortex would significantly increase the by tests of full-scale hardware with the
viscous dissipation of that vortex. A. injection system installed. In prepara-
indicated in Fig. 1, this vortex modifi- tion for the full-scale tests which will
cation technique has the sole objective be initiated in the near future, sophis-
of dissipating the strength of the con- tfoated theoretical analysis procedures
centrated vorticity rapidly by the gener- were used to evaluate the benefits that
ation of a jet flow instability, would be derived by the elimination of

the concentrated tip vortex trailed
(U)After more than four years of from the blade tips of helicopter rotor

research and a number of research .ro- systems. Some of the results of these
grams [16-221 it has been shown by the theoretical investigations are the sub-
RASA investigators that the strength of ject of the present presentation.
the concentrated tip vortex can be
rapidly dissipated. Fig, 3 presented TECHNICAL DISCUSSION
photographs of the visualized concen-
trated vortex with and without the mass Analysis Procedures Usedi v!Stia-
injection system operating. These tione

visualized flow pictures obtained by
the use of neutrally-buoyant soap (U)In order to determine the loca-
bubbles filled with helium, show how the tion and strength of the trailed vortex
concentrated tip vortex is rapidly field generated by a helicopter rotor
dissipated and only a turbulent flow system in forward flight, a theoretical
field is left. In the photographs, the analysi• developed by RASA for NASA
centerline of the vortex is clearly [6,7] was used to calculate the position
depicted by the white line which is and strength of the free vortex wake and
formed by the bubbles in rectilinear the dynamic loads generated by the rotor
motion. The swirling motion of the blades operating in the aerodynamic
vorte:n about its center is shown by the environment created by this wake. The
helical motion of the flow. Comparison predicted results of this analysis have
of the vicualized flow field before and been correlated with experimental
after injection shows that the concen- results obtained with full-scale heli-
trated vortex in immediately affected coptern and it has beun demonstrated
while the overall flow field ovy the that the predicted ind experimental
tip section is not changed significantly. results are in excellent agreement when
Fig. 4 presents the results of the helicopter is in steady-state fliqht
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condition and when it is a coordinated induced velocity anywhere else in the
turn, pull-up or roll maneuver. The azimuth. It can thus be concluded thatresults of this theoretical analysis the induced effect on blade number 2 is
were used in conjunction with a thee- indeed a very strong one.
retical acoustic prediction analysis
[23,24] by which the acoustic pressure (U)Fig. 9 presents a polar plot of
time history generated by a helicopter lines of constant induced velocity in
rotor can be predicted at various the plane of the rotor. While there is
observer locations during hover or considerable variation of the induced
flyby. The accuracy of the predictions velocity around the azimuth, the rapid
generated by this analysis procedure chance caused by the blade vortex inter-
have been well established [24]. action is obvious in the area noted.

The associated polar plot of angle of
Helicopter and nl ht Condition attack is shown in Fig. 10. Since this

rapid variation of induced velocity and
angle of attack occurs over a very

(U)The helicopter that was used to narrow ranceo of azimuth, aerodynamic
demonstrate the benefits of eliminating loadinqs in the higher harmonics of
the vortex trailed by the tip of the rotor speed are generated primarily
blades of a helicopter rotor system was which excite the higher rather than the
the first of the series of the Huey lower dynamic modes of the helicopter
Helicopter, the UH-l. The flight condL- blade. In addition, since the pressure
tion that was analyzed was a l.5q left- pulse generated by the blade vortex
hand turn at an advance ratio of Pw0.24 interaction is of short duration the
(forward flight velocity of 120 MPH)). acoustic output caused by the blade
This flight condition was analyzed since vortex interaction in very high.
it had been demonstrated experimentally
that a strong blade vortex interactiun (U)Pige. 13. and 12 present the
occurred which created higher harmonic polar plots of induced velocity and
dynamic loads and blade slap. The angle of attack, respectively, after the
coupled symmetric and antisymzetric tip vortex has been eliminated by Jet,
dynamic modal shapes of the helicopter mass injection, Comparison of these
rotor that was analyzed are shown in plots with their'counterparts when the
Fig. 6. tip vortex is present (Figs. 9 and 10,

respectively), will show that while
Results of Calculations therm has been some change on the advanc-

ing aide of the rotor disk, the very
a. Change in Aerodynamic Flow rapid change in the induced velocity and -

FTied angle of attack on the retreating side
caused by blade vortex interaction has

(U)Fig, 7 presents a planview been eliminated. it can also be noted
plot to the paths of the tip vortex that for a given radial station in the
trailed from each of the two blades of azimuth range from .-270 to -360
the U11-1 rotor. The plot has been made degrees there is very little change in
for the Instant of time at which blade induced velocity or angle of attack,
number 2 is intersecting the wake ;ofatc

generated by blade number 1, The age of b, Changein the Aerodynamic
the wake generated by blade number 1 is _______

approximately 0.15 seconds when blade
number 2 intersects it, or approximately (U)When a helicopter ii flying
twice the age for which measurements in steady-statc flight, level or in a
have been made in the wind tunnel coordinated maneuver, it is assumed that
(Figs. 3 and 4). It can be seen from all the load variations repeat periodi-
this plot that blade number 2 intersects cally and therefore, it is convenient to
the wake at approximately the same time analyze the loads in terms of the her-
over much of its radius and thus pro- monies of the rotor speed, In order to
duces a very strong pressure and loading properly analyze the harmonics of in-
pulse. Fig, 8 clearly illustrates this duced velocity and loads, the harmonic
somewhat simultaneous interaction of content of these parameters generated by
the vortex across the blade radius. As motions of the helicopter control systemr
can be sean in Fig. 8, the induced and not the wake must be considered.
velocity (the velocity generated at the For example, the collective blade pitch
blade by the wake) has a large pertur- control ia used to control the :!eroth1
bation centered around an azimuth angle harmonic of thrust and thus the zeroth10 of 295 degrees along the majority of harmonic of induced velocity and loads
of the radius. The peak to peak varia- are not associated primarily with the
tion of the induced velocity is about concentrated rotor wake. The one/per/
40 ft/sec along the blade radius which rev cyclic pitch of the control systems
is approximately twice the value of thm tilts the rotor and helps to smooth out
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MATHEMATICAL MODEL OF A TYPICAL FLOATING SHOCK PLATFORM

SUBJECTED TO UNDERWATER EXPLOSIONS

R. P. Brooks, and B. C, McNalght
Naval Air Engineering Center

Philadelphia, Pa,

A lumped parameter, finite difference method in common usage at the
Naval Air Engineering Center has been utilized to model a typical
floating shook platform and its dynamic response to underwaterexplosions.

The method in a non- iterative time domain approach especially
adaptive to the treatment of non-linear systems. The use of a non-
matrix sertal integration technique provides substantial gains in
computer time and memorzty requirements, and thus permits analysis
of systems which contain a large number of degrees.of-freedom.

The three-dimensional model in divided into four parts: (1) the
floating shook platfor'm, (2) the shock fixture for decking simulation,
(3) the test specimen, a tied-down A4C aircraft, (4) an underwater
blast input, The analytic results of the model are compared to
actual test records,

INTRODUCTION required for definition and nou-linear complex-
ities, The basic scheme uses time domain

Ordinary and partial differential equations definitions.
which describe structural dynamic problems
have been solved numerically for some time by The method has been applied at NAEC to a
the use of digital computers. Matrix methods wide range of problems; i, a. beams, cable
and finite difference techniques have become dynamics, hydraulics, and heat transfer, To
standard in the repertoire of the dynamicist, establish validity, each physical problem
However, the treatment of structural disconti- modeled was compared with classic solutions
nuity phenomena (such as clearances), non- and actual end results where possible. Excel-
linearities, resonance, damping, wave travel lent agreement was obtained in each study, It
and reflections, has proven difficult with these was shown that continuous mass systems tould
methods, An accepted practice is to totally be discretely modeled to achieve practically
"lineariz',e" the structure to be analyzed and any degree of accuracy desired, Samples of
design the mathematical model for prujected these efforts are docuninted in Refs. [11, and
"worst case" conditions. [2], In these specific casus, the method utilizes

he ability of the high speed digital computer to
The lumped parameter, finite diffarence perform routine iterative calculationt, on the

teohnique refined by the Naval Air Engineering finite elements of which all complex structures
Center has been directed toward the understand- are made. All that is rv~uired of the analyst
ing, and incorporation of these physical phe- is to model the %ystem as a set of finite mass
nomena, This non-matrix method has evolved elements connected by springs and dampers,
as a deterministic procedure that mininizes Thus, theoe finite elements are dynamically
mathematie,- aud computing restraints, and coupled much that the response of nil these ele-
permits analysis of systems which arc imprac- ments is equivalent to the rerpotwe of the total
tical to solve by other methods because of a system under consideration,
prohibitive number of degrees-of-freedow
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This paper outlines in detail how the moth- overall problem is reduced to a finite sbt of al-
ad was employed in the mathematical modeling gebraic equations, although a large number of
of a complex three -dimensilonal structure sub- unknowns may be involved, The power of the
jected to a severe dynamic shock environment, digital computer to then perform the necessary

*The interpretation, definition and modeling of repetitive calculations at high speeds becomes
N/a typical floating shock platform, an A4C air- the answer to modern structural dynamnic

craft test specimen, and a complex shock analysis.
wave/gas globe loading function is derived step
by step to the final model. The resulting co- As a direct applicative example,

pute prgramis hendiscsse, ad th ara.- Timoshenko's theory of beamn bending supplies
lytic results and correlation presented, the following basic equations:

In order to demonstrate the capability of
the method in treating such at complex structure M ,' %I P , (iA)

as the floating shook platform, a particular ~
test series wus modieled, This wus a modified
MIL-6-90lC test of a tied-down A4C aircraft AG0conducted at the San Francisco Bay Naval Ship- *Aaa(-)(Byard, (SFBNBY) Hunters Point, California, InApril of 1g09. *~

During the course of the project several ''a t2 .(C
literature searches were made through the
Defense Documentation Center to research the U 0 A 114 (110)field of underwater explosions. Although many ox i
reports were ordered and carefully studied,
Cole's "Underwater Explosions" was used as The firyt two equations relate loading to
the primary source of phenomena definition, movement,w*EquatIon (iA) expresses the rela-
METrHODOLOGY tionship between internal bending moment (M)

and relative cross-sectional rotation (a 8 /a x).
The lumped parameter, finite difference Equation (tB) stipulates the relationship be-

method applied to the solution of the floating tweea the vertical shear force on a beam cross.
shock platform (PIP), is essentially an applica. section (F), and the shear angle (8 y/B x - 9)
tion of the same method rigorously developed in '

Refs (I nd ], Hwevr, ashor replewofrho latter two equations relate accelera-
the method, abstracted from these reports, tions to loading. Equation (.C)def~ivis the
with the addition of the specialized FIP re- effect of rotary inertia (p 18 /89 1ti) devel-
quiraments, is in order, oped by considering rotational motion of beami

elements during vibration, Equation (ID) con-
.1/Finite difference methods, like many au- siders translation motion of the beam elements,I, ~~~~~meric tecliniques used today' for the solution of om nsdrtnofig(1,heiie

structural dynamics problems, are not new.
Most of theme techniques and their propertis difference form of the equation set is
were derived, documented, and publish-ed
literally centuries ago. Leonhard Euler (1107-
1783) that prolific mathematician and physicist,
with his polygonal curve methods, was probably M1 * ) 41 .1 (1A)
the first to apply the concept of finite differ-
encea to the solution of differential equations, *
With the advent of the modern digital computer,
these methuds have been revived, refined and r,-& A 4V x FAX f4 'J1
become standlard tools for the analyst, L J

TChe method of finite differences io most
commo.-Aly used in solving the governing partial /
differential equations of boundary value prob- 6* ý_,_) M1 (IC').
lems, With this method the partial differential
equations are replaced by approximating differ-
ence equations, and the continuous region in (iV.1PAwhich the solution is desired, is replaced by a
set of discrete points, By this approach the
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Fig, I - Spring-mass model for Timomheoko Beam Equations

Equations (QA) and (IB) now form the static sum of the old velocity and the incremental
Met, and eqjuations (IC) and (1D) the dynamic net, change, The resulting iiew velocity in then
The inteigration scheme which is applied to each integrated tc incremental displacement by the
mass in the model, in readily programablo by the product of velocity and A t.
form is:

After the dynamic equation loop hus been
repeated for each mum in the model, the meth-
od proceede to the statit equation loop. For

time Unto. , At mix degrees.of.freedom the static met will con-
r * ( or.•a. 1,I 11.l,, tain twelve equations, corresponding to twelve
ACC I (mae or inortm) loads, six moments and six forces. Each

Dequation - -CC(Aincremental load Is calculated based on inore-s,,n, VIL1  I I mental displacements of adjoining muses and
AVINPI V5L. (at) the spring stiffness between them. The change

in load is then added to the load that existed at

lttC 6 LOAD- K ,ADt.MP1- &Dll,1.1 1 the end of the proceeding time increment, and
uetn O A ADthe new load is obtained. Again, the equationLOAD1  LOAO ,LOADI set is repeated for each mass in the model, At

the conclusion of the static equation loop all the
calculations for the time increment are com-
pleted. Time is then updated and the process

The dynamic and static program loops are repeated, until the• desired simulation time, or

typical of the ntet for each degree-of-freedom other criteria iM reached,
considered in a model. If all six degrees-of-
freedom are Included, then; six accelerations, With this method of integration it is not
three translational and three rotational, are necessary to iterate within the time increment,
calculated. This is done by a simple summa- 'This is because the load and motion equations
tion of forces or moments, divided by the mass are coupled and compensate for each other as
or mass momient of inertia, of the particular the problem solution proceeds from time
mass point under consideration, These accel- increment to time increment.
erations are then integrated to incremental
changes in translational or rotational velocity The method by itself is an entity in the
by the product of acceleration and A t, The respect that its application involves a continu-
new velocity for this increment becomes the ous region. ]But because the method may be
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readily inserted into a master logic flow, and The equipment to be tested is subjected to
phenomena observed during each time Snore- a standard series of underwater explosions
meet, the ability to handle structural corn- varying from light to severe intensity. After
plexities is practically unlimited. For example, each attack the platform is boarded and a dam.
whenever a discontinuity, such as a gap, or age inspection made of the test spacimen,
interaction with other structure due to physical
excursion, is encountered at a certain time or The basic structure of the platform is the
condition, the logic can be corrected, or re- type of double-bottom construction common to
directed to include the new phenomena. And to a surface ship hull. (Fig. 2) However, be-
delete it when it is no longer present. Also, cause of the allowable freedom in the design of
any type of spring may be easily incorporated the support structure and mountings for the
on a time increment basis, providing its gov- equipment to be tested, it is possible to simu-
erning function is lnown, laLe a wide range of ship locations, Shook

intensity is controlled by the sie of the explo.
it is these options and the serial integra- sive charge and standoff distance from the

tion scheme undertaken in the incremental time platform, (Fig. 3). A protective canopy is
analysis, probably more than anything else, used during most FSP tests to protect the
that make this method invaluable for the dy- equipment from the weather and explosion
namic analysis of complex structures, produced plume spray, (Fig, 2).

THE FLOATING SHOCK PLATFORM MODEL The idealimation of the platform as a
spring-mass system presented no especially

The floating shock platform (FSP) was difficult problems, Because of the flat, double
designed to realistically test heavyweight ship- bottom construction, the basic platform could
board equipment which has exceeded the capa- be considered as a series of parallel I-beamsbilities of the standard Navy shock machines. or a series of parallel box beams joined along
[Ref. 5] their length, (Fig, 4), The I-beam analogy

CANY I A OPY
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WORK I M IS

$PACK I \ l B OTTO
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Fig, 2 - Floating shock test platform
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was decided upon because its definition provided typical FSP mass, The double subscripts K, I,
mass points on the webs of the beams, The refer to beam number (K), and beam mass (I).'
standard properties of the I-beams determined There are three compression/tension springs
by this philosophy were then calculated for the and three rotational springs between each pair
model, with the exception of the torsional of masses, although for ease of viewing they
rigidity. For this value the torsional rigidity are not duplicated.
of the box beam was used to more accurately
define the inherent stiffness of the platforrn, The coupling of the parallel I-beams along
The athwartships members were reprenented the top and bottom flanges required the mutual
by consid•ring the local increases in mass and transmission of three moments and three
stiffness of the beams, Accordingly, five par- forces between corresponding beam masses,
allel beams were defined for the FSP model; A more detailed explanation of the finite
three identical central beams, and two reversed difference equation set used for the basic FSP
identical end beams, model is given in the appendix,

The finite difference beam equations re- The dx or axial spacing of the masses
fered to in Ref, [2) were expanded for the plat- along the beams was determined by two con-
form model to include shear and moment in two siderations, First, the number of masses
perpendicular directions, torsion, tension and necessary to accurately depict the possible
compression, and the effect due to shear center beam motions, And second, the pr'ovision of
offset. These expansions resulted in governing dynamic loading points which are formed by
beam equations with six degrees-of-freedom, the perpendicular projections of the mass
Fig, 5 shows a spring-mass diagram of a points to the outside edges of the platform
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bottom and side hull plating. Thirty masses The modeling scheme used for the shoak
per beam, 11. 0 inches apart, was the final fixture wac essentially the same as that for the
spacing chosen for the model, floating shock platform (Fig. 6). The fixture

was divided into four parallel I-beams joined
A total of 150 mass points (5 beams with along their entire length at the top flange only.

30 masses per beam) is then arrived at for the A d x axial mass spacing, of 12 in. was decided
basic FSP model. With six degrees-of- upon for the shock fixture beams, yielding a
freedom per mass, a 900 degree-of-freedom total of 20 masses per beam. Basically the
system is described, name beam coupling equations that were used

for the platform were also used for the shock
When the A4C FSP test series was con- fixture. Slight variances are realized due to

ducted at SFI3NSY the protective canopy was the differences in cross-sectional geometry
not used because of the protruding wing span between the platform and shock fixture beams,
(the A4C, unlike other naval aircraft, has no As in the platform model, the entire six
wing folds). And of course, the A4C test simu- degrees-of-freedom are allowed for all beam
lations computed for this analysis do not in- masses in the fixture.
elude the canopy and its effects. Although, to
provide for the simulation of tests which would For the end supports of the fixture beams,
employ the canopy, a simplified canopy model only vertical degrees-of-freedom were inlud-
was constructed to supplement the FSP model. ed in the model. A stress analysis of the
For this model, 66 masses were distribrted supports to determine spring rates had shown
about t63 perimeter of the FSP. These masses the contribution of the other components to be
were connected to the side and end bulwarks negligible. The additional mass of the supports
with bi-iinear springs to represer.t the ditfer- was added to the platform connection masses.
ence between the tensile and compressive
forces exerted on the platform, THE AIRCRAFT MODEL

The selection of the numbnr and configu- The A4C aircrafl which was shook tested
ration of elements to define any given system on the FSP, was a full scale, flyable aircraft.
is determined by many considerations. Two It was seoured to the shock fixture deck with a
of the more important factors are accuracy normal weather tie-down configuration, repre-
definition and required frequency. Detailhd sentative of standard flight and hangar dech
discussions of these considerations are stowage (Fig. 7). ihe fuel tanks were filled to
presented in Ref. [2], whi,.h demonstrates bring the gross weight of the aircraft to ap-
that perturbation transmittal aid reflection proximately 18, 000 lbs. and the landing gear
time are controlled by both th,. .pacing and and tires were serviced for carrier flight
the number of elements. The total number of operation [Ref. 3].
elements and configuration selected for the
FSP application was arrived at (for initial mod- The objectives of the test series performed
cling) by consideration of the above factors, were "To evaluate the effects on aircraft tie-
The good correlation achieved with the raw test downs due to undex,,Pater shock, and also the
results available indicated that the chosen ele- interaction effects between tied down aircraft
ment configuration was adequate, and simulated carrier (CVA) decks".

THE SHOCK FIXTURE MODEL Because the resultant loads and motions of
the aircraft model would become the main basis

If a piece of equipment is to be tested in for comparison with the physical FSP test
the floating shock platform which has a normal records, a groat deal of effort was put into the
shipboard location other than the inner bottom small but sophisticated aircraft model, The
le-,el, a special mounting fixture is employed shook test reports, detailed drawings of the
to simulate the intervening structure and its test arrangements, and high speed motion
shock attenuation characteristics. picture films of the tests, were all carefully

studied.
During the A4C aircraft shock test series a

shock fixture designed for the FSP testing of Although the aircraft model was derived
flight and hangai deck equipment was used for a spec.fic aircraft and test series, it is
(Fig. 6). In general the fixture may be classi- completely general in nature. Floating shock
flied as four parallel beamsi joined along their platform tests of any naval aircraft may be
lengths at the top flanges and mounted on simulated by simple changes of the required
simple end supports. input data.

149



EQUIPMENT TEST DECK
END SUPPORT

"="-BASIC FSP DECK

SHOCK FIXTURE SIDE VIEW

"-',BASIC FSP DECK

SHOCK FIXTURE CENTER END VIEW

BASIC FSP DECK
PARALLEL BEAM REPRESENTATION

Fig. 6 - Shock fixture model

Four masses were used to model the air- Tie-down chains are defined as linear
craft, Each landing gear of the aircraft was springs with a finite breaking strength, If a
modeled as one mass, and a fourth was located load is calculated which exceeds the breaking
at the center of gravity. Only vertical degrees- strength, that chain is effectively "removed"
of-freedom were assigned to the gear masses, from the model. Each chain is defined by its
while the C. G. mass has vertical, pitch, and aircraft attachment point, the horizontal
roll degrees-of-freedom. component of its length, and the plane angle

to the deck anchor point. Double chains are
The aircraft tires were modeled as non- formed by the input of two single chains with

liaear springs Ly incorporation of available the same identification coordinates. Only the
load versus stroke curves. Tire damping was vertical components of the chain loads are used
generated by the product of a variable tire in determining the aircraft and wheel dynamics,
damping coefficient and the square of the wheel The nontribution of the horizontal component is
vertical velocity, ignored.

The aircraft landing gears were modeled as Fig, 7 shows a general view of the tie-
the tires, with the additional consideration of down configuration used for the A4C test
packing friction, simulations. Two double chains are attached
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Fig. 7 - Aircraft shock model tie-down configuration

to the upper part of the nose gear. A double (FRL) and the ground (not the deck, which canchain is also used for each upper main gear. also pitch), and is positive nose up.
Two single chains are attached to each lower
main gear, and one to each wing tie-down point. Figure 9 shows a front view of the Aircraft

Roll Model. Again, all gear and tire springsThe model also includes wing flexibility, are assumed to be vertical and only the verticalFor the A4C test simulations, this data was components of the chain springs are considered.

provided by the McDonnel-Douglas Corporadon, Also, as in the pitch model, the lower main
gear chain springs do not directly influence the

Figure 8 shows a starboard view of Lhe roll motion of the aircraft,
aircraft pitch model. All gear and tir springs
are assumed to be vertical at all times, and as The aircraft roll angle is computed dynam-
has been noted, only the vertical components of ically from thle roll moment balance and is
the chain springs are considered. The nose defined as the angle between the wing line and
gear chains are attached to the upper portio, of the ground. Roll angles are rieflne. positive
the nose gear and do not directly influence the starboard wing down.
motion of the nose gear mass, The upper main
gear chains are similarly attached to thl upper THE UNDEI{WATFR EXPLOSION/
portion of the main gear and do not directly HYDRODYNAMIC MODEL
influence the motion of the main gear manses,
The lower main gear chains, however, are To provide the dynamic Input necessary for
attached in the vicinity of the main gear axle, the response simulation of an FSP test, a semi-
and as such are included in the force balance empirical model of an underwater explosion
equations about the main gears, but are not and the resulting hydrodynamic forces was
included in vertical force or pitching moment constructed.
equations about the aircraft C. G. The aircraft
pitch angle is computed dynamically from the The mechanism of an underwater explo-
pitch moment balance and Is defined as thu sion and the phenomena produced is well under-
angle 'etween the Fuselage Reference Line stood and thoroughly documented. Probably the

151



LINC

MAINNOS
MbAINWIIG 1RN

SPRINGS WN HI(4)- CHAIN SPRINGS

MAIN (2
GEAR GA

LOWL ASCR.MS
CHAIN _
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Fig. 9 - Aircraft roll model (Front View)
most incluaiv eworkon the subject is R H, Cole' s problem. There are other phenomena which"Underwater Explosions". Iftef, 41, although may take place depending, i.e., upon different

papo topreentanohertretis onwidrwatr Hwovr, or bitess, nlytheshock wave,

and scnvesi utonlof thsoli menplonbiveflyatoal the Fpuiscaused, bygrtheg gshgok , wavdte.Frosimoto angst pentrmely whigh tnlemperature and funtery fecsol they geonkrave, neder e of onteet
presur, te eisionof step rotedshok sdeed aShc motW a maetveseqimetwlavadThe s equnerfeet formatoniof a n b ubbler- ocrwti 0mliecnsfo S mig.gase gxlobe on Thigs glbrefy then expanedetoatid Thent ringtistiandmes peioden th sone ofi

contracts several times emitting further responding solely tc the shockwave,Pressure Pulses following -Lne shock wave.
Migration of the gas globe usually takes place ilef. [41 includes the analysis of an itifi-during this phase which further complicates the iiite, f roe, air-backed plate impingod upon
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normally by a shock wave. This analysis was Po and 0 are related to the charge weight-W
adopted in general theory and the aspect of non.- (in lbs. of tnt) and the distance from the charge
normal impingement added to it. Fig. 10 shows center-R ( in feet) by the following empirical
a plate section being struck by a shock wave at formulae:
an angle 8 with the normal. Assuming the
angle of incidence will equal the angle of re- 1,' 21,300. [A /3 1.13
flection, and applying the principle of continuity 0it * '3PI (1, 71)
of flow, the incident water particle vertical
velocity is equated to the sum of reflected
water particle vertical velocity and the plating 1/3 .22
vertical velocity so that: a .. 058w 1 /3 [WfI , hi1itec (1.72)

V, eras - v cog b VpL (1,1)
All these functions have been validated many

From the theory of propagation of waves in an times by independent experiments. Substituting
ideal fluid, water particle velocity may be equation (1.6) into equation (1.5)
expressed by:

PVT ý 2 ' / . v PL
vwI, • (. 2)c• "-•(i, 8)

V11) PC(1.2)

where; In dvlPL T

P is overpreesure and,

p is density

and, c is propagation volocIty 2 dvL 2 ' L 'PcVLl (i, 81)

rewriting equation (1.1),
A linear, ordinary differential equation of first

SIb"im V I'L order is derived for plate motion. Applying the
PC PC (I. l1) method of integrating factors the solution for

plate vertical velocity is:

Tho total force PT acting on a unit area of
plating is equal to: VPL e , 1 .ta. (1.82)

a (ic~um -1F

P T ,, l (1.4) And the pressure acting on the same unit area of

plate is:
PT 21 31)i -o v

The relationship, P b()"t/8 .-(a), Use (1,83)

1, P. (1. (1) In the early stages of the FSP project, the

general equation (1.83) was applied individually
Is an empirical formula which may be used to to each wetted plating mass point in relation-
describe the pressure decay, at a point in the ship to time of shock wave impingement, form-
medium, from the initial shock wave peak ing a family of particular equations of form
pressure. (1.83) as the shock wave loading function. How.

ever, the FSP response calculated from the
Where, application of this loading function seemed

P is pressure excessive, This was attributed to the fact that
the infinite free plate analysis, from which

Po is shock wave peak pressure equation (1.83) was derived, assumed no occur-

and, 6 is the time for the pressure to rence, transmission, or reflection of internal
decay to a value of Po/e elastic waves in the plate. To include these
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VPL migrates to the surface. Several expansionand contraction cycles take place before the gas

globe reaches the surface and vents.

AIR As a first attempt at including this
phenomena in the explosion model, the hydro-
dynamic equations, which predict the pressure
pulsations caused by the cycles, were extracted
i, -,r Ref. [4l . These equations were re-

___........___...... _.__........ written in finite difference form, coded in for-
/OF tran, and computed as a separate program.

PA S To evaluate the new equation forms, and theprogram logic, the results were compared with

WATER values listed In Pef. [41 and found to be
identical.

To date, time has not permitted the addi-
VR tion of this subprogram to the main logic of

the FSP program, For this reason, the equa-
tions, and their development, are not shown
here.

Fig. 10 - Shock wave/lrlating interaction model Water Resistance

effects, which are provided by the finite differ- Water resistance to platform horizontal
ence models of the FSP and shock fixture, motion, opposite the shot side is provided by a
equation (1.8) was employed as a time incre- Bernoulli type equation of the form:
ment, corrective input. This type of loadingSfunction, on the same per mass, impingement Va2
time basis, includes the mass point vertical
velocity, Jf any, caused by the elastic waves
traveling through the structure. With this ap- where,
proach, the influence of FSP elasticity mitigat-
ing the impinging shock wave was taken into P is pronur~o
account. Results from this analysis showed

significant reductions in impingement pressure, ind, V is velocity
particularly at the FSP center bottom plating
where reductions of up to 30% were observed, this variable force is also computed on a per
Accordingly, comparison with the test records mass basis, and applied to the platform side orshowed increased agreement, end plating accordingly.

Equation (1.8) indicates that the pressure RESULTSon the FSP plating can drop to zero. If this
occurs, cavitation takes place, the plating The computer program which resulted
separates from the water, and the shock-wave- from the project was written i straightforward
plating interaction is terminated. The suction fortran. It is over two thousand statements inw

force on the FSP that cavitation produces is len It is or two thosand sted in
treated in the model by consideration of each length, And for that reason it Is not listed in
bottom plating mass. The vertical displacement this paper,
of the individual mass is followed. If a positive The program was computed on a Univac
value is sensed, a suction force created by the 1108, although it is readily transferable to any
difference between atmospheric and bulk cavita - computer of comparable core size, Execution
tion pressure is applied to that masspoint. A time for a 50ma, simulation with the total
bulk cavitation pressure of 4 psi, that of sea- 1386 degree-of-freedom model was approx-
water, was used. imately 280 cpu seconds, For longer simula-
The Gas Globe tions the same general ratio will apply.

The gas globe formed by the detonated Whenever the program is run for an FSP
charge during a standard 901C FSP test, 901C toot simulation, only charge standoff and
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the selection of side or end shot, is specified. Fig. (13) shows the calculated vertical
No other changes are required. velocity of the shock, fixture for a 40 ft. stand-

nff test simulation. The predominant frequency
Comparison of analytic results with the response of the fixture is seen to be about 35Hz.

published test data has shown good agreement. This frequency is in agreement with the funda-
Fig. (11) and Fig. (12) depict thu cah'ulated mental natural frequency of 33Hz published in
values of FSP inner bottom vertical velocity Ref. [31
versus the velocity meter instrumentation out-
put, for 40 ft. and 50 ft. standoffs. Although The strong correlation noted between the
the velocity meter traces are uncorrected for computed and test results for both the 40 and
inherent instrument errors, the strong corre- 50 ft. standoff cases, gave confidence to the
lation is readily apparent, analytical approach and simulation model,

100 ANALYTIC

0

-100

IPS

100 TEST

0

-100 I L I
.01 .02 .03 .04 .05 .06

SECONDS

Fig. i - 40 ft. standoff F.S.P. test of A-4C A/C
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Fig. 12 5 0 ft. standoff F. S. P. test of A-4C A/C

This confidence provided encouragement to main gear. This load history could then be
apply the analytic model to an. untested caue. applied to a more sophisticated mathematical
Thus an untested 20 ft. standoff case was model of the gear,
simulated. 

An interesting phenomena observed in the
An examination of the data from this run cases computed to the mitigating effect of plat-

in the 0 to, 60 millisecond range reveals high form elasticity and motion upon the shock wave
dynamic loads for the aircraft main gear, inpingement function.
Although the results show bottoming of the
gear and possible damage, the aircraft model The inclusion of bottom plating vertical
may be lacking in sophistication to predict velocity on a per mass, iterative basis in the
such a failure. A more realistic approach to impingement function precipitates significant
the determination of failure or non-.failure in reductions in the initial pressure applied to the
this instance would be to rerun the case, and center platform masses over the pressure pro-
print out the shook fixture motions loading the dieted by formula (1,.83).
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Fig. 13 40 ft. standoff F. S, P. test of A-4C A/C

Compression waves from narlier shock platform test can be modeled to predict the
wave impingements, travelling through the total dynamic response.
steel structure of the platform are rerponoible
for the imparting of motion to the individual Although the results of the analysis are nu-
masses before they themselves are struck by merous, two factors were found to be of major
the shock wave. importance in achieving the correct response

of the platform to blast loading; they are:
There are, or course, numerous results

from the program output. TnoE.e selected for 1. The large, sophisticated model was
inclusion in this paper were a representative necessary because the total elasticity of the
cross section. platform must be accounted for to obtain the

sum affect of Internal stress waves in creating
SUMMARY AND CONCLUSIONS perturbation,

Viewing the entire project in retrospect, 2. In order to obtain the correct shock
and the paths which led to the final model, the wave loading function, the mitigating effect of
authors feel it is reasonable to state; that with the calculated platform vertical velocity must
the finite differoeice method, a floating shock be included on a per mass basis,
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APPENDIX

Tre following is the equation set for the six degree-of-

freedom parallel beams described in the floating shock
platform section. The Equtions are derived for the
typical K, I m~ass model depicted in Fig, (5),
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DEFINITION OF SYMBOLS FOR EQUATIONS OF THE K, I MASS

XK, is the acceleration in the X direction of the I mass in the K beam

YK,I is the acceleration in the Y direction of the I mass in the K beam

Z is the acceleration in the Z direction of the I mass in the K beam
K,! is the acceleration in the a direction of the I mass in the K beam

aIKis the acceleration in the a direction of the I mass in the K beam

•, I is the acceleration in the 0 direction of the I mass in the K beamn

1C' is the acceleration in tlhe 71direction of the I masin the K beam I

FBXK, is the force In the X direction between K, I and K - 1,1

FBYK, I Is the force in the Y direction between K, I and K + 1,1

FBKI is the force in the Z direction between K, I and K I, I
ABXK I is the mome ao the X axio between K, I and K + 1,1

AMBXK, I is the moment about the X axis between K, I and K + II

AMBZKX, I is the moment about tlhe Z axis between K, I and K ý 1,1I!

FX , I is the force in the X direction between K, I and K, I I 1I
FYK, I is the force in the Y direction between K, I and K, I 1

FZ is the force in the Z direction between K, I and K, I + I

AMXK01 is the moment about the X axis between K, I and K, 1 1

AMY K, I is tie moment about the Y axis between K, I and K, I + I

AMZK, I Is the moment about the Z axis between K, I and K, I + 1

SCXK, I is the spring constant in the X direction

SCYK, I is the spring constant in the Y direction

SCZK, I is the spring constant in the Z direction

SCa K, I is the spring constant in tle a direction

SCQ K, T is the spring constant In the a direction

SI is the "prinj constant in the I direction
SC"K, Iis the sprini constant in the y direction
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DEFINITION OF SYMBOLS, Cont'd.

SCBXK, I is the spring constant between beams in the X direction

SCBYK, I W the spring constant between beams in tie Y direction

SCBZK, I is the spring constant between beams in the Z direction

SCB a K, I is the spring constant between beams in the Zl direction

SCBRK, I is the spring constant between beams in the ) direction

SCB • K, I is the spring constant between beams in the y' direction

MK, I is the mass

MIXK, I is the mass moment of inertia about the X axis

MIY , I is the mass moment of inertia about the Y axis

MIZK' I is the mass moment of inertia about the Z axis

FWYK, I is the water force in the Y direction

ALB is the distance between the CG's of adjacent beams

AL is the distance between masses on the same beam

EZ is the shear center offset in the Y direction

DEFINITIONS OF CONSTANTS

M (p) (AL) (A) SCZ AG
AL

MIX = pAL I, .2 A] .c_ 
- KG

MIY pAL [Iy.,-+ )2A] SC/ = (IY) E/A L

MiZ = A 2 SCY = (IZ) E/AL

SCB3X - aAG/ALB
AE

sX -SC13Y 
= a AG/ALB

SCY C--AG SCBZ AH/ALB
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DEFPINITIONS OF CONSTANTS, Cont'd.

SCB a u(IX)E/AL SCBY KG/L

EQUATION SET FOR A K, I BEAM MASS

EQUATION

A1 PXK I (SCx) (6XK, 14 1 '6XIC.1)

#2. &FY XJ1 - (SCY) (46yKI+1 t6yK,I+(iAY 141+IA Kl (AL

#3. AFZK, - (scz) ('AzK ., ~~K!+1~/KI(L) + (EZ)

#4. A 4MZKI 1- (SC)(t&1 . )

#5. 6AAMYI - (8Co) (Ap3;. 4 83 K,1+ 1)

6. AAMXK, I - (SCry) (I& YK, I AYK, + 1)

#7, 6 FZZ, u (SCVZ)(Z ,IZK)

#9 AB~K, I - S~)(AXK+ .1,1 -A ZK,(l 3 +,+AKI A~)

#. AM1X, -B (SCBa) (A +1 1~a -A YK I+

#10. &AMBXK, (SC~a) (eI-L 3 
.11

#11. &AMBYx, (SCBY8)
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EQUATIONEQUATION SET - Cont'd.j

#1.(FBXKI -FBXK..1, 1 ' FXIFK, I-1 I /in

y FiAWY + FBYKI- FBY + FT -

#15 K, (z, 1 -FK, I i FBZ 1,I 1 B K.iI) /m 1-1)/

" K, I (F (ABKI -FI~ADX + (FBZ KiI FBK,)BPA XK

I~~~~K I K-(,I (1, 1FK1  ) nK,))M

#16 j~c AMBYK. , 1 - AMB (KII + AMYK ALB + AMY,-(F XK-,

AMXj , I (Fz X) FZK,.)~ )/~'

#1.(AMBZY, AMBZKP+ AMYK~ AMZK,I-(Kx1+ K)+

(I)) + z+F 1L)/l
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F.XCITATION, RESPONSE , AND FATIGUE LIFE ESTIMATION

FOR STRUCTURAL DESIGN OF EXTERNALLY BLOWN FLAPS

Eric E. Ungar
Bolt Beranek and Newman Inc.

Cambridge, Massdchusetts

Relations are presented for prediction of the fluctuating pressure
spectra experienced by flaps exposed to fan-jet engine exhausts
and for estimation of the resulting maximum stresses induced in
skin-stringer and in honeycomb-core sandwich flaps. These stress
estimates are combined with expressions representing fatigue data,
to obtain relations between fatigue life and the important struc-
tural and engine exhaust parameters and to suggest structural de-
sign approaches.

INTRODUCTION Because the flaps of EBF aircraft

are exposed to the direct impingement of
Short take-off and landing (STOL) te enigine exhaust streams, the effects

aircraft concepts have been attracting of the associated fluctuating pressures
much attention in the past several years, must be taken into account in the design
because of their potential operational oF the flap st ructures, It is the pur.-
advantages over more conventional air- nose of this paper to summarize means
craft. Of the several STOL configure- for estimating the "sonic" fatigue life
tions that have been given very serious of such structures, to display relations
consideration,' those incorporating "ex- that indicate the effects of the impor-
ternally blown" flaps (eag., see Fig. 1) tent structural and engine exhaust para-
have recently found increasing favor, meters, and to suggest structural design
and EBF aircraft technology currently anproaches. This paper in e.•nce is a
is the subject of extensive study and condensed version of the prim, -y part of
evaluation. Ref. [1] It has been prepared inorder to

make the salient information of that pub-
lication more readily and more widely
available,

FLUCTUATING PRESSURES ON EBF SURFACES

Jet Configuration

Velocity profiles (eg., as appear
in Ref, [21) indicate that at several
core-nozzle diameters aft of the nozzle
exit plane, the flow field produced by
fan-jet engines is dominated by that due
to the core jet. It is reasonable there.
fore to estimate the fluctuating pres-
sures produced by the exhaust from a
fan-jet engine on the basis of the pres-
sures associated with the core Jet, and

Fig. 1. Externally-Blown-Flap STOL to make use of the extensive Information
Airplane (from Ref. 1) available concerning ideal cir'.ular jets.
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The configquration of an ideal cir- MIXING REGION
cular jet, as sketched In Fig. 2, shows POTENTIAL CORE
a converging conical "potential flow re- P_ C

qion", surrounded by a diverging conical
"mixing region". The total angle 2a a r Iisbtwe 25 an 0dere t]
subtended by the Jet boundary typically - !A
is between 25 and 30 degrees [3]. The Dc- .. .. .

length of the potential core is given
[4] by

Xc A 3.45 D(1 +0.38 M)2  (1)

%,here D denotes the diameter of the
(engine core) noý:zle and M represents X
the ftach number of the exhaust stream.

Velocity Fluctuations in Jets Fig. 2. Configuration of Ideal Jet

For estimation purposes it is also
convenient to assume that the velocity
fluctuations tnat are present in the .1o
jet in absence of tn inserted flap are
not altered .iubstantially in the pres,
ence of the flat), and one may then in- ----

terpret available velocity fluctuation
data in terms of the pressure fluctua- oo,
tion information one requires. Figure
3 indicates how the axial turbulence -OO -

intensity

I (2) :.0,. - -

varies along the axis of a jet, and Fig. -, - I
4 shows how this intensity varies along
the radial coordinate. Here U0 repre- AXIALDISTANCE(XID)
sents the Jet exit velocity (which, for
a fan-jet engine is taken to be the core
engine exit velocity) and 7 denotes the Fig. 3. Variation of Axial Turbulence
mean-square nxial fluctuating velocity. Intensity Along Jet Axis (from

As is evident from Fig. 3, the in- Ref. 5)
tensity I on the Jet axis is at approxi-
mately its maximum value of 0.11 at
X/D 10. Figure 4 shows that for X/D18,
I does not exceed approximately 0.12.
From exa.mination of the peak values of
Fig. 4 one may determine, in fact, that ,,1--
for X/D >9, the maximum value of I obeys 0,,0

Iax 0.165 - 0.0044 X/D (3) Ds - -

and occurs at a radial noordinate rpe D 2
gtven by

"" 0,15 U . 1.0 (4') 0.4 0., U 1 .4 R. O 0,4

u AXIAL DISTANCE FROM ,JET CENTCRLINE r/D

Thus, for the regions of interest with
respect to blown flaps, I o 0.12 may be
expected to represent an upper bound Fig. 4. Variation of Axial Turbulence
suitable for conservative design pur- Intensity with Distance from
poses. Jot Centerline (from Ref. 5)
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Pressure Fluctuations on Flap Surfaces the correlation length, and is given by

Novm.ll impinrjng ets. - For flap L u 0.025 X . (10)
surfaces or wh ch tie-Jjt flow impinges
essentially normally, one may take the Near.ptanentiaglgl impinn et..
momentum flux in the flow to be annihi- For flap surfaces along whfc-o enj-ine
lated at the structural surface. With exhaust flows essentially tangentially,
this assumption. the mean-square fluctu- the assumption of momentum flux annihi-
ating pressure p, is found to be related lation would tend to overestimate the
to the mean-square fluctuating velocity mean-square fluctuating pressure. From
t-' as Figs. 5 and 6, which show how

varies in the stream-wise and cross-wise
p-' -4 (5) directions along a palate inclined at var-

U ( Cious annjes to an impinging let, one finds

where p denotes the local fluid density that W'y/q does not exceed 0.1 for XiD >g
and U the local mean velocity. For most and for anoles between the plate surface"
locations of interest for EBF's, the lo- face and flow-normal greater than 30*.
cal velocity U is nearly equal to the This value of 0,1 is iderably smaller
exit velocity Uo and the local gas den- than the value of 41
sity p differs ?ittle from the density t4 "! vz 4 (0,12

0.48 one obtains from Eq. (5) for a nor-po at the exit. With these assumptions

one obtains the above indicated equality, mally impinqing jet with the near-maximum
where turbulence intensity I -0.12.

q • oU (i .1 .2 1 2(

renresents the dynamic pressure at the .1- -

exit. b.

The frequency-spectral density epiw). ,X
of the fluctuating pressure is shown in Do
Ref. Ul) to he of the same form as that .04
of the fluctuating velocity component,
and to obey*

- T /-_ NOTE' IF MOMENTUM
I(w) s(f) pa f FLUX ANNIHILATION

p W p HOLDS (SEE P 571,
TaE THN THE TUBII0LENCE

f INTENSITY OBEYS

where Tf represents a typical time scale 1
(or inverse frequency) of the pressure
or velocity fluctuations and obeys Fig. 5. Variation of Surface Pressure

Tz 0,1 , (8) Fluctuation on a Flat Plate
Tf X/U0  due to Jet Impingement with

Location, at X/D -7 and Sev-
and where w denotes the radian frequency. eral Angles of Inclination

(from Ref. 6)
From Appendix A of Ref. [1] one also

finds that the pressure cross-correlation A/r
function 4 C(S.T) for two points on the .,0 Vq 01• A

Pi f P2 .141 06-q',a
flap surface near the jet axis separated ." 1.
by a distance s obeys .. I ........

.0.p,(s-) .......- ISp=( ,•) " • e~slL e Il /Tf , g ,, .. , •/ . . . . . . . . . . . -

NOTE: IF MOMENTUM FLUX ANNIHILATION
where L denotes a length scale, called -- HOLDS IE BP?),THEA THE TU•N ICk

' .01 0.0--,.V' INTCNU T11CY N "rZY _' P I/ , 4 7/1

*The spectral density Go(w) represents Fig. 6. Variation of Surface Pressure
the mean-square pressure per rad/sec, Fluctuation on a Flat Plate
whereas the spectral density 0 (f), ex- due to Normal Jet Impingement
Dressed in cyclic rather than Vadian (00-0) with X/0, at Several
frequency, represents the mean-square Locations along Plate (from
pressure per Hertz. Ref. 6)
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The frequency-spectral density n (w) in general to survive the tangential in-
of the fluctuating pressures assoctatld cidence pressures for a longer period.
with nearly tangential flows may again be
approximated by Eqs. (7) and (8). The Pressure spectrum (spectral density).
pressure cross-correlation function here - The frequency spectral dens'ty 9o 1
is more camnlex, however, beinq charac- the fluctuating pressures, for both the
ternzed (see Appendix A of Ref. [1]) by normal and tanqential incidence cases, as
different correlation lengths (or "eddy has been stated, is given by Eqs. (7) and
decay scales") Lx and Ly in the stream- (8). The mdximum value of the spectral
wise and transverse directions, with de sity, which value is obtained for

13.5 V (11) Tft1) << 1, obeys

L Y 2,0 V c//w Omax(f) • 2Tf - ._-.2X

whe4re ) 0.0115 XP2 U3 
, (15)

c 0.45 Uo (12)0

where the last expression has been ob-
represents the convection velocity of the tained by substitution of Eq. (13).fl ow.

Design Pressure Spectra For high frequencies, on the other
hand, - that Is, for Tfw >> 1, - Eqs. (7),

Maximum mean-square pressure.- Al- and 3) yield

though one may use data shown in Figs. U
3-6, together with the previously given 0
equations, to estimate th e fluctuatin Oh aqT 2 020
pressure that occurs at any specific lo- 2nrTff2  0,2m

2Xf2
cation, one usually need not consider all
this detail for desian purposes. By in- Po 01
spection of Figs. 3 and 4 one finds that 0.029 0 ,for R <X/D.420, corresponding to typical Xf 2

locations where EBF surfaces may be ex-
oocted to be placed normal to the flow, where f w/2n denotes the cyclic fre-
the turbulence intensity does not exceed quency.
0.12. Since one also may note that in
the hirh-turbulonce region, i.e, for
r/l.:s.1, the turbulence intensity tie- FATIGUE LIFE OF SKIN-STRINGER STRUCTURES
creases slowly with X/D, approximately
1accordinp to Eq. (3), one may choose Overview of Estimation Approach
I- 0.12 for general conservative design
purnoses. Conventional aircraft structures

consist of skins, reinforced by string-
With this value of I, Eqs, (5) and ers, frames, and bulkheads (Fig, 7).

(6) reduce to Fluctuating pressures acting on the
skins tend to induce complex vibratory

p2 • (0.24 poUo) 2 ; (13) deflections in the entire assembly, re-
0 0sultinq in associated stresses, which -

this then may be used to estimate the in turn - lead to structural fatigue,

pressure on surfaces on which a Jet im-
pinqes normally. N S

From Figjs, 5 and 6 one may slimi- bs
larly deduce that for surfaces on which
jets impinge more nearly tangentially,

so that for conservative
estimation purposes one may take

F - (0,12 q)2  _ (0.06 0 U 0)1. (14) f

Clearly, the assumption of normal ,-,'FRAMES

incidence leads to mean-square pressures
that are higher by a factor of 16 than
the pressures one obtain:; for more tan-
gential incidence, and structures that Fig. 7. Typical Bay of Skin-Stringer
can withstand the normal incidence pres- Structure, and Typical Stringer
sures for a given period may be expected Cross-Section
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Because of the complexities of the It is shown in Ref. [7) that if the fore-
excitations and responses, currently going conditions hold, then the root-
available "sonic fatigue" design methods* mean-square stress o induced at a given
are based on analyses developed on the location in a structure (or panel) by a
basis of simplifying assumptions, coupled random pressure field may be expressed
with empirically derived relations. These in terms of the stress Co induced at
analyses in essence focus on one bay (i.e., that same location by a uniformly dis-
one skin panel) at a time, ignore the tributed static pressure of unit magni-
complex spatial and temporal distribution tude as
of the exciting pressure by assuming the
pressure always to be completely in phase
over the entire panel, and compute the f - fn fnp(f )o 0 (17)
mean-square displacement response of the
panel (mode by mode) to this spatially Here n represents the structural loss
uniform but time-wise random pressure, factor (of the dominant mode at its re-
They then calculate the maximum stresses sonance) fn denotes the (cyclic) reso-
from the panel modal displacements, andfinaly rlat thee clcultedstreses nance frequency of the dominant mode,
finally melate these calculated stresses and Op(fn) represents the spectral den-to experimentally measured stresses and sayo h xiin rsuea h
fatigue data. sity of the exciting pressure at the

frequency fn.

In dealing with the panel responses
and stresses, the reinforcing structures Resonance frequencies of flat tec-
(i.e., stringers and frames) are consid- tonular panels. -A method for deter-
ered essentially only as boundary condi- mining e natural frequencies of multi-
tions. They are in effect assumed to bay systems, taking into account the
deflect very little - an assumption that flexural and torsional stiffnesses of

Is likely to be well Justified In many the various stringers, is presented in
pra ctical cases, Once the panel motions Ref. [8]. An alternate method, appli-
have been determined, the sonic fatigue cable to structures with many equl-

analysis method proceeds to determine spaced identical stringers between

the stresses induced in the stringers as flexurally stiff frames, is summarized
the result of the loads imposed on them, in Ref. [q]. These methods, however,

by the vibrating panels, and it then are relatively complex, - perhaps too

compares these calculated stresses with complex for preliminary design purposes.

experimental stress and fatigue data. It is likely also that they give results
whose precision is much greater than

Skin necessary, in view of the considerable
uncertainty in (1) the estimated pres-

Relation between dynamic and static sure spectra, (2) the validity in any
stress. -In Ref. 7j analysis o'f t practical case of the assumptions in.

Fresponse of elastic structures to random valved in the development of Eq. (17),
pressure fields is discussed in general and (3) the boundary conditions opera-
terms, and simplified results are prt- tive in practical structures. Further-sented for the case whereu more, fatigue data have been accumulated
seonly for the lowest modes, so that ap.

(1) One mode predominates in the fre- plication of this data to fatigue pre-
quency range of interest, diction for any given structure of a ma-

"(2) The excitation pressure is in terial or configuration different from
phase over the entire structure those for which data is available or iur
of interest. higher modes is likely to introduce

(3) The spectrum of the excitation greater errors than those due to the use
does not change rapidly in the of simoler, less precise, resonance fre-
vicinity of the resonance fre- quency estimates.
quency of the dominant mode.

Many measurements of the random re-
sponses of panels (e.g., Refs. [7], [10..
13]) have shown these responses to be

*Although these methods were devel- dominated by the fundamental panel mode.
oped to cope with the problem of fatigue Data on realistic aircraft structures
induced by acoustic excitation, they may (e , Refs r14,l5]) and related analy-
be expected also to be applicable (at ss (summarized in Ref. [9)) have indi-
least approximately) in many other cases cated that the responses of skin-
of fluctuating-pressure excitation, in- stringer configurations generallyt are
cludinq generally that due to impinging
lets and tangential flows. In all cases,
of course, the quality of the estimate tHowever, some data are avalilable
depends on how well the actual situation [Refs. 16,17) which show that the fun-
matches the various underlying assump- damental panel mode response does not
tions. always predominate.
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dominated by modes in which each panel. 112
vibrates In a fundamental mode corre- G(b/a) ' I + F(b/a)
sponding to a boundary condition (at Fb2
each edge) that lies between the fully
clamped and the simply supported. It is 1.25 for b/a 124)
therefore reasonable to focus on the fun-
damental panel mode, and to omit the 0.69 for b/a >!- I
more complex higher modes from consider-
ation. and where cL 7p7s represents the lon-

gitudinal wave velocity+ In the panel ma-
From a curve presented in Ref. [10] terial.

(on page 224) one may find that the ex-
perimentally observed variation with as-
Pect ratio of the fundamental resonance Resonance fre uenciels of ylindri.
frequencies of rectangular panels of cally curved panes. s Tefundamental
skin-stringer configurations correspond natiural Trequency fR of a cylindrically
very nearly to the geometric average of curved panel with radius of curvature R
the resonance frequencies for clamped is related to the natutral frequency f of
and for simply supported panels, a flat panel with the same thickness h

The fundamental frequency of a stm.. and edge dimensions as**

ply supported panel of thickness h and
edge lengths a and b is given by* fR 0006(b2 /hR) /

7 A' + 0,61AI + 11
Is" (18) where A b/a, and a denotes the length

of the flat edge of the panel, and b
and that of a clamped panel obeys [10] the length of its curved edge. The

above relation was developed semi-empir..
2n 0 Fb ically, on the basis of experimental

f _'JD . , (19) data on structures with realistic bound-c "ym ab ary conditions, and is valid only for
h/a _< 1/100 and for aspect ratios in the

where m denotes the masg per unit at-ea range 0.3 K b/a < 3.0, and for a/R 40.3B.
of the panel and D its flexural rigidity,andand +Maximum 

root-mean-s uare stress in
Frb/a) - L2 + 3b2/a 2 

+ 3a2/b"]'/• . (20) flat nanels. - in a I IM'py supported pan-
el, the maximum flexural stress associ-

For homogenuouu panels, ated with uniform loading or with the

Eh' first vibratory mode occurs at the panel
, (21) center. In a rectangular panel that is

12(1 - v') clamped on all edges, the corresponding
maximum stress occurs at the middle of

m P Psh , (22) the longer edge, In practical skin-
strinqer structuires, panel fatigue fail-
ures typically occur along the edges, atwhere E rept'esents Young's modulus, V the rivet line or at the ends of stringer

Poisson's ratio, and Ps the density of flannes or doublers [lO,18I; thus, the
the structural material, One may thus panel stress associated with fatigue cor-
estimate the fundamental natural fre- responds more closely to the maximum
quency of o U,,n-stringer panel from* stress In a clamped panel than to that

in a simply supported panel,

f - f - G(b/a) (23)

rati *Sror most structural metals, one

whmay take CL 2 xI05 in/sec ;qith adequatewh~ reaccuracy .

**This expression results from Ref.
[10], if a misprint in that report is

Since v" << 1 typically, Poisson s corrected (see Ref. C13]). Note: The
ratio does not appear in these approxi- expression appearing in Ref. 8l] also
mate expressions., is In error,
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The maximum flexural stress bo ma clear whether the use of the somewhat
induced in a clamped panel with b more complex Eq. (29) is Justified in-
a uniformly distributed static pressure stead of Eq. (27) with a reduced coef-
of unit magnitude is given [10) by ficient that makes this equation cor-

respond more closely to the available
max .12 ( ) F'"', (26) data for b/a !< 3.0.

0 mIn view of the fact that Eq. (29)
has gained some acceptance, has been re-

where F - F(b/a) is given by Eq. (20). duced to nomograph form, and has been
compared with some experimental data

If one substitutes the foregoing other than that on the basis of which it
for oo into Eq. (17), and if one takes was derived, it seems logical to retain
the natural frequency f to be equal 'to it for stress estimation purposes. How-
that for a clamped plate, one obtains ever, for the purpose of studying trends
the maximum rms stress as and parametric denendences, the simpler

Eq. (27), with the coefficient 0.85 re-

. 1185 VL3b/JA (2) plae by 0.90 is likely to be advanta-an ' F"2 (7 geous,

On the other hand, if one uses the ex- Maximum root-mean-square stress in
presslon (23) corresponding to more re- curved panels. - On the basis of analyt-
alistic boundary conditions, one finds ical"y developed expressions, in which

empirically derived corrections have

-r CO , b i/2 ,1/ been included, the maximum root-mean-
ol1.10 (Fa +k) F"A. (28) square stress aR (at the middle of the

l ' astraight edge) in a cylindrically curved
panel with radius of curvature R has

In Ref. [1(]] there is derived yet anoth- been found [8,10] to be related to the
er exnression for amTa, on the basis of corresponding stress in a simllar flat
a regression analysis of experimental panel as
data, arranged in nondimensional groups
of variables deduced from ideal clamped- OR .IfR I"edge panel analysis. This expression R .
(when rewritten in consistent units)
corresponds to (30)

,) . (9) \.\A +9F.62AA ++1/9

o 02 an W

Comparisons of the stress estimates where, as before, A b/a - length of
one obtains from the three foregoing curved edge/length of straight edge and
equations for realistic configurations f/fR is given by Eq. (25).
indicate that the stress one calculates
by use of Eq. (27) is higher by a factor The applicability of this relation
of about 1.2 than the stress estimate is limited to 0.3 S b/a < 3.0, a/h Ž 100,
one finds from Eq. (28), that Eq. (29) and a/R :. 0.35. On the whole, stress es-
increases more rapidly with b/h than Eq. timates for curved panels obtained on
(27), and that the stress estimates one the basis of Eq. (30) or corresponding
obtains by use of Eq. (29) on the aver- nomographs correlate more ooorly with
age are about 30% lower than those one test data than similar estimates for
obtains on the basis of Eq. (27), and flat panels (e.g., see Fig. 5.2 of Ref.
thus about 20% lower than those one (91); the estimates tend to be too high
finds from Eq. (28). - by as much as a factor of 5 at low

stress values, generally less at higher
It is important to note, however, stresses. Means for improving the esti-

that Eq. (29) was derived on the basis mates are not available at present.
of experimental data [10) on test pan-
els with aspect ratios a/b between 1.0
and 3.0 only, so that the validity of Panel loss factors. -- References
this relation for larger aspect ratios 19 and 20 suggest a method for estimat-
remains uncertain. Furthermore, the ing the loss factors of panels with riv-
test data noints (see Fig. 69, p. 138 eted edges, taking account of such para-
of Ref. [10)) exhibit a good deal of meters as rivet spacing, width of con-
scatter, with a considerable number of tact area, and panel wavelength (as a
the points deviating considerably from function of frequency). However, this
the regression line, It thus is not method may be somewhat too cumbersome
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for preliminary design purposes. Abun- From the curves of the above-men-
dent experimental evidence* indicates tioned Fig. 34 of Ref. [10] one may de-
that for conventional aircraft struc- termine that the number N of cycles that
tures (i.e., for structures not provided a panel survives before failing is re-
with special damping treatments), n dif- 1ated to the maximum root-mean-square
fers little from 10-2. This value may stress a according to
therefore be taken as a reasonable esti-
mate, unless measured data for the par- log N --a log[ + log a (31
ticular, structure under consideration refare avai lable. e

It should be noted, however, that or

air flow along a panel may extract einer- Ne
gy from the panel vibrations, and thus N a0' ref) * (32)
increase the effective structural loss
factor - or that this flow may feed en- where oref is a reference stress value,
ergy into panel vibrations (under condi- here taken as 103 psi, and where a and
tions approaching panel flutter), and p are constants whose values are listed
thus decrease the effective loss factor. in Table I.
At present there is available no means
for estimating this effect, and one can Although the time-variation of a
do little better than to evaluate it on randomly varying parameter like the pan-
the basis of experimental measurements, el stress is not a simple sinusold, and

TABLE I

VALUES OF CONSTANTS FOR FATIGUE-CYCLES/STRESS RELATIONS

Honeycomb-Core
Skin-Stringer Sandwich

Panel Stringer Facing Core*
7075-T6 7075-T6 7075-T6 5052-H39

0 4,60 2.74 4.06 7.05
log B for C - -95% 9.38 6,98 9.22 11.76

log 0 for C - -50% 9,76 7.b7 9.53 12.16

log B for C - 0 10,04 7.94 9.75 12.76

*Note: Honeycomb core fatigue expression contains additional
factor accounting for core density.

UCces to fai1ure| survi val probe- one cannot speak of cycles in the strict-
billitt, -- one ma expect that the nuimer est terms, one may expect the panel vi-
O'sTress reversals a panel can withstand brations to be approximately sinusoidal
decreases as the stress amplitude in- in time as long as they are dominated by
creases. Related test data, correspond- a single mode -as was previously assumed
ing to skin-stringer panels of 7076-T6 in the response analysis. One may then
aluminum alloy exposed to random noise, consider the stress signal between suc-
are given in Fig. 34 of Ref. [10], to- cessive zuro crossings as a hhlf cycle,
gather with curves representing various with the signal varying approximately
statistical confidence limits. Later like a sinusoid at the natural frequency
test data [8] were found to fall within of the system. Knowing this frequency
these same confidence limits' the design and the number of cycles N that produce
nomographs given in Refs. [8i and [lO) failure, one may calculate the fatigue
are based on these confidence limit life,
curves. Fati ua life. - For failure proba-

bilitdjItr1utiEons that are symmetric
*E.g., see Ref. [21], Reference about the mean, (50- C/2)% of the sam-

[9] suqgests n - 0.0085 for typical ples fail under fewer stress cycles
aircraft structures, based on values than the number corresponding to the
between 0.008 and 0.009 reported for -C% confidence limit [222. Thus, for
fuselage panels in Ref. [14], and on example, if N - l07 cycles corresponds
0.0085 reported for tailplane panels to a confidence limit of -50% for a
in Ref. [15]. The loss factors of the given panel design exposed to a given
test panels investigated in Ref. [10] excitation, one may expect 25% of all
ranged between 0.005 and 0.009. panels to fail at less than 107 cycles



(i.e., one may expect 75% of all panels 3 l~brrfy (Lb a
to survive after 107 cycles). 2 j a +1 -s (34)

The fatigue life of a structure I ' s

obviously must be defined in terms of a where b denotes the stringer length
failure probability or similar statisti- (which b1 usually, but not necessarily
cal measure. Here it is convenient to always, the longer panel edge length),
use the fatigue life corresponding to as the distance between the rivet lines
the -CX confidence limit, which one may of adjacent stri ers, 11the stringer
find from depth (see Fig. 7? and I* an effective

moment of inertia of the stringer cross-
TC a Nc/f (33) section, given by

where NC is obtained from Eqs. (31) or iz
(32) for the confidence limit in ques- I* 7 I x z (35)
tion and f denotes the natural frequency - .
of the panel under consideration.

Here Ix denotes the centroidal moment
of inertia of th stringer cross section

Stringers about an axis perpondicular to the panel
In typical skin-stringer structures surface (see Fig. 7), 1 z represents a

n l, similar moment of inertia about an axis
fatigue failures of stringers usually oc- parallel to the panel surface, and IXZ
cur at the clip attachment (where the denotes a similar mixed moment of iner-
stringer is joined to the frame or bulk- tia.t As previously, f denotes the
head), because of the presence of stress fundamental resonance frequency of a
raisers in that location. Because of skin panel, n represents its loss factor,
the general complexity of the problem, and 0 (f) denotes the spectral density
little analytical work has been done on of the fluctuating excitation pressure
stringer fatigue, and since stringer (at the frequency f),
failures generally occur in the interior
of practical structures, there appears Correction of rms stress estimate
to exist no quantitative field data. on baiO-ifs-6FT-7-as----dia-t ah.-i-1-•e -van-
Reference [8J contains the most defini- ous assumptions InvFTved in the deriva-
tive available analytical and experimen- tion of Eq. (34) are likely to represent
tel information; it is on that report only rather poor approximations of con-
that the following discussion is based. ditions occurring in practical struc-

tures , one wool d expect predi cti ons made
Ana- cal estimate of maximum root- on the basis of Eq. (34) to deviate from

mean-sqiiare s t''ress T h--- 'e- a~n~al Is-o(-'" corresponding experimental results. Com-
s n re sress presented in Ref. 8] parison of such predictions with experi-
is based on the following assumptions: mental data [(8 indicates that the ex-
(1) The total force acting on a stringer perimentally observed root-mean-square
corresponds to the not shear force (in- stress oe on the average is related to
tegrated distribution minus corner reac- the corresponding Ob calculated from
tions) that acts at the edge of a sim- Eq. (34) as
ply supported panel, which is deflect-
ing in its First mode, in response to a ae 1/5

pressure that is uniformly distributed 1 - O0Tr-#si/ . (36)
over the panel, but varying randomly in
time. (2) The force acting on a stringer
is distributed uniformly along its Tile above relation was derived on the
length and acts on the rivet line. (3) basis of calculated Cb values rangin
The maximum stress in the stringer oc- from about 150 to 3000 psi; its appng

curs in flexure at the clip attachment cabi1ity to values outside this range
point, where the stringer is taken to be remains to be ostablishod.
clamped with respect to bending. yc to failureLjjurvivalprnba-

With these assumptions one Finds bilit ;_iTiU T eT -h- Dat8Fa present•d
that the maxi mum root-mean-square stress Wn q. 44 of Re f. LT ] inodicate that
in a stringer ubeys*

i'That is, Ixx- /AZ 2 dA, I'zz .1AXdA,

Txz /AXzdA, where A represents the area* T h i s r e l a t i o n f o l l o w s f r o m E q . ( 6 7 ) o i e s r n e r s - e t o . A p n i
of Ref. [8]. However, there the numerical of the strinver crcvs-section. Appendix

SwI of Ref. [8] gives expressions for these
coefficient, which here is 23//31r omoments of inertia for zoe, channel, and
0.0171, was erroneously omitted, hat sections.
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the number N of cycles that a stringer The resonance frequency of the
survives before failing is related to first mode of a beam is given (e.g. Ref.
the experimentally observed maximum rmis [23]) by*
stress Ue by an equation of the same
form as Eq. (31), but with different f, - a (37)
constants, as shown in Table I , I

The discussion and the relation where L denotes the beam's length, B its
between confidence limits and failure bending stiffness, and lengts mass pei

probability presented (in relation to unit length, The parameter y represents
panel failures) in the paragraphs fol-
lowing Eq. (321 apply equally well to a constant that depends on the boundarystrigerfaiures asdoe thedisus-condltions; for a beamn that is simply
singer failures, as does the discus- supported on both ends, y - w/2 j257,
s trn of fatigue life, One may thus find and for a clamped-clamped (or free-free)the stringer fatigue Ilife corresponding ba, .35,Snei elsi

to the -0% confidence limit by use ot Eq. bem, 3.56, Since in a realistic
( I3,ap eameent the boundary cnnditions are(33), keeping in mind that the stringer likely to be somewhere between simply

nance, so that the natural frequency F supported and fully clamped, one may rea-

of the pauot again enters this relation. sonably take y z V .67)(35,6) v 2,36 as
a first estimate, in absence of better

FATIGUE LIFE OF HONEYCOMB-CORE information,
SANDWICH FLAPS

Overview of Estimation Appr'oach Resonant response of fundamental
mode.-T-if aone a ssuX es at Is I-i"n response

The fatigue of Flit, rectangular "TA dominated by the first mode - as
panels of honeycomb sandwich construc- was done for panels - one may apply
tion is discussed in Ref. [10] on the classichl modal analysis techniques
basis of classical thin-plate theory, (a g Ref [24]) and the we'l-knnwn ex-
Earlier data cited In that report indi- presswon (.g,, RVfs. a 24,252) for the

cate that this theory yiel os good ap- respnnse of simple modal systems to ran-
proximations to observed vibration and dom axcitation, in order to determine
stress responses associated with the that the (time-average) root-mean-square
fundamental panel mode, and that shear- displacement of the beaiR obeys
in of the core plays no imi.ortant role,
unless this core is very Flimsy, f 2n(3

A flap element, however, may be ex- Urm)s -M(2f M(

pected to behave more like aA end-sup-
ported beam than like an edge-supported Here ri d~notas the loss factur of the
panel. The analytical results available beam in its first mode and M the total
for panels thus do not apply to flap b represents
elements direc~ly, although zne may hope bem ass, Thu function Q1. rerset
thets d honoyccmbpanelfatigue' data w e 1the mode shape associated with tne first
that honeycomb pael fatigue data wiy b mode, normalized for unit average valuealso be useful for honeycomb boom fa- o t qaeoe ~eba ~gh
tigue life estimation. The following of its square over tie beam lcngth.
paragraphs, therefore, summarize the re- lj: dMnotes the spectral density of
suits of a corresponding beam analysis the modal force Fy(t), which is given by
and then apply related availablin fatigue!
data to develop a fatigue Jifu estima- F1 t) - epo(t)J3 (39)
tion approach.

where
Beam Response fL

Re on nc f.~o ilx)dx ,(40)
Resonance frecquoncy. - In order to

s implIlTiy-- iF•Te• •s -it is useful as a
first approximation to assume the fluctu-
ating excitation pressure to be uniform- for a pressure p 0 (t) that is uniform over
ly distributed over (one surface of) a
flap element, and to consi der only the *This expression is based on the
response of the first mode of that ele- assuiption that shear effects are negll-
ment modeled as a uniform beam -. in a gible. As shown in Ref. [4], the finite
manner somewhat analogous to that used shear stiffness of a beam reduces its
in skin-stringer panel analyses or natural frequency but in most practical
honeycomb sandwich panel analyses [10). cases this reduction is insignificant.
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(on side of) the beam. As indicated in The term J,ý"max depends only on the
Fig. 8, e represeots the beam's width, mode shape, and thus only on the boundary
Since the spectral density $I: of the conditions. By use of information given
force Is proportional to the mean-square in Refs. [24] and [26) one may find that
force, is is related to the spectral den-
sity I- of the pressure po(t) as (4v/L - 12.6/L

'jp,, fo4 simply supported ends (44)
,IF - e ,• p .( 1 a 37.4/L

Ifor clamped ends.

ISOMER'/c SKETCH If one uses the geometric average

(21.7/L) of the above values, in view of

ýýSUMRT the uncertainty of the actual boundary
LINE conditions, one may rewrite Eq. (43) as

0. 9 ecEl. ____ýC 0. 1 ) a (45)
,N9hBS)14

FULL-DEPTH

SHONEYCOMe where the latter expression is obtained
THAILINO by substitution of E q. (37) with y m2.36.

EXTRuaSoN Maximum root. mean-square shear

stressi n core. - In Ref. [I] Tt''i-s;MACHIN4EDE \NEUTRAL '-SKIN n" y-means of an analysis that paral-
LEAOING AXIS lels that presented in Ref. [27] that,

EOGE for ,i simply supported sandwich beam,

the ratio of the maximum shear stress T
Fiq, 8. Typical Honeycomb-Core in the core to the maximum tensile

Sandwich Flap Element, stress in the skin obeys

Maximum root-mean-square stress in

skint, --jR- g - qT mn oun 6 eFx"-4 where A represents the cross-sectional
e, tile greatest skin tensile and com- area of the beam. The approximate equal-

pressive stresses occur in those fibers ity applies for a beam with a rectangular
that are farthest the beam' cross-section, with skin of thickness ts;tral surface. If c denotes the distance this approximate expression may suffice
from the neutral surface to the farthest for the evaluation of a rough estimate in
fiber (see Fig. 8), then one may write cases where not enough information is
the maximum rms stress associated with available to apply the more complato ex-
beam vibrations in the fundamental mode pression,

1 cFor beams with other than simply
r, . Ec(u )lmaex supported boundaries, the siimplfe analyti-

cal approach loading to Eq. (46) dues not

where the primes indicate differentiation work and results like the above cannot be
with respect to the lengthwise coordinate obtained readily. It is nevertheless
x and E denotes the modulus of elasticity suggested that Eq. (46) be used for osti-
of the skin material .meation purposes for all boundary condi-

tions.
If one combines Eqs. (38), (41) and

(42) , one finds that the maximum root- Loss factors. - The available data
mean-square skin stress obeys pertae-riýfrToss factors of honeycomb

core sandwich structures are extremely

UC I.' f,4, f')_ limited. Reference [10] reports test
Ia (43) results for about 30 different panels

'2 1 in their fundamenta modes.LTheir loss factors were found to lie be-

tween about 0.03 and 0.05, and to be
where I"mex represents the maximum abso- comparable to a value of about 0.04 moea-
I ute va i1n of $"(x) sured on panels obtained from aircraft
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development programs, that the foregoing expressions pertain
to the 0% confidence limit. In order to

In absence of more directly appli- estimate the numbers of cycles to fail-
cable data, an estimate of n, 1  0.04 ure corresponding to the -50% and -95%
appears to be reasonable, confidence limits (probably conserva-

tively), one may multiply the value of
Nh obtained froms Eqs. (47) or (48) by

Fatigue Life 0,4 and 0.1, respectively.

Facing Sheets, - From Fig, 51 of The honeycomb fatigue life, of
Ref, MlrTw-•h••clFsTummarizes the results course, may be cal cul ated from Eq. (32),
of a regression analysis of data obtained again using the Fundamental natural fre-
on panels with 7075-T6 aluminum alloy quency f 1 of the sandwich beam in place
faci nq shoots, one may deduce that the of f.
relation between the maximum skin stress
4L and the number of c cles N that the DEPENDENCE OF FATIGUE LIFE ON JET AND
skin can withstand without failing is of STRUCTURAL PARAMETERS; DESIGN CONSID-
the same form as Eq. (31), with the con- ERATIONS
stants as given in Table I,

The discussion that follows Eq (32) Skin-Stringer Flaps

applies here again; the fatigue life T Skin panels, -. In order to display
of the facing sheet corresponding to te typica-Tparaetic dependences most sim-
-C% confidence limit may be found from ply, it is useful to focus on commonly
Eq. (32), but the natural frequency f used skin-stringer configurations that
must be replaced by the fundamental nat- have aspect ratios b/a > 2.5. For such
ural frequency f1 of the sandwich beam. configurations, the function F(b/a) of

Eq. (20) may be approximated by /T-T-a7
and the function G(b/a) of Eq. (24) may

Core, - Only very few core shear be taken as equal to 0,69,
fatigue-failure data points appear to be
available; the data do not suffice for If one takes the maximum panel
regression analysis, and thus one cannot stress to be given by Eq. (27), with the
establish confidence limits, coefficient 0.59 replaced by 0,42 in ac-

cordance with the discussion presented
Perhaps the best one can do at pre. after Eq. (29), then one finds by use of

sent is to accept the design data 1ndi- the above indicated approximations that
cated in Fig. 86 of Ref. [lO], although
the basis for that figure is not Indica- (f-1/2
ted, From the curves in that figure one a • 0,39- (49)
may deduce the following relation between ht n
the number of cycles Nh that will induce
failure in 5052-H39 aluminum alloy honey- and that the fundamental natural fre-
comb core, the maximum rms core sNear quoncy of the skin panel obeys
stress r, and the core density d: f th 6 s in p an (bey

f- 0,69 11L/a.' (S0)

log Nbl 12,76 - 7.05 log ) Substitution of Eq. (49) into (32), and

subsritution of the result and of Eq.
(50) into Eq. (33) gives the panel fa-

+ 10.58 log d (47) tigue life as

or T 110 hn (51)
- ia O cL 0 1-3.

Nh 5 . 7 x 10 11 (7.a-- -) (48)
If the panel resonance frequency f

is in a range where I, (f) varies little
Here Tref 1 psi is a reference value with changes in f, thdn Eq. (51) exhi-
of shaar stress and dre - 1 lb/ft 3 is a bits all of the dependences on panel pa-
reference value of dens ty. rameters, On the other hand, if 0 (f)

depends significantly on f, the deF~en-
Since not enough data are available dence of f on the panel parameters will

for the determination of confidence lirm- also affect these dependences, From
its, it appears reasonable to assume Eqs. (8), (15) and (16) one finds that
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! (0.u 5 poU3 X for f << fusing Eq. (50) in Eq. (34), one mAy ob-
f0T tatn an approximate expression for the

(52) "theoretical" maximum stress. :f one
p 5 corrects this according to Eq. (35), in

0.29 P2U5 /Xf 2 for f > order to obtain a better representation
0 fT of the actual (experimenltally observed)

maximum stress ae, one finds
where the transition frequency fT obeys*

1.5 Uo/X . (53) ref 1.5 f (55)

(ref I*cref

Substitution of Eq. (5) Into (51)
and use of Eq. (50) risults in

#3.2 xO 10 h T1 - for f <<T(a 2.40o C ,-0 . 10/ v, 04.60o U6.,0.)

T lOLas/ X• "i (54)

105af {3h1h_08
•refR h 1h 0 -0 n .,0 c •:\ I =•

a.9 " for f >fSa 1 \0P 40 Uo180 T

where the first parentheses eiclose all
relevant panel parameters, whereas the By combining Eqs. (55), (50), (32),
second enclose the jet parameter terms. and (33) one obtaitis the stringer fatigue

-triirs. - Again for the purpose life T as

nf exhT~ ftibi t he salient parametric ef- 2_
facts most simply, It is useful to con- T 0.48B a
sider the common case where the stringer (hCL1-,27 b "a"
longth is the same as the greater of the
two panel edge leogths, and where the 0. / \.024
spacing b et ween I tringersh is eq ual to /11%ef\ ' r ).\
the shorter panel edge length. With o. (56)
bs - b and as - a, assuming b/a ) 3, and

If one again usen Eq. (52) to ac- have as hig:i a fundamental resonance fre-
count for the dependenece of ,pWf) on the quency f as possible. In view of Eq.
panel resonance frequency f, which ire- (50), this implies that one should choose
c uency again may be approximated by Eq. the largest admissible panel thickness h

130), one may flr,d that

1.6 ( -2 (I*/H)"'kng.a1 for I,

b1 0 96 (hc) 1 .
2 7 4  / XC. 2 7k ,I10 o Uo0."

T (57)

On P o o0.65 °8 (hCLH)Okn'O7• Xo U••o for f >> f

Design considerations. - As is evi- and the smallest pinel edge length a.
dont 'fom vqs, t51) and 76), the fatigue One might also consider choosing materi-
lives of skin panels and of stringers in- als w~th large longitudinal wavespeeds
crease as the excitation - reprdsented ci, but most acceptable structural mate-
by the pressure speCtral density * (f) -- rials have wavespeeds that differ by no
decreases. This behavior is as ong would more than about 10% from each other, so
expect intuitively, oi1 course. Since that one stands to gain little by choos-
this spectral density carreases with in- ing alternate materials on this basis.
creasing frequency, as indicated in Eq.
(7), one should design the skin panel to From the exponents appearing in Eq.

(57) one may readily determ4 ne by what
*For the typical values of U factors the fatigue life of a blown flap

750 ft/sec and X = 10 ft, one fings panel may be expected to change as the
f 1T 110 Hz. result of changing the viriou. parameters.
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Thus, for example, one finds that a I* WHh/2 (which corresponds to an I-
change in the skin thickness h by a fac- beam of height and flange width H, with
tor of 1,60 (i.e., a 50% increase) would flange thickness h), one finds that one
increase the high-frequency fatigue life may approximate the above expressinn by
by a factor of 71; similarly, decreasing
the panel edge length a by 20% would T P ,) h )0-8 b . 96
lengthen the fatigue life by a factor of 81 .
14, whereas doubling the damping n would as
increase that life by a factor of 4.9.

As evident from Eq. (54), relative- [ )(( ) . (59)

-I small changes in h and a can lead to q a 0  2

quite considerable changes in panel fa-
tigue life; the effects of changes in for the purpose of making order-of-magni-
the other structural parameters are much tude estimates. Substitution of the mid-
less significant. Small changes in the dle values of 5p and hs given in Table I
distance X of the flap from the engine and of typical orders of magnitude of the
exit have relatively little effect on various ratios then leads to
the fatigue life, and changes in the gas
density (associated with exhaust temper- Tp (5.6 xlO' 1 l t " 0Ill
ature changes) that can occur with a 81 x1'1- -
given engine also are likely to have on--\., x Tl0•T<'{
ly minor significance. On the other r
hand, the exit velocity U0 is of great 10'(20a2 5
importance; a mere 10% Increase in this 0.01 02. 1 x2-1•,5
velocity can reduce the panel fatigue
life to .!bout one-third of its original which indicates that stringers typically
value, have much longer fatigue lives than skin

the exponents appearing in panels - in agreement with experimentalFromt observationsperin

that part of Eq. (57) that applies for observations.

f >> iT, one may observe, for example, Thus, one generally should first
that doubling of the panel edge length a design the panels so that they have ade-
(whi'ch is also equal to the spacing be- quate fatigue lives, and then verify
tweer, the stringers) increases the that the stringer design one selects
stringer fatigue life by a factor of (usually on the basis of other than fa-
l.gl, whereas doubling the stringer tigue considerations) has a fatigue life
length b reduces the fatigue life to 0.47 that is no less than that of the panels.
of its former value.

By comparing Eqs. (54) and (57) one Honeycomb-Core Sandwich Flaps
finds that the panel fatigue life is
much more sensitive to parameter changes Facing sheets (skini, - If one sub-
than is the stringer fatigue life. It stitue into the fatigue life expres-
is also evident that increases in h and sion of Eq. (33) the number of cycles to
cL, as well as decreases in a, serve to failure as given by Eq. (32) and the nat-
increase the panel fatigue life, while ural frequency expression of Eq. (37) -
they result in reductions in the string- with y - 2.36, to account for boundaries
er fatigue life. that are neither simply supported nor

fully clamned, - and if one also uses
From Eqs. (51) and (56) one may de- the second stress expression of Eq. (45),

termine that the ratio of panel to which anolies for tha same boundary con-
stringer fatigue life obeys ditions, one finds that the facing sheet

fatigue life obeys
S230 5 \-T ( -/) - ' h) 0.5B.a•-0 6(rf'( )2.03

s h s T 3600 Lf06,et,
hnu~~ ' 2.0 I

( ref ' '58) / 4-06 2 2re h

\ c O P T 3 0~ (T F ) ( Ar ) 4 .0 0 ( n i r a r e f )1 ( 6 0 )

where the subscripts P and s refer to
panel and stringer parameters, respec- The second form of this expression
tively. -involves the useful newly defined effec-

tive flap density of - ti/A, effective
If one introduces pM(f) as given by Eq. radius of gyration r - 41!7E7, and effec-
(52) for f >> fT, if one substitutes for
f from.Eq. (50), and if one takes tive longitudinal wavespeed cf - 4ET/hf.
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Equation (60) exhibits all struc- greater fatigue life by designing the
tural parametric dependences for the low- flap element to have a higher fundamen-
frequency case, where -tp(f,) is essen- tal resonance. In view of Eq. (37) , a
tially independent of f•requency. But, high fundamental resonance results from
since *o(f,) does vary significantly at use of short unsupported spans L and of
the higher frequencies, the aforemen- large stiffness/mass ratios B/p.
tioned equations need to be modified.
If one substitutes for ,p(f) from Eq. As evident from Eqs. (61) and (63),
(52) and again uses Eq. (37)with reductions in L can result in quite dra-
y • 2,36, one obtains

31 .,B2545°2. 1 for f << f(31 L,, e E 4.06 \X.0 'O MC U0 9) UT

T (61)

;,' 10 ref
I ag 1.

1,45 r >> fT
11 0S15 L1I,2 (ecE) ./ ' 4.06 U •5 •.U / f

As previously, the first set of parenthe- matic increases in fatigue life, provid-
ses in each expression encloses the struc- ed that the flap elements fundamentaltural Parameters, the second'the jet para- e httefa lmn' udmna
trmeters, frequency f, is above the transition fre-

quency fT. If f, < fT- then the facing
sheet fatigue life increase produced by

Core. - By substitution of the cy- a given amount nf length reduction is
cles-to-failure relation of Eq. (32) and somewhat less dramatic - and this length
thenatu--ralfrequeny r e xpression of Eq. (3)reduction may indeed by expected even tothe natural frequency expression of Eq. reduce the core's fatigue life.
(37), again using y w 2.36, into the fa-
tigue life equation, Eq. (33), and by From Eqs. (60) and (62) one may de-
using also the stress expressions of Eqs. termine that
(45) and (46), one may find that the
honeycomb core fatigue life T obeys Th 2.6x 10" " / c\ 4°06 d x

T (g)'( d )"I( A <)" \cr- t• \ fr) 2 Tref
.3 10" )?' D 5 [n i) areref fM I 1 t the

crI e ref •-r - , (64)

,,rf (62)~where the subscript h refers to the

honeycomb core and f to the facing

If one again substitutes for p from sheet.
Eq, (52), one obtains

(640 (LI JAI"2 ~70 d 'o- n .'.s1 fors~d . l.a S2 for5 0 f "< fT

0 T (63)
"ref

10 !(A. 525 x3 5 L 72 ' 5
3 .1 d / g-'j\eOr 05 n'• f o r f > > f T

Design considerations. - Equations
(60) Show that t-h'e fatigue lives From Eqs. (37) and (52) one may de-
of facing sheets and honeycomb cores in- termine that for f >> fT,
crease with decreasing exciting pressure
spectral density (evaluated at the flap tref oref 'I ''cf
element's fundamental natural frequency). rf 4 .8 (65)
This trend is as one would expect intul- 4. 1  0 U
tively. Since the spectral density de-
creaqes with increasing frequency, as For tynical orders of magnitude For the
indicated by Eq. (9), one may obtain various parameters, one finds that
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5052-H39 aluminum for honeycomb cores.(-- ( (( ( • i�(Too 46 This section suggests how one may cor-
0f rect the estimates pertaining to the

aforementioned materials so as to obtain
so that, for the middle value of 0 corresponding estimates for other alumi-

num alloys.Th 2.6 x IO0I

(15)1.s (50)e (I)'x Similarity of S-N curves. - The
f 3.4 x10 fatigue behavior of materials generally

is described by so-called "S-N curves,
1(4.8)i0-2(46)I which are plots of the fully reversed

stress amplitude S versus the number of
stress cycles N at which a specimen fails

S4.6 x 10-1 when subjected to cyclic stress of that
amplitude. When plotted on log-log

Thus, one generally would expect core scales, the S-N curves for most aluminum
shear fatigue failures to occur long alloys appear very nearly like parallel
before facing sheet failures.* In de- straight lines, at least in the low
signing a flap element it thus appears stress and large N region. e.g., see Ref.
logical first to select a cure that has 28] and Table 3.3.1(c) o1 Ref. [29]. Al-
the required fatigue life, and then to Rough the classical S-N curves are ob-
verify that the facing sheet will endure tained from exneriments where the stress
at least for the same time span. ampliLude Is held constant (for each data

point), whereas the S-N curves represented
From the exponents appearing in Eqs. by Eq. (31) correspond to random stress

(61) and (63) one may determine the fac- variations with a qivun mean-square value,
tors by which the facing-sheet and honey- one may expect the latter log-log curves
comb-core fatigue lives change as the re- for various alloys to be parallel, if the
sult of changes in the various structural former are parallel.
and Jet parameters, Clearly, the one
most significant structural parameter is If one assumes that the root-mean-
the unsupported span length L; a mere 10% square stress c that different alloys can
decrease in L may be expected to increase withstand for a given number of cycles is
the fatigue life of the skin by a factor proportional to the "fatinue stress" S of
of about 4,5, and that of the core by the material, then for two different ma-
about 3.6. terials (indicated by subscripts 1 and 2),

Changes in the flap element's flex- a2 S,
ural rigidity and mass per unit length VT " 7 (66)
may be seen to have somewhat lesser ef-

fects on these two fatigue lives. On
the other hand, the core density affects For materials that exhibit a definite en-the core's fati ue life very significant- durance limit (i.e., a stress amplitude
ly, with a 10t 7ncrease extending the that the material can withstand essen-
fatigue life by a factor of about 2.7. tially for an unlimited number of cycles),
Again, the jet exit velocity is the most one would be inclined to take the endur-1important Jet parameter, with a 1O% de- ance limit as the fatigue stress. Alumi-
crease in U0 leading to increases in tile num alloys do not have endurance limits,
skin and core fatigue lives by factors in general [29,30]; for such alloys one

respectively, needs to define S as corresponding to any
of 2.9 and 64, rfixed number uf cycles, say N lO1,
Fatigue Life Corrections for Other
Aluminum Alloysfor fatiue stress. - If

one rewrites Eq. a32) as
The various fatigue life estimates

presented so far were obtained on the
asis of experimental data on structures a-e (67)

made of only one kind of material - ref
namely, 7075-T6 aluminum for skin/string-
er structures and for the facing sheets and introduces Eq. (66), one may obtain
of honeycomb sandwich structures, and 02 S2 c S2 i,- 1/

2 (628)N
*No comoarable experimental data °ref I ref I

appear to be available. Such data as
are available [Ref. 10] pertain to pan-
els, rather than beams, and are affected
by stress raisers (e.g., fasteners) that
reduce the skin fatigue life.
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Then, the number N of cycles that materi.- ple Jets and on interpretation of simi-
al 2 can withstand is found to obey lar velocity distribution data from mea-

surements in the exhausts of a very lim-
i ,-oISa\a ited number of fan-jet engines. Clearly,

N
2 N, * PInP (69) the availability of data on the fluctu-~r~ef, ating pressure distribution in the ex-

haust of the engine to he used in any
where N denotes the number of cycles one particular application may be expected
calculates for the basic material -- i.e., to improve the characterization of these
by use of Eq. (32) - and where pressures and to increase the confidence

one has in fatigue life estimates based

km . (S2 /S) (70) on these pressures.

The response, stress, and fatigue
Sis a correction factor that accounts for life estimation approaches prosented in

differences in the material's fatigue this report follow the earlier litera-
properties. ture in assuming only the fundamental

mode of the structure to be of Impor-
Since the fatigue life is proportion- tance, Although this assumption may

al to the number of cycles to failure, one lead to conservative designs and life
may obtain the fatigue life of a structur- estimates in many cases, one can easily
al component of any aluminum alloy by mul- visualize practical situations where
tiplying the life one calculates for that higher modes predominate. Such cases
component on the basis of Eqs, (32) by the are pArticularly likely to occur with
appropriate correction factor km, The ex- engine exhaust excitation, where the
ponrnt a, of course, depends onmthe compo- excitation pressures are correlated
nent - i.e., on which of the aforemen- over small areas, have spectral peaks
tioned equations apply, at frequencies considerably higher than

the fundamental structural resonance,
Estimation of fate stress ratio. and convect along the structural sur-

- Unfortunately, S-N curves are avail- face. Indeed, there also exists some
able for only a few alloys. For alloys experimental evidence that shows that
for which no fatigue data are available, higher structural modes play important
one may use the rough approximation that roles in responses to flow excitation.

Of course, the importance of higher
5 2 Y2 modes in determining fatigue life isS- 5  y ,(71) also enhanced by the higher fatigue

damage accumulation rates associated
with their higher resonance frequen-

where Y represents the yield stress of cies. Thus, it appears advisable to
the material [30]. As demonstrated in use the response, stress, and fatigue
Ref. E1], this approximation is very estimation approaches suggested here

close for some materials, but may be with some caution,
about 20% too high or too low for others.
Nevertheless, in absence of better infor- Any but the most grossly empirical
mation, one can do no better than to use fatinue life prediction method must be
the above relation. based on information concerning how the

number of loading cycles that a struc-
Materials other than aluminum. - It ture can withstand varies with the fluc-

shouldte noted that the procedure sug- tuatinq stress. The method s,,ggested
gested here for aluminum alloys cannot in this report is based on sonic fatigue
readily be extended to other materials, data derived from tests on panel speci-
unless their S.-N curves have the same mens of only one material fur each panel
slopes (on a log-log plot) as those for type. In particular, the data pertain-
aluminum. Unfortunately, most other ma- 'Ing to the fatigue of honeycomb-core
terials have different slopes and many - sandwich structures is extremely limited.
notably steels - have segments of greatly Thus, althnugh one may expect the sug-
differing slopes. For such materials, gested prediction technique to yield
further analysis and/or experimental in- good results for structureL that are
vestigation is required. closely related to those whose fatigue

data were used in development of the
technique, its reliability is much re-

CONCLUDING REMARKS duced for other structures.

The approach suggested here for es-
timation of fluctuatinq pressures asso-
ciated with engine exhausts is based on
extrapolation of nondimensionalized fluc-
tuating pressure data obtained from sim-
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-ETUNING AS A MECHANICAL DESIGN APPROACH

Charles T. Morrow
Advanced Technology Center, Inc.

Dallaus, Texan 7!i222

Under nome conditions coincidenee or near, coincidence of mechanical
resonance frequencics can lead to catastrophic failures of equipment
during exposure to a shock or vibration environment. DetunIng in then a
powerful method for improving reliability, but it should be applied with
full appreciation of the fuct that resounanceu freqauoncios may depend on
the mochanical impecdalnci of the structuro or teot platform to which the
equipment is mounted. Fortunately, de1turing roan often be accomplished
in such a wsy that it in effective for a wide varioty of mounting inipud-
arices.

INTRODUCTION Previous papers, Hli•s. [i] drd [P], showed
at somo lcngth the conditions under which a

It has been cosmmon, in designing equipment dtu~ning policy it preferable to a stiffening
for re!Liability under JLvret shock or vibration policy, un the ausumption of no loading of the
conditions, to deal with potential failure points firsL resonator by the secrond. Those papersa
as If they were sub•ect merely to static struss, wure written at a tien when shock and vibrLtion
In fact, design to an equivalent static aucelur- enZgnewers tended to think of shock and vibration
ation has been proposed an a routine approach excitation souirceu as having infinite Impedance,
for gaining reliability. According to this that is, a capability to control the applied
approach, if a part fails or mal.functions, thu motons to the samic tinm function runurdleuos of
dusignor must fastern it tighter, stiffen it, tho nature of the equipment excited. Investli-
bra;u it, or de vise a way of distributing tho gatoru were prooccupied primarily with design
stress in the part, and environmental tost within this restriction.

The idea of testing to a controlled force (zsuro
All rules of thumb, however valuable, have impodance) was sutill in a very preliminary

their lisritations. A conspicuous example of exploratory state, and the phrase "mechanical
the breakdown of this one is found when a light impedance" wan just begilnning to bocome fuisiliar.
and flexible part such an a potontiometer wiper
is mounted to nor•rthing more maneive and rigid, The posuibility of alternate source impel-
having a resennunce frequency in coincidence or ancrur brings with it the chance that two reso-
noar coincidencu, and chatters in consequence. nun(ce froquenoiee that are auccenufully staggered
Only small irrorcaseo in ntiffnues or proloading for one source impedance may be clone to coinci-
of the wiper may be permissible if it is to per- dunce for another. Then, even if the equipment
form without uxecssive friction. Yet, a small pusses an enviroentuntal test, it may be far from
increase, if the wiper renonance happens "to be an optimusm desingn for practical application,
onl the low side of coincidence, may actually
aggravate any tondency to lose contact. Portunately, it in cusier to maintain

acceptable detuning undur a variety of conditions
Utnder such circursstanro,, plunnnd detunirig than it would be to maintain, for any reason, a

may bh a mubh more powerful approach than design- precise coincidence.
ing for a r.Crcatcr static acceleration. This can
bt illuutrated in terms of two .linear simple CASE OF ZERO MiCHANICAl LOADING
mechanical rononators coupled in tandem, (Thu
wiper oan be connlidered to be a linear moehrlnfea] To fa.,cilitate gaining insight into this
elueent op to the chattering point,) situation we will calculate from a lurnped-0lorneont

two-rnuaraetor model that includes no dwiiptng, aic
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in Fig. 1, and explore the effect of source coincidence or near coincidence is observed for
impedances on the resonance frequencies. The an infinite-impedance source, unless he has the
masses mb• mI and m2 are in order of descending privilege of making large shifts, or fbI is BO

magnitude. ior the first investigation, we will low that the system resonances are, for prac-
simplify the model further by assuming that the tical purposes, insensitive to source imzped-

first resonator, which consists of two masses and ance.
a spring and Is driven, experiences no mechanical
loading from the simple resonator attached to it. For exalnple, suppose a designer who
Under this assumption, the two system resonances observes f 1 - f 2 - 1000 Iz, for an infin•iwe-
are simply those of the two resonators, and only impedance source, shifts f 2 to 1250 1Iz- for the
the first IF affected by source impedance. purpose of detuning, and then observes reso-

nances for a zero-impedance source. The second

f 57m, (i) resonance remains if2 = 1250 liz. If, by chance,
2 s 211 2 2 bl 750 IN, the first resonance becomes

f a 1250 Hz. Coincidence is avoided for the
That of the first resonator is infinite-impedance source but reoccurs for the

zero-impedance source, If he increases f2 to
1500 liz, coincidence does not reoccur, but the

f- ' •I (2) margin is less for zero impedance.

21 2n Im 1I ppn

for infinite source impedance (velocity V as Alternately if he shifts f 2 to '(50 liz or

the excitation) and, according to Appendiý i, a even to a lower frequency, coincidence can not
zero impedance source (force Ft as the excite-. reoccur. The margin is in fact greater for
time hsource(forc a t he e - zero source impedance than for infinit,. source
tion) shifts this to impedance,

Conversely, suppose a designer who observes
2-- f I (3) f * f2 - 1250 Iz for a zero-impedance source,

shifts f2 to 1000 lIz fur the purpose of detun-

ing and then observes resonances for a zero-
where impedance source, The second rezonance remains

f2 a 1000 liz. If, by chance, f - 750 liz, thefirst resonance becomes fl w i0W liz, Coý,lnc-

f l l -2 r 21t I donce is avoided for the zero-impedance source
but reoccurs far the lnfinitc-impedunoL source.
If he decreases f2 further, coincidence is

avoided, but the margin is less for the infi-
nite than the zero source impedance.,

b Vb decrease f, unless he has thle privn lee of

Mi making large shifts, if coincidence is observed
for a zero-impedance source.

iCASE OF sMALL LOAIINO
Fig. I- Undamped ThrvL-Musu Two-Spring 'Mechanics] oy-temir We now generalize to permit mechanical

loading of the first resonator by thi second,

but we assume the loading to be so small that

Note that decreasing the source impudance it does not reduce transmission to the second
from infinity to zero increases the resonance resonator so much that coincidenen ceases to
frequency of the first resonator. Consequently, b,, a critical factor
an equipment that failed an infinite-impedance
shock or vibration test because of close reso- The resonancee of the eomplete system now
nance frequency coincidence might fail a zero- become somewhat different in frequency than
impedance test instead if the designer stiff- those of the individual resonators. It is
ceed the second resonator. We observed in the shown in Appendix 2 that the system resonance
introduction that, even with constant source frequencies for an infinite impedance uource
impedance, a stiffening of the second resonator are obtainable from the formula
without examination of existing resonance fre- 2 2 2"-2--2 2 2 2f2
quency relationships couild aggravate. a rali.. (f +f +fl t I /( +f12'+f2  4t f~
ability problem by bringing the £ruqueicien f 2 1 -

closer together, We now have a more general 2

reason to discourageu ndiscriminate stiffening.

(f2 f22 +f,,22t,2 f2)f 2 +f
For optimum design by mechaniical detuniug, f1 +F 1 2 +f rt-~+i 1+f 2u 1 2 + 12

the designer nhould decrease f , which rlna 2
counter to his instint ,o, cr ikreae 1I, If '(
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and those for a zero impedance cource are
obtainable from

2 2 2)±/(f 2 f2 2 2 2.f 2 2 2~ 2 2 2f,,(f12+f122÷*f2+fh )/1+f 2+f22+f 1)24 f 22+f 2fb+fz fb2,
f2 _ ~2'2 "bi -1 12 2 ~bi 1 '2 1~2 bl 2 bi

2

(f1'~2+ 22+f2+bl2)+± f1"22 2(f12+f 2" !2+(, 2"f2)2+2(f1 2+22)b]2, 6

"- 2

with ARBITRARY SIMPLE' IMACTIVE IMPEDANCE

At thin point, it is natural to inquire
f12 H21T 1 Whether separation of system resonance froquen-

cies can be maintained over a greater variety of

and uource impedances than zero and infinity. We
will limit ourselves to simple reactances such

au those of a muss or a stiffness.

The impedance presented to the excitation

GiicC the square roots of ]':qs. (5) and (6) Iourre by the diulnipationlout; three-masa rose-

can never be zero, exact coincidence in tense of nant system in shown in Appendix 3 to b
systenm resonances is Impossible, regardlsas of
the valuer of' f and f,. Nevertheless, for Zb /V
small loading, 1the syhtem resonance frequencies
can be close enough to create a reliability

hazard. 2 2 22 2 2 2f
2
)f

2
4h z r .J 2 "4 f fb i f 12 fb l f 2 4. f f 2 "-(f I2 f 12 I+ f2 I f b ) f2 + f1 4

Let us now explore whjat may be sufficient 2" 2. 2, 2 2 7-2
to make the zero-impedance separation equal or I 2 " fl2 f 2
greater thran the infinite-impedunco separation.

This is crudoly equivalent to requiring that Cl1)
the additional posiitive terms under the radical
of Eq. (6), in comparison with Efq. (5), be
larger than thei additionnl negative terms, or The general chehracter o0 thiU uxpruucIon

iu ohown in Fig. 2. The polos, indicated by
f 2 + P crosses elo the frequency axic, corresurond to the 0

1 2 1P2 f bl (9) system reuonaneerl for infinite cource impedance,
and the zeros, indicated by dotsi on tile fre-

Thal; inLcroesirig fbl schould be beneficial queney axiu, cerrespolId to the systeLi rellolllLnee
wau an unexpected rviiult. Decreasilng mb implies for 'tero source impcdance.
more of1 a redosign, in mont cases, than thei
dclnigner would be permittved to make. However, Z

orenngki holp in two wayc~ - by i neroacIug \ \ -
f] anrd by Increauilng fbj.I\ / I .2.~}m~•

F oom te coriditionu aweLilld at the ,ir I,./
nltil', both f., ard l bl ure rather nmal]. compared
Lo f2- CoULnElitly, ]q- (9) "c very similar to
ihu preucriptioOn for no loading - detune fI aridI-

lie L hIUý1Lt f.I >~ 1' - o1weve!r, EqI. (9) iJ riot a STIFFNrSE -30URCES
quantitutiv, exprenoion of thie sufficient coll- Q -Z '
ditiion but icrul.y all indicator that wal cornve-
nl,1nt to uilculate. 11;t indieatun the drc letieo

1.1 WhI ci do tullilg n liouldi go tit tue Ciane err In the
selOs o0' no loading. - but the ale lh. dete.rring MASO SOURCES
shou'ld , if alyhing, bu made F.rLt'r hun t :1 ,-1

genc cd by the foirmid . it.

"g.. ;' -- ldIL¢ti' PI'1.i;UeLrt d to tirle :;eUOr' e
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fBystenl resonance frequuenloo f'or other, anuiynis than wen given here but would not be
sour~eo oecur when Zb iV equal in mrgnitudce but proportionately helpf'ul to the mechanical de-
oppalaitL Iin niigl to thu Lneurce roactaiioe. In iaigner. lie would nut unually posnesu ini advanice
the absleint' ol' damping, these corroupond to mlax- all the data required for more oophiaticated
imumn ruponse of m2. Conmicquently, if t1hc prediction. After a tent failure, he may be
source reactance Is Lihown reflecetd to the~ oppo- abl~e to effect u, remedy more .,ickly by skillful
site aide of the frequency axisi, its Internee- cut and try, guided by uystom relnonaace frL-
tioiue withl Vb deteretino the correeporidilg oyatom quency measurements for mero and infinite nource
renonanco frequvneien, and. in the absene of imlpedIances, than by detailed computaltion busedl
damping;, the frequonciee of maximumn respoimee of 00l more complete mettsuremnonta of dynamien and
m-2. Thini reflection has beeni performed for environmental r~oponnc,
simple mnass reactances, which appear as dashed
straight linec extending from the origin below However, thio study reinforesn the concept
the frequency axis, and for simple stiffnemmn of detuning an a powerful tool for design for
roactancen, which appear as dashed hyperbolau reliability under chock~ or vibration excitation
above the frequency hiua. It ia aUjarelit that by Lhewing that detuning can be made effective
.2ytemresonanlfcesthat aLrtwell seTartcd To-r for a wide variety of' nource impedancee. In-
both zero and infinite source imeedancet3 will spectlon of the theory for shock (espeeially
alano he well. soparated for these alternate Fourier transform or spoectrum) and for random
=Im Pi source reactancee, vibration shown that if detuning in beneficial

for periodic excitation, It Is beneficial for
IUtunping of thet throve-mauu reucomator would these mere nubtle exeitationa an well.

decrease the heazurd maucociated with coincidence
or noar coincidence but increase the amount of Furthermore, situatijonu frequently nrine
detuning that inuat be carrieud out before signif- such that uervo control systemi stability in
icant benefit results. Iloavy dumping would aleco deplindent on relationehipn between meehuicanol
ahift the frequencien of maximum response. rpoonancie froquencien of a device an mounted to

aerospace or other structure. This atudy should
CONC~~blONprovide the control system designer with benc-

Li' he ytueinresnanc frqueeita c' aficiul. insights into that typQ of prebl.ni.

three-maniu volnuiauit uyatem with IIIac necin" Ml_,
and ?n,2 in order of descending magnlitude are REi'E .9i*
staggered sufficiently for infinite source im-
eIUCLLIcWe and m'eeo nouroe impedance, wide, Cela-

ration can also be maintained for intermediaie, 1. C. T. Morrow, "E fci of etuning in Coupled
aim 'lI z' A eautancou, T'hu favorable diLrLctionl foW thyutemn F':xited by Cingle-IFre~uneny Sweepil,"
detuniuig in tme on10 that inereaaecIL f:01 ' or10- Bulletin Noe, ".9, Chock, Vibration and Anso-
croanen f.,, if coincidence inI obhaervod for an ciated itivirouimentu, Pert hi, (June :1.961),
Infini te-inqtediuLeet aouroe. T hue rc'ycrue, :InE true pp.,0-hO
if coincidence iu ohuervod for a zero-imipodancc
aourec. 2, C, '11, Morrow, 1). A. 1'roen lul and II. R. B peiecet,

"Rhandom Heoponuseci' orwo Coupled ileuonltora
i'rcncription of exact wlununtnl of deturiing without Loading,," dour. Accue,. Coo, Amer.,

for varioui, nituuiticouin would require? more Vol. 33, No. J., (TuouaiTy 7191, pp. IT. 5

APPE'NDIlX I.1

IE'SONANCI- FIN? QU NI:N~ i 101,19O CANE Ole NO MXCIIANICAILd i)OAL N0

.1j' 4 Eu a simcpi reotioiator comlpr~hi ang Xi. 1111ud III, 11ooE. nutA loud time reint of' til)Ive 1(hlli-
I ca] ntmiyitll, ý lie co ritiiitudin ayi c rC90 toi ouhanen fIeriuci i'cy , w, , an mEInii tred onl ainS ininii.Lte
[iic1,d dice miount , III u~naff'ccted by teImi p efldaucet'C ofWilt! iiourue at iiif

ThuL oilier hiyut~iom ret~iiuiiti'ý frcquMI'Eie J111 iie0i1-iiijcditie nelliiIt d inl ueaou~l ib.
fromi tii tli lil run inder of tile iiy0t 011 wi ti It, tilid ill,, il'iiorcdl

'oQr the( enflreCA al LEipp).L:I.e!d force0 ]"b.
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APPENUDIX :1

R)ESONA NCE I'hNQtIJENU:1X9 FHlOR CASE Oi NCO MECIIANICA1 wADI f~laNC (c al oc1udr d)

anid

j win VI + k I (V.-V 1 ). 0)(a

where

w- 271f *(s

CLIIL V1 anid Vb re h I~c omiplux i.Vbrut.iumb Ii Vciioi eIt ii of' the( iaphropriaiit, mnhti)m.

Loit

and

It followa that

..W' v b + W -. jiuur~/~ bb 6

and

bna

uo thaot, foil it zcl'o-Iinpdance eouine,

w 3. L

which ii. eiuivalolnt to Eq. (3)

AI')'NNI14IX 2

l]OiMONANCE IOEQUIMNiI'UE WITHi MEC] ANiGlAL LOADJING

The IC o ilpiI itv u(2illUn~.oili 1,0i' till)Il iiiiŽ) i cii l co l uyr .oli o, 1:11". :1Iwo!l

jul)VI + It (V -V )/jw - (Ill0 )
.1I. b 1. b

j wIll. V. + It IV N -v b)/Jw + Ii (V J-V )/a C, (,23.



HE:I ONAlNCl ViOX,11Jl'NC.I WIT III II1CI IUJCA1 I-DCA1)INO(ICConc olued)

diWiii, VP~ + k;(:- )/ju a

01'

,o2Vb+ w bi 2(Vb Jwbb

-o2 + W2 ()Vb) + w 2 (V1 ) - 0

-W2 + d 2 2(V 2-v11 0 (21,4)

wuld V,, :L tho compnlex Vibrutional. Venocity 01' Mi,,.

22(2

2 2 2 2 2 2 2 2
w-(w I +IJ1 2  +W ) I+ i ~ u w 2

+w

which Il i~uiVut.I idLnL to 1-:n. M.

AIt~l'i1it:Ijy, fci o filltjJIld Vb nitblit-itiitv Eitii. (P7) IIII ) ilto Ect. (30) tcobable

UI 2w 2 w 2 r b/Jwm b

2 2

whtuili Ill vq'ti.va~.l.,i Lo Eqi. (6;)
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A~ ''I,',llf)IX 3

!, ,'h bill, ~ llt., {';H o (:'•{) J11to Eq:( . (;13i) t(' , .m~ll~ . V ,
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W
1 b~

12 w 2 /(

w2w 2_2 )

(. 2, 2 2 22
1 1 (2 )wV 12  w2
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,. _ JioFb/mb

Vb 2 2) I 2(w,2'.w2/( I12 2. -2 ( , 2 22 2 2 22

(w b /Mbl " ~ I12 +w1 -2)(2 1 2 )-W /=•2 "2 2 =1 •

-J17.2) r (i2 22- 22 22

2 2 2 2 '

61 ~ +12  11 w )W * -w
2b 2 2 2 2 2 2

(F 2 Jl )( 2~ 2. w12 2 2+W 2 W 2
2+w 4+~

iwmb~i "i2'"'bl w2 +W I "'2z (w)Z+w1 2"'i2 T(2 +

I)m bI 2 W2 2 ) 2 2 ( 2 +W 24 +)

II w2)•],;, - 1 2
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EARTHQUAKE RESPONSE OF SHOCK-MOUNTED

COMMUNICATIONS EQUIPMENT

N. J. D•Capua, G. Nevrincean, E. F. Witt

Bell Laboratories
i Whippany, New Jersey q

This paper describes the case history of a shock-mount failure caused
by an earthquake excitation. The failure resulted from large pendulum-
mode displacements of the ceiling suspended equipment. Auxiliary leaf
spring isolators were designed to eliminate this pendulum mode and
still maintain adequate protection against nuclear blast. A test program
was conducted using actual communications equipment excited by an in-
put more severe than the El Centro Earthquake. The design objectives
were met and the hardware functioned without damage.

INTRODUCTION The L3 carrier repeater station is an exam-
pie of a hardened facility (1904) where recent

A significant portion of the lorg distance events vividly demonstrated the need to con-
network of the Bell System is designed to re- sider severe low frequency motion in designing

netwrk o th Bel Sytem s de gnd tore- shock-isolated sy stems. A number of repeater
slat the effects of a nuclear detonation. Build- stations located in Southern California were

ings along such routes are usually underground, exposed to te i San Fernando Earthquake in

and equipment within many of these structures February 1971. Although communication sere-

is shock-mounted to isolate it from the high iebwar maintad ume ofnthe serv-
frequency, high acceleration motions associated shock-mounts illusnrated in Fig. 1 were roken
with a nuclear blast environment. The basic sokmut luiae nFg eeboe
wbjecith a inu bst envmnironment The bacsic toor damaged at one station (located on the seis-
objective in shock-mounting is, of course, to niic contour map shown in Fig. 2).

convert a relatively high frequency system,

such as equipment bolted directly to a building,into a low frequency system by placing shock- Low frequency systems such as the above
mounts between the equipment and the buildings must be avoided. This paper describes how
mounts btwen tequ ipcysystementolan the bquipd- this particular system was modified to elinil-
This low frequency system isolates the equip- nate the pendulum mode while maintaining blast
ment from the blast environment and exposes protection. The test program conducted to cor-
it to only modest, nondamnaging accelerations. roborate design objectives and qualify new

hardware is also described.
Although a low frequency system provides

isolation from high frequency inputs, it is vul-
nerable to low frequency excitations. Thus, THE REPEATER STATIONS
since a nuclear environment also includes a

low frequency oscillatory ground motion, the
behavior of the shock-isolated system must be In these underground structures, measuring
such that induced displacements are not exces- approximately 10 ft long by 6 ft wide with 8 ft
sive. The vertical and horizontal frequencies ceilings, equipment is shock-isolated with
of the shock-mounted system must be chosen ceiling-suspended coil spring mounts, as in-
so that they are low enough to isolate blast in- dicated in Fig. 1. This provides vertical isola-
duced accelerations and yet high enough to tion to keep nuclear blast induced accelerations
avoid excessive ground motion induced dis- of the equipment below a 3g level. Communica-
placements. tions equipment is designed to withstand accel-

erations up to 3g's in a vibratory environment.
These problems of frequency tradeoffs be- The vertical frequency of this system is ap-

come even more critical when a shock-mounted proximately 3 Hz. The frequency in the lateral
installation is in an earthquake area. It is pos- direction is about 0.45 Hz. In the longitudinal
sible that low frequency induced displacements direction, the geometric configuration is such
can be greater in a severe earthquake environ- that the pendulum swing is at least I ft, with a
ment than in a nuclear ground motion environ- frequency of less than 0.90 Hz. There are other
ment. rocking modes which will be discussed later.
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Fig. 1 - Shook isolation system for blast protection
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Lateral clearance between the equipment and limit for the equipment assembly. However,
adjacent walls is a minimum of 6 in. before this limit is reached, the vertical shock-

mounts would probably fail since they were not
designed to experience such large lateral dis-

EARTHQUAKE EXCITATIONS placements. Lateral restraints are required
to avoid damage to the equipment during the

As shown in Fig. 2, the shock-mount failure maximum expected earthquake and nuclear
occurred in an area experiencing an earthquake blast effects.
of Richter Magnitude 6.6 with a duration of
12 seconds. A more severe earthquake proba- RESTRAINING METHOD
bly would have resulted in equipment impacting
against adjacent walls, possibly causing loss of
service. Thus, it is advisable to provide pro- The requirements for the additional re-
tection against more severe earthquake motions. straints were:
The El Centro Earthquake 1,1940 N-S com-
Ponent, is an example of wia is generally con- 1. Must limit horizontal and vertical motion
sidered a severe earthquake and is used to es- under El Centro Earthquake conditions to
tablish design limits. The duration of the El about d2.0 in.
Centro record was 30 seconds with a peak ac-
celeration of 0.30g and a Richter magnitude of 2. Horizontal frequencies limited to 3 Hz
7.3. The 1 percent damped displacement shock maximum to ensure protection from nu-
spectrum of El Centro is shown in Fig. 3. clear blast shock.

3. Existing vertical isolation should not be
affected.

I0." After considering a number of alternative
designs, the authors decided that the existing

5 vertical shock-mounts should remain attached
and that auxiliary leaf spring isolators would be
placed at each of the four corners of the equip-

3- ment, as shown in Fig. 4. This arrangement is
eas to install, low in cost, and requires no
maintenance i

DESIGN OF AUX[ILIARY LEAF SPRING
ISOLATORS

A relatively simple dynamic analysis was
performed to assist in determining the charac-0.3--NUEL CENTRO teristics of the proposed auxiliary leaf spring

--- NUCL..EAR GROUND isolators. Since the equipment is essentially a" MOTION DISPLACEMENTS rigid structure compared to the flexibility of
1.5 the vertical coil springs and the proposed hori-
0.1 I I I ILlI I I j zontal leaf springs, a dynamic lumped-mass

.1 .15 .3 .5 1.0 1,5 3 5 10 model was easy to describe. For design pur-
FREQUENCY - Hi poses, it was assumed that longitudinal and lat-

eral motions could be decoupled. Thus, two
separate models were used to describe the

Fig. 3 - 1 Percent damped displacement system, as shown in Fig. 5. All members inshock spectra the models are rigid except the springs. The

location and magnitude of the mass points were
A typical spectrum for nuclear blast induced chosen to duplicate the mass and inertia of the

ground motion [2] is also shown for comparison, communications equipment.
This represents an envelope of spectra for over-
pressures up to 50 psi produced by a 20 MT det- The ultimate configuration of the auxiliary
onation. Note the similarities in low frequency leaf spring isolators, as indicated in Fig. 6,
response. The earthquake excitation would evolved from an attempt to achieve the same
cause the equipment center of gravity to dis- frequency (of a pproximately 3 Hz) in both the
place about 4.5 in. laterally and 2.5 in. longi- longitudinal andlateral directions. This was
tudinally. The resulting motion at the base of achieved by increasing the moment of inertia
the equipment would be at least 9 in. laterally of one side. A leaf spring with constant moment
and 2.5 in. longitudinally. The corresponding of inertia would yield different longitudinal and
valuer. for nuclear blast would be similar, lateral stiffnesses, as indicated by the followingThese displacements exceed the 6-in. clearance relationships:
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--- .s" As shown in Fig. 6, the isolator has one fixedconnection and one pinned connection. Tests
indicated that a single pinned connection was
sufficient to allow the existing vertical isola-
tion system to be unaffected by the additional

-PINNED horizontal restraints.

Mode shapes and frequencies (eigenvalues
0.- 17"TY and eigenvectors) were determined for the two

T 4.0__7 models indicated in Fig. 5 using a computer
program based on a stiffness matrix analy-

a• sis. [3J As shown in Fig. 7, each model ex-
periences three predominant modes of vibra-
tion: vertical horizontal, and rocking. As a

4-I----Eo result of the decoupling assumption, one rota-
tional mode was not computed. The responseSECTION A-A of the corner points in the model to an earth-

quake input was obtained by employing a modal
Fig. 6 - Auxiliary leaf spring isolator analysis [4] program which accepts as input the

previously determined frequencies and mode
shapes, as well as joint masses, modal damp-
ing, and a digitized acceleration history of the

k El 2  1 (1) earthquake.
long. Fig. 7 indicates the computed and measured

Itest) frequencies. The primary goal of a
" + !- ) Hz longitudinal and lateral frequency was

and adequately satisfied.

!11 2 The peak accelerations for the lower corner
Ela. 1) of the equipment, as determined from the modal

anlt. we. and 0.52 gin the
lateral iongitudinal, and vertical directions
T2 respectively. Similarly, e displacements

where t is the effective length of each side of were 0.65 in., 0.6 in., and . in., well below
the leaf spring, and and are the moments the 2-in. maximum displacement requirement.

of inertia of each side, as shown in Fig. 4. In these design calculations, there were sev-
Thus, by increasing the moment of inertia of eral modeling assumptions which should be
one aide, the longitudinal and lateral stiffnesses emphasized. One rotational mode was not
wore made approximately equal, modeled, and this would affect the computed

TRANSLATION

VERTICAL LONOITUDINAL LATERAL
2.7 (2.9) HE 3.0(2.7) Ht 3.4 (2,B) Hs

ROTATION

L --CL:-

IN -PLANE NOT MODELED OUT- Of -PLANE
36(3 ) NHE 8. (6.0) HE

NUMBERS IN PARENTHESES ( }ARE OBSERVED VALUES

Fig. 7 - Vibrational modes and resonant frequencies
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responses. The horizontal stiffness of the exist- However, a sine sweep indicated a longitudinal
Ing vertical coil springs was also neglected, and frequency of approximately 2.2 Hz, which was
the leaf spring Isolators were assumed to act considered too close to the 2-Hz limit, below
only as linear springs, when in fact they tend to which the simulator could not accurately repro-
exert other forces which excite rotational modes. duce earthquake motions. Additional leaves
However, since these calculations were made were used o increase the longitudinal frequency
only to aid in the hardware design and in the to about 3 Hz. As slown in Fig. 6, the leaves
planning of the test progra.n, the model was were added to stiffen the longitudinal direction
considered satisfactory. but to have less effect in the lateral direction,

which was already close to 3 Hz.

TEST PROGRAM The test demonstrated that the leaf spring
arrangement with one end pinned and one end

A test program, employing the Wyle Labora- clamped performed satisfactorily. The verti-
tories Earthquake Simulator at Huntsville cal frequency did not increase beyond 3 Hz, and
Alabama was devised to corroborate the asic the lea spring isolators functioned under maxi-
design objectiver of the shock isolation system mum expected vertical displacements.
with the auxiliary leaf spring isolators. The
size of the test table (6 ft by 16 ft) permitted
testing of the actual equipment used in the field. WITHOUT AUXILIARY LEAF SPRINGFour frames were bolted together into one rigid ISOLATORSassembly and, since equipment is ceiling sus-
pended in the actual sites, the assem'ly wassuspended from the bottom of the test bed, as As a result of the simulator's poor response

shown in Figs. SA and 8B. at frequencies below 2 Hz, it could not test the

equipment without the isolators. Thus, it was
Inputs of vertical and horizontal motions were not possible to reproduce the pendulum mode

applied simultaneously and, by orienting the which had caused the shack-mount failures ob-
equipment at 45 degrees to the input, it was poe- served in California. However a severe low
sibie to simulate the earthquake motions along frequency environment was artificially simu-
three axes, The full earthquake was applied lated with a sinusoidal input excitation of 1/3 Hz,
horizontally, and 2/3 of this motion was fed whici forced the equipiient into violent motions
vertically L41. Accelerations were measured and did cause shock-mount failures.
with two tri-axial accelerometers located as
shown, and displacements were obtained from
analysis of movies taken during the test. In RESPONSE OF CONSTRAINED EQUIPMENT
addition, sine sweeps from 0.5 Hz to 20 Hz were TO EARTHQUAKE
run to determine modal frequencies. These
observed values are compared to the computed Test table displacements and accelerations
values in Fig. 7. Ts al ipaeet n ceeain

corresponding to the simulated earthquake in-

It was anticipated that the Wyle Simulator put spectrum of Fig. 9 are shown in Fig. 10.
would reproduce El Centro conditions in the Fig. 11 shows the first 20 seconds of accelera-
range of 0.5 to 20 Hz a range sufficient to test tions measured at the upper corner of the con-
the equipment both with and without the auxil- strained equipment frame. A summary of
iary leaf spring isolators. Howeverprelimi- accelerometer-measured peak accelerations,
nary test records indicated that the EICentro as well as displacements obtained from analy-
environment was not reproduced at low frequen- :is of film, are given in Table 1.
cies (below 2 Hz), and it was decided to check The measured values are higher than those
the simulator. A shock spectrum was made indicated by the design calculations because the
from the El Centro input data, and the same test table motion was more severe than the El
analyzer was used to produce a spectrum for test tab Otion wastore severe th these
the table motion resulting from this same input. Cen wre thatorota tina mo was
The gain to the simulator was adjusted until the differences were that one rotational mode was
table spectrum exceeded the El Centre input not modeled and that the modeled rotational
spectrum above 2 Hz, as shown in Fig. 9. This modes were not excited in the design calcula-
meant that the table motion was more severe tions while they were excited In the test.
than the actual El Centre data for frequencies
above 2 Hz. Thus, since the system frequencies
are all above 2 Hz when the leaf springs are at- CONCLUSIONS
tached, the equipment will see a more severe
environment under test conditions than indicated It has been shown that a shock isolation eye-
by the El Centre data. tem which includes a low frequency pendulum

mode is extremely vulnerable to earthquake-
As a result of the tests, the configuration of type excitations. Excessive horizontal displace-

the isolator was modified somewhat. Initially, ments up to 10 in. could be induced, possibly
the configuration tested was similar to that causing shock-mount failure and/or impact of
shown in Fig. 6 but without the additional leaves, equipment against adjacent objects.
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Fig. 8A - Wyle Laboratories Earthquake Simulator

TEST BED ACCELEROMETER7 TEST BED

INPUT INPUT ý,,,EQUIPMENT

//FLO,/ ACCELEROMETERJ
ACCELEROMETER

ELEVATiON VIEW PLAN VIEW

Fig. 8B lest configuration
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Auxiliary leaf spring isolators were designed I0 -

to increase the pendulum frequencies from less e0
than 1 Hz to approximately 3 Hz. This system
restricts earthquake induced displacements to :z 5-
less than 2 in. and still provides acceptable 0
blast protection. -3

A test program employing an earthquake sim-
ulator was used to corroborate basic design ob-
Jectives and qualify new hardware. The test
environment was more severe than the El Centro • -

Earthquake for frequencies above 2 Hz. Design W -
objectives were met and all hardware functioned
properly. x EL CENTRO INPUT DATA(DATA

MULTIPLIED BY 1.414 BECAUSEI OF 459 ORIENTATION)
.- *-- TABLE MOTION

151V1I I I I iI If i l l 1 I I I I 1I 1 l 1 1

,I ,15 ,3 ,5 1.0 1.5 3 5 10
FREGUENCY -- Hz

-| I i
7

II I I

2 4 46 S 0 Iit i414 II IS i20

"•"~~~~Fg tr9"r" ' ':'''• - Tes spectra
0070 a 4 6 a I0 2 4 IS Ii I0

'Irv[ 1.0

IM SI10 2 4 6 10 00 I 4 1 s 2

.1.0

0 a 4 6 1 0 I0 14 61 102

b 1.0

0 2 4 a aI 10 It 14 16 18 20

TIMIE[(etc.)

Fig. 11 - Measured equipment accelerations

Table I
Earthquake Induced Responses

Location Peak Accelerations (g's) Peak Displacements
Upper__Rigt 0Vert. Lat. Long. Verticalndhorizonta

Upper Right 0,45 1.4 0.9 Vertical and horizontal
displacements were between

Lower Left 0.85 2.0 1.0 1 and 1.25 in.
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Tii ilIIUCTiON Or I PACT I.NI)lli:l PRI'SSIIiFS IN FlIP-. TANKS*

Peter ., Torvik
".• and

•.James W. Clark
! ~Air Force Institute of Tlethnology

Wripht-Patterson Air Force IBase, Ohio 45433

The use of porosity to reduce the pressures generated by projectile
impact was considered both theoretically and exporimentally. Flame
retardant polyurethane foam was found to pive some improvement, attributed
to the casual introduction of air, A freon-filled dacron material (not
suggested for actual application) shows that significantly preater
attenuations can he achieved.

INTI'RODUCTION suppressant, and pressures due to impact have
been measured in tanks containinp, foamls.The catastrophic damage to fuel tanks Clark [S] reported a reduction by one-half in

brought about by projectile penetration is re- pressure when polyurethane foam was added to
ceiving much attention in the design of modern water, while Williams [1] found that pressures
military aircraft, The processes contributing actually increased when foam was added, We
to such a catastrophic destruction are many, assume that the introduction of even a reticu-
and are not simple. Neither analytical or ex- lated foam into a tank of liquid will lead to
rorimental approaches have been entirely suc- the inclusion of porosity in the mixture
cossful in leading to a complete understandinp through small air or vapor particles within the
of the phenomenon often referenced to as the foarm-fuel mixture. Other experiments have been
"hydraulic ram" effect, conducted with foams or gas bubbles introduced

into tanks, and have led Bristow (2] to state
The process of projectile penetration can that the introduction of such materials into

be divided into at least three major portions, fuel cells is not an effective means of con-
First, the generation of a shock wave at the trolling the hydraulic raw effect.
instant of initial impact of the projectile on
the fluid or the tank wall, and secondly, the It was the purpose of this study to re-
creation of a pressure field within the tank by consider the role of porosity in the reduction
the quasi-steady motion of the projectile of pressures. The primary attention in the
through the fluid, Finally, as the projectile analytical portion of the work wan piven to
approaches the opposite tank wall, the influ- the first (impact-induced shock) phase of the
ence of the second wall becomes significant, phenomenon, with the experiments being con-
and perhaps predominant, as the fluid set in ducted so as to gain further information about
motion by the moving projectile encounters the the effectiveness of porosity In both this
second wall. Other investigators, such as phase and in the quasi-steady phase of the pro-
Williams Li] and Bristow [2] have sub-divided cess,
the process even further, but these three will
suffice for the present discussion. In the next section, results of the analy-

sis will be briefly described, and in the
It has long been known that porous or following section the results of the experimen-

foamed metals lead to rapid attenuation of tal program will he piven.
large pressure disturbances [3], The rapid
attenuation of strong disturbances in soils [4]
may well be due to an inherent porosity. It is *Tl-cl experimental results reported here were
therefore evident that the introduction of por- taken from a thesis submitted hb, the secondosity should be considered as a means of re- author to the Air Force Institute of Technology

ducing tle peak pressures and therefore re- in partial fulfillment of the requirements
ducing the damiage due to projectile impact in for the MS degree.
fuel tanks. Reticulated polyurethane foams
have been inserted into tanks as a flame
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ANALYSIS pressure-density relationship was determined
for water-polyurethane mixtures and water-

As assume that a projectile penetrating polyurethane-air mixtures by uisinp a simple
the tank wall generates a shock wave which mixture theory described elsewhere [7]. In
propagates into the fluid. For the purpose of this adiabatic mixture theory, it is assumed
determining pressures at points along the ex- that no energy is transferred from one com-
tension of the original trajectory, we assume ponent of the mixture to another during the
the front to be hemi-sphorical. It is further short time required for the passage of the
assumed that the shock wave is similar to that shock wave. An alternative or isothermal
which would he generated by the instantaneous theory, in which it was assumed that each com-
deposition of energy at a point, i.e., the in- ponent of the mixture acquires the same temp-
stantaneous detonation of a small spherical erature during shock passage was also devel-
charge. If these assumptions are valid, a oped, but was shown [8] to lend to predictions
theory previously developed [6] in order to which differ but little from those of the adi-
predict the attenuation of shock pressures by ahatic theory. Typical results of these calcu-
hypervelocity impact on solid metal targets lations are shown in Figure 1 for mixtures of
can be applied. In that work, the Taylor blast several different volume fractions, Details of
wave theory was so modified as to take into the calculations and further results are piven
account the fact that the material through in [8]. It can lie seen that the inclusion of
which the shock is propagating is not a perfect the polyurethane foam typically leads to
gas being shocked to the limiting compression, slightly higher shock pressures, On the other
but rather that the pressure-density states at hand, if a small amount of air is introduced
the shock front are those of the Ilugoniot curve into the mixture, the calculations show that a
of the material. The required Ilugoniot slight, hut not substantial reduction in peak

shock pressure is to he expected. These cal.
culations all show a pressure decaying with
distance as an inverse power less than two.

300 , "T F T' T T It has been found [3), however, that In

IV O.9H0NO the case of metals, an approach such as this in
which a porous material is approximated by an

o00 fvPoLYa.03 equivalont hydrodynamic material can be ex-
pected to give accurate results only at early
times, that is, at short distances and high
shock pressures. At greater distances, i.e.,
longer times and lower pressures, it has been

0.a05 shown [0] for one dimensional (planar) shock
0vpOLy0O,5 waves that a simple theory, known as the "snow-

100 plow" model gives better agreement with the de-
tailed code calculations. Consequently, the

80 possilbility of developing a simple model
O0.97 analagous to the "snowplow" model which would

60 IVR0R 3 be applicable to spherical shock waves was
AIR undertaken, The results of this effort are

U50 • given in another resort [l(]. It was found
an that a spherical "snowplow" model could le
J0 developed from conservation of momentum and

would predict a pressure decay as the inverse

sOO sixth power of distance. Other simnlified
eN30 - I.IO models, based on conservation of energy, were

1 0.2 found to lead to the prediction that pressure
VAIR 0should decay as the inverse fourth power of

distance. Pither of these models would seem to
20 suggest that the introduction of even a small

amount of porosity will lead to a large in-
crease in the rate of attenuation of srherical
shock waves,

Based on these analysis, we conclude that

10 .--..._,--_.. ._ the presence of porosity should lead to in-
.3 A .5 .6 .7,8 .9 1,0 1.5 2 3 creased attenuation of the shock waves in a

fuel tank, particulnrly at large distances and
RO, CM long times. The contradictions in the exper-

imental data, with regard to the heneficinl
Figure I Peak Pressure Versus Distance from effect of foams, would be resolved If one In-

Inipact for Water-Air and Isater-Poly, vestigator had succeeded in achievinp a liquid-
urethane Mixtures, I-,, 1 100o joules polyurethane mixture without trapped air
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pockets, and the other had not, Porosity which Pnouinacel and trapped? air occupied 14% o~f the
Is not sufficiently uniform throughout the tank volume, Tile manufacturer has indic~ated
fluid might also not produce the expected ben- the mnaterial willI withstand preqssures of 3000
efits. Further, a reduction in the pressure of psi without damnago. The manteri al is shown in
the shock wave generated by the initial impact ripgure 21. vhe density of the Individual
does not necessarily insure improved attenua-
tion of the pressures generated in the later
stages of the impact andi penetration process,
As these later phases appenr to hie less amena-
ble to analysis and may well hie the mere sip-
nificant in the creation of damage, the ex- 4  ih. W
perimental program to lie described in the next
section includes an attempt to measure the,
pressures generated In the qjuasi -stonady Phase.

hater was used as the first target mater-
ial in order to establish a haseline agjainst
which the results for the mixtures containing
porosity could hie compared, The second mater-
ial selected was a mixture consisting of re-
ticulated polyurethane foam andi water. ThitIs
foam is currently used In sonic aircraft fuel
cells In order to prevent explosions in vapor
filled tanks. The material used had a density
of 1.3 lb/cu-ft, about 15 pores per lineal
inch, and a volume fraction of li8%. Measure-
mnents showed about 6'. by volume of air to be
present in a tank otherwise filled withr foam Figure 2h Pneturacel
and water. The material is shown In Figure
2a. The third target material used was water 3

strands are 0.025 pm/cm ,and tire diameter
about a.05 cm.

Target materials were contained in a rec-
tangirlar tank- measuring 23 1/2 in. high, 29)
1/2 In. wide, and 24 in. deep, The top,
bottom andi sides were 1/4 In. stool plater, re-
inforced by hrands of angle iron, Thle front and
haiclc plates were removable rand were made of

-. ~ (l.12S in. 21024 aluminum, A 4 in. diameter hole
* wait cut in the center of the front plate and

covered with 0.O005 In, Mylar sheet.

Two pressure transducers were positioned
~~ , 5 cm from the front plate ait opposite sdso

I I~i' the projectile path, 7,5 erm and 15 cm respec-
tively from the Impact point. A third was lo-
cated 20 cm above tire path of the projiecti Ic
andi 30 cm from tire point of impact. Tihe first
two gages were placed so that tire pressure
createdi by tire Initial impact would bie sensed.
The third gpope was placed further from tire wall
so that tire pressurre field penerated liY the

Figure 2a Reticulated 'olvuretharre roati' passing nrojectile would lie dominant, Tire
arrangemnret of thi. pressrrre papes wasI~ as shown
In Figure 3.

and l'noumacel * a now Du Pont tradonamed product Kistler trO3-A qruartz transiducers with
now in pilot production and currently used in model 1051i coninector adapters Connected to
rug pads. It is a mat made of Dacron fibers Kistler 504-A charpe amrplifiers were used to
Inflated with approxinrately 12% by weight Freon measutre tire pressures. Vtsta were recorded on
gas. This particular material was selected a Sanpamro Model 3562 portable recorder/repro-
only because It provided a simple means of In- ducer, arid later Interpreted by playback
suring a uniform distribution of gas thrroughrout tirrouph a Hloneywell V'isicorder and 'a storage
the liquid, and Is not suggested for upplica- oiscilloscople., Steel ball hearingrs weighring
rion to fuel tarnks. It is estimated that thre 128.5 grains were fired iitot the tank througph
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TABLE 1

Exporimuntal Results

Shot Material Impact P1 -psi P2. -psi P3 -"p"i
No. Velocity (r * 7.5 cm) (r 15 cm) (r * 30 cm)

(fps)
1W Water 1571 210 80* 100

2W Water 2219 210 110* 140
3U Water 2516 210 80* 160
4W Water 2896 245 100* 150

5P Pneumacel 1566 140 6 4

6P Pneumacel 2230 175 8 8
7P Pneumacel 2869 155 8

8F Polyurethane 1612 175 22
9F Polyurethane 2219 185 D0

IOF Polyurethane 2823 210 45

11F Polyurethane 1460 215 s0 75
12F Polyurethane 2180 180 65 185
13r Polyurothene 2759 145 50 142

14P Pneumacel 1333 45 8 8
15P Pneumacel 1816 140 10 10
16P Pneumacel 2740 130 14 14

171v Water 1650 240 65 145
18W Water 1459 225 50 80
19h' Water 2040 210 105 180
20Wv Water 2747 240 130 200

D Oata questionable
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ii
the mylar film at various velocities using a reduced by about n factor of two from the
powder gun. A more detailed description of the pressure at 7.5 cm. On the other hand, the
experimental apparatus and procedure is given pressures at 30 cm are typically about S0O%
elsewhere [11]. Preater than those at IS cm, le take the ini-

crease of pressure with distance to be an in-
A total of 20 shots were fired: eight dication of the development of a pressure field

into water, six into the water-polyurethane around the movinp projectile as conjectured hy ';
mixture, and six into the water-Pneumacel mix- previous investigators. It can also be seen
ture. Some data was lost due to an intermit- from the tabulated data that a pressure drop
tent failure of gage 2, as is indicated in the of typically a factor of three occurs between
tabulation of results, Table 1. Visicorder page 1 and 2 for the polyurethane foami, while
traces obtained by replaying the recorded data a reduction of a factor of In or more in poinp
for representative shots are shown in Figure from 7.5 cm to 15 cm into the Pneua'acel-water
4. mixture is typical. These results are taken

as confirmation of the predictions that a por-
Much scatter in the data is evident, but ous material should be beneficial in the re-

it is felt that certain general trends can be duction of pressures due to the initial impact.
deduced from the results. Comparisons of the
magnitude of pressures at gage I for the vari- The limited data indicate a hip.her pres-
ous target materials show that typical pres- sure at gage 3 (30 cm) than at gape 2 (15 cm)
sures in the polyurethane foam mixtures were in the polyurethane foam, just as in the case
"less than those in water, and that pressures of water. On the other hand, pressures in the
in the water 'neumacel mixtures were still less. Pneumacel-water mixture at pape 3 were foundOf a greater interest, however, is the rate at to be at the same low level as at gage 2.
which these pressures diminish with distance These data suggest that the Pneumacel is also
into the tanks. The experiments on water show effective in attenuating the pressures caused
that the pressures at 15 cm from impact are by the moving projectiles.

hater Polyurethane Pneumacel

Shot 1 Shot 12 Shot 6

Care 1

Gage 2

Gage 3 L
4 3 2 1 0 4 3 2 1 0 4 3 2 1 0

Time (msec)

Figure 4 Pressure Time History at Severnl Stations
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A TREATMENT OF A NON-STATIONARY RANDOM PROCESS -

LOAD TRANSFER AT SEA

It. S. Zwibcl and D. A. Davis
Naval Civil Engineering Laboratory

Port Hlueneme, California

A treattment of a non-stationary random process is presented. By
way of example, an offshore cargo transfer problem is solved in-
order to demonstrate the approach. It is found that for high sea
states the statistical uncertainty in load pendulation is quite
large.

INTRODUCTION boom acceleration is a random function of time,
This randomly forced pendulum therefore falls

Many of the problems in shock and vibration under the category of non-stationary stochastic
are random in nature. The majority, represent- processes, In fact, if one considers the
able as stationary stochastic processes, are possibility of large amplitude oncillations,
analyzable by a variety of analytical techniques. then the equation of motion is also non-linear.
There are, however, situations for which the There are analytical means for determining the
process is non-stationary, e. g., transient statistics of stationary stochastic processes;
phemonana, time variation of control parameters, unfortunately for some non-stationary random
etc. For these non-stationary processes most processes there are no comparable methods
of the analytic tools used for stationary available 121. One must use the "brute force"
processes are not applicable. In this paper, method of simulating the rai~doa input function
we treat a system that io non-stationary because and numerically integrating the equation of
of time varying parameters, motion to obtain the output, In order to get

statistical information it is necessary to re-
In a previous study, Zwibel [I1 treated the peat this procedure for a number of Inputs.

stationary stochastic problem of load oscilla- Statistical accuracy increases with the total
tion with fixed load suspension line length, number of simulations,
In most load handling operations, however, a
non-stationary problem arises during offshore Ilia equation of motion is obtained by
cargo handling operations. A load is raised, equating the time rate of change in the load
shifted and tlhfn lowered by a crane mounted on angular momentum to the applied torque. This
a floating platform. Horizontal boom motion yields the following equations
(caused by wave-induced platform motion) forces (1)
the load line system t- oscillate, Due to
raising and lowering of the load, the physical d! - 2 dL(t) 1mbU) .. f sin e(t)
properties of this pendulum change with time. 2 dt =Zt dt " 1t)
The magnitude of this induced oucillation for dr2
both random sea conditions and swell is of + d

2
X s(t) Co0

interest, For swell, tlic system is not random; g dt
2  

t
however, for a wind developed sea the system is d;2

stochastic due to the randomness of the forcing
function, both sittuations are discussed in this where
paper, t - time

TIEORY 0(t) - angle of lifting line with respect
to the vertical

A heavy load suspended by a wire from a L(t) - length of lifting line (this is a

boom acts like a pendulum, and a swinging motion deterministic, specified functime

of the load can be initiated by horizontal of time)

accelerations of the boom. The mathematical X at t c horieontal position of boom (the

analysis of this forced pendulation is compli- attachnent point for the lifting

cated for several reasons: first, the length line)

of the pendulum is changing with time due to acceleration of gravity

raiping and lowering of the load; second, the

200



For a given L(t) and X t it ,a a Hiiple matter N(3)
to numerically ntegrate the aove equation. W W We
The complication arises because of the random a n t8 2u &n o(n t +
nature of X (t), n-I

and ic used as the forcing acceleration for the
In order to numerically integrate Equation load pendulation,

(i) it is necessary that X (t) be a knowa,

deterministic function or time. X (t) depends t should be noted that a given set of N
on the crane-barge motion, which in turn depends random phases yields a simulation of X (t) that
on the set surface motion. The sea surface: -- is a deterministic function of time. re-il/as a stationary, (laussian random process. It. presents one member from an ensemble of boomfor wind generated Waves -- can he approxiftuted prsnsoembrfomaesmleofhm

Spower spectral density function, S (p), takes a motion. The pendulation time history obtainede ftrms wen y fuse tion by integrating the equation of motion is, there-variety of forms; we use the Pier/ n-Moskowitt fore, only representative, and statistical
spectrum. The deep water form of this spectrumis gvenby:inferences must be trade by sampling many members
is given by: from the ensemble. For some applications thou-

A /w
4  sands of sample functions must be used. [4]. In

W - a e" this paper such extremes are not required cinne
w 5 high accuracy is not necessary.

where A 0.0081SO 2 and i , 33.56/111432. lirs TYPICAL PROBLEr
111/3 is the "significant" wave height, and it
represents the average of the 1/3 highest waves Consider the case of the YD-225, a Navy

in the random sea. 100-ton yard crane, unloading containers from a
ship moored in the open sea, The 140-foot long

The barge motion is assumed to depend barge has a beam of 70 feet, a mean draft of
linearly on the surface elevation, hence the 6.0 feet and displaces 1,540 long tons. Both
various motions, heave, pitch, surge, et. are ship and crane are headed bow-on into the
also stationary Gaursian random processes. If incident unidirectional a sea A lighter tles
SRAO(w) is the response operator for the boom between the crane and ship and serves as a
tip motion , then 2receiving platform for off-loaded containers,

S(W)) I SAN(W) The crane lifts the upper most container from a

stack of throe resting on ýhe deck of the ship,
is the power spectral density function for the raises the container 10 feet at a constant line
boom tip horizontal motion, The RAO is the rate of 79 fpm and then immediately lowers the
response or the boom due to unit amplitude container at the same line rate to the well deck
incident waves, of the lighter, To actually accomplish this

transfer, the crane boom must either be rotated
It is now possible to simulate X (t) by or raised to position the container over the

using Monte Carlo techniques. C33. The method lighter, 'Te theory, however, does not account
used is the most "intuitive" of the various for changes in boom position during a load trans-
possible approaches. The desired stochastic fer, and this variable is ignored in the analy-
"variable, a. g., the sea surface elevation is sis that follows. Figure 1 depicts the crane,
represented as a sum of waves, each with a lighter and ship at the instant that the load is
different frequency. The phase of each wave iu lifted. The crane boom is positioned normal to
independently chosen at random from the uniform the barge longitudinal axis, and the point of
distribution, and the amplitude of each wave is line suspension is 61 feet above the top of the
chosen so that the power spectral density container. For the sake of simplicity, the
function of the process is a specified function. center of gravity of the container, spreader
Mathematically, the simulation of X,(t) is bar and hook is assumed to be located at the
described by the following equationi (2) geometric center of the 8 foot high container;

N thus the effective line length at the beginning

x (t) 2 ol t f the toad cycle is 614-4 - 65 feet. The well
e)- 2 -nn)[ Cos n* ) deck of the lighter is one foot below the water

1 )adsurface, hence the effective line length when
Swhere the container is released is 116 feet. The

problem statement is completed by noting that
wn - is the circular frequency at the the mean water depth at the unloading site is

midpoint of nth frequency interval, assumed to be 100 feet and that the crane barge
An - in the width of the nth interval moorings are assumed to have no effect on the

cpt iththe randomly chosen phase of the barge motion for the frequency range of interest,

n wave. The RAO for the horizontal boom tip acstler-
N - is the total number of individual aties, R , is required for both regular and

waves, random wives, It and the RAO's for X and 9n"
S(w•) * is the power spectral density for the boom tip horizontal displacement mInd

the horizontal motion of the boom. velocity - were computed using the NCEL ship
gition~comwuer €•do (RELPO4. The results are

The boom acceleration obtained from Xg(t) is van rn F ures ltroug
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Figure 1. Unloading containerized cargo with
100-ton Navy yard crane,
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Figure 4. Ilcrisontal acceleration responsc
4 1.2 1.; 2.1 amplitude operator for crane boom.
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Figiure 2. iiorisontal displacement response The load displacement amplitude operators
amplitude operator for crane boom. for five different wave periods are shown in

Figura 5. The results were obtained from an
analytiual model (code named SWING) uiich com-
put:s load oscillation for simple harmonic
exsttation of the load suspension point. The
abscissa in each traph is expressed as time (in
seconds) from the bdeinniin of the load transfer
cycle. Thus at time 7.6 seconds the load has
been lifted 10 feet from the containership deck,

and at 53.9 seconds from lift-off the load is
rasting on the well deck of the lishter. The
ordinate of each trace is expressed as the
peratio of load displacement over boom displace-S~ment amplitude.

For exiatioompro of 96 seconds. (notr leste,
.l . .. as the motion of the load is somparatively smalla

and there Is no evidence of resonant behavior.
considerably more motion occurs for 8 second
period excitation, and a maximum response occurs
uor excitation of 9.5 seconds. In the latterS... . • .. case, the unrestrained load is soon to pendulate

" '" ' '' • with an amplitude equal to 15 times the boom
,,i !, i. lI I , I ldisplacement amplitude. Resonant behavior is

S.... , ,. ,~ . (-,1t€.: far loes evident in the plot for 12 second
excitation, and at 16 seconds the load response

Figure 3. H~orixontal volocity response is comparable in magsnitude to that noted for 6

amplitude operator for crane boom. second excitation.
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If one scans the frequency dependent load die- For different values of significant wave
placement operators In Figure 5 and selects height, )1l/3, load motion simulations were made
placemech optherator maximium 5win and plectu to determine the relationship between maximumfrom each of these the maximum swing amplitude load amplitude and seastate, IThe results, for a

that occurs during each load transfer cycle
(regardless of when it occurs during the cycle• line speed cf 79 fpm, appear in Figure 14.then a plot can be formed such ai the cower Although only five simulations were made for

trace in Figure 6. I'o additional traces for each value of s tl/3a it is apparent that Seax
slower line speeds, 50 fpm and 25 fpm, are also (and the spread in predicted amplitude as well)
shown in this figure. It is clear from these increases with aeastate. It's clear that, for

the higher men states, many more samples would
results that faster line handling rates result be needed in order to obtain reliable statistics.
in a lowering of the load displacement ampli-
tude operator. It is also interesting to note that very large

swinging motion may be induced, even with a
random excitation and a varying pendulation

Tlhe product of the boom tip horizontal die-
placement amplitude operator and the maximum length.
load displacement amplitude operator produces FINDINGS AND CONCLUSIONS

the useful result shown in Figure 7. It isapparent from thin plot chat regular swell hay-
1, A theory has been developed for predicting.

ing a period of 9 seconds produces the maximum the horizontal response of an unrestrained wire
load amplitude, about 14.5 feet per foot of suspended load in regular and random seas. The
wave amplitude. line length is allowed to vary; thus the load

Motion in Rand.•m Waves response in random seas is a non-stationaryrandom p:ocess,

Random Waves. Estimates of the load sus- 2uire multipe l adures ons hes lat rpension point motion in random seas were comput- 2. The non-stationary nature of the load re-
ed using the NCEL ship motion analysis.* The sponge in random seas, coupled with the short

results appear in Figures 8 through 10 as plots dura.ion of each lift cycle (1-2 minutes) ro-resutts apperage of tihues 11 hioghestdisplaceete quires multiple load response simulations for
of the average of the /3 highest dieplacerient accurate results. Additional study is required
amplitude as a funttion of the deep w1ter si- to relate accuracy of prediction with total
nificant wavo heighe, Ill/3. simulation time,

As noted earlier, the solution of Equation
(1) for the angular deflection of a wire suspend'- 3. Results from the analysis for a Navy 10i-
ad load in a random sea (with variations allow- ton yard crane, operating at a maximum Line rate

ed in the suspension line length) was complicat- of 79 fpm, indicate that the maximum load div-
ed by the dependency of this solution on the placement amplitude to be expected in a seastate

random nature of Xa(t), the time dependent 3 is at least 2 times as great as the signifti-

horisontal boom displacement. Ili function cant wave height (111/3 ' 5.0 feet).

Xs(t) , however, can be simulated as shown in 4. The corresponding maximum load displacement
Equation (2), and the result in turn used to
simulate the motion of the load, the independent amplitude to be expected in 5 foot high, 9
varLablt, of interest, second period regular swell (critical swell

period for the crane) is about 7.5 times as

Thus, with the same load cycle as before great as the swell height,
(line speed - 79 fpm) and with random selection 5, The predicted unrestrained load response
of wave phase angles for each simulation, a fo The 100-tonedranreisrclearlyounacceptabl
series of plots can be generated such as those for the 100-ton srafe is clearly unacceptable

which appear in Figures It and 12. These two for reasons of safety and for the adverse effect
simulations from the infinitely large ensemble it would have on the rate of cargo transfer.simuatins rom he nfiitey lage nseble Positive t&81ino control is required at all
of simulations differ markedly. This illus- sties to control load p endulation.
trates the dependency of the solution on the
random selectiuo, of wave phase angles, Obvious- 6, Faster line handling rates have a mitigating
ly, accurate statistical estimates of tile load inFluen e ounetined oad osiltions
motion are impossible without a substantial influence on unrestrained load oscillations.

number of motion simulations. On the basis of For the 100-ton crane, the maximum load displace-
nine simulations for each of three different ment amplitude for a 79 fpin line rate is about

line speeds (25.0, 50,0 and 79.0 fpm) the half of that for a rate of 25 fpm.

estimates for Smx (maximum Load amplitude per FUTURE PLANS
load cycle) are plotted in Figure 13. It is
apparent that the effect of incresaing the crane 1. Extend the theory to include motion in more
line speed is to reduce the magnitude of load
oscillation, although the reduction in magnitude than one plane.

is not as great as that noted earlier for
pendulation in regular waves (Figure 6), 2. Investigate predictive accuracy in random

seas as a function of total simulation time,
The sea is described by a fully developed
Piereon-Monkowitz spectrum. 3. Extend the theory to Include tlhe effects ul

linear taglino restraint.
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Fi'ur" 12. Typioal simulation of random boom tip and
Load displacemont (111/3 - 5.0 ft),
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FigUre 13. Maximum load displaeoment amplitude In random sees as a
function of line handling rate (H 1/3 -5,0 ft).
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NOMENCLATURE

A- Constant appearing in P erson-Moskowitz
sea spectrum (- O.OO81&g1).

a - Wave amplitude,

- Constaint appearing in Pierson-MoukowLtz
sea spectrum (- 33.56/tIl/3

2
).

g - Acoaleration of gravity.

H1 / 3 - Significant wave height,

L(t) - Length of lifting line.

RAO * Response amplitude operator.

S(M) - Power spectral density function for the
horizontal boom tip motion,

SMax Maximum load amplitude per load oycle.

S (a) Pierson-Moskowitz sea spectrum.IS
SS Seastato

t Time

X(t) - Horizontal position of boom,

5(t) - Angle of lifting line with respect to
the vertical.

0 - Randomly chosen phase of the n wave.

a - rrequency (radians/sec),
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CRITERIA DEVELOPMENT OF JK-I AND JK-2

CARGO RESTRAINT SYSTEMS (U)

Robert Kennedy
U.S. Army Transportation Engineering Agency

Military Traffic Management and Terminal Service
Newport News, Virginia 23606

Military Traffic Management and Terminal Service (MTMTS) prepared
a series of transportability test procedures designed to improve the

value of test data for transportability criteria development, For the

last several years, portions of the procedures have been used by mili-
tary and commercial test organizations.

U.S, Army Materiel Command, Ammunition Center, Savanna, Illinois,
has applied the MTMTS test procedures to an extensive transportability
test program with ammunition in MILVAN containers equipped with

JK-l and JK-2 cargo restraint systems. Transportability testing in-

cluded shock and vibration tests for rail, highway, and water transpor-

tation and terminal handling, The experience has provided a complete
trial of the procedures for the surface intermodal tests series. Test

results have produced the needed criteria information as dynamic fail.
ure loads, margins of safety, and shock and vibration data.

BACKGROUND Method B tests are transportability tests
conducted with full instrumentation and with test

The U.S. Army Transportation Engineer- input loading increased incrementally to the

ing Agency (USATEA) prepared transportability point of structural yield then to the point of

test procedures for rail, highway, air, and ter- failure of a principal component. Method B

ininal handling. For the most part, these pro- tests are the workhorse of criteria development.

cedures duplicated both in intention and tech- By developing stresces, strains, deflections,

niques long-standing documented test practice. and other measured data throughout the entire

The procedures differed in format from exist- range of loadings and by developing the distri-

ing documents in that they were more specific bution of shocks and vibrations through the

and perhaps even more elementary as regards structure, effects of underloads, overloads,

test apparatus: test reporting; facilities; and and the mechanical interrelation of the compo-

criteria for yield, failure, and margin of safety, nents can be developed. Method B tests also
encourage specimen improvement during tests.

The biggest difference between USATEA A failed component may be repaired and

test procedures and existing documentation is strengthened end the input lead increased to

the classification of transportability tests into measure failure of additional components of

three categories. Method A was used to denote criteria interest.
proof tests, or thoue tents required to certify

that a transportation system and/or component Transportability test procedures include a

can or cannot sustain a preestablished loading category, Method C, for instrumented in-

for a specified time or sequence. Method A service tests, The intention here is to stan-

tests are of little value for developing criteria, dardize banic measurement and reporting pro-

but proof tests are necessary for obtaining cedures so that shock and vibration results

regulatory approval for some production items, from isolated In-service tests will be useful
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for a comprehensive study. Criteria develop- system had functional advantages over cornmcr-
ment from actual shipments has been hampered cial systems in strength, weight, lumber con-
by lack of descriptive field notes and an income servation, and simplicity.
pleot description of instrumentation calibration
antr performance. ;,lethod C test procedures The MTMTS cargo restraint system was
will improve Ill-survice. test results for cr1- designed specifically for inturmodal transpor-
teria purposes by producing more uniformity in tation: rail, water, and highway and terminal
field notes and documentation, handling. Static and dynamic forces consequent

to the transportation en ironments were ana-
In order to restra'n ammunition and other lyzed, and a structure was designed that would

dense cargos in containers for intermodal ship- withstand most efficiently the magnitude and
ments, restraint systems were designed by direction of the most severe combination of en-
adding to existing restraints for rail, water, vironmental loadings. The JK-I and JK-Z de-
and highway modes to accommodate regulatory signs are structurally simple to facilitate rea-
requirements for all applicable modes. Wood sonably accutrate calculation of internal forces,
and mechanical bracing used successfully for stresses, and strengths with a minimum of
years in rail was adapted for container appli- mechanical assumptions. Perhaps most im-
cation. Vertical restraint required by the U.S. portant is that the system is incremental. The
Coast Guard was added to the rail restraint by number of restrain' components required can
applying more wood beams and columns. The be from none for extremely light cargo to a
vertical restraint structure needed additional sufficient number to withstand the forces re-
strength beyond that required for ship environ- sulting from the heaviest cargo permissible
ment to resist the more severe highway verti- with the most severe tranuportation-induced
cal shocks. The resulting restraint designs shock and vibration loads. Storage and weight
either in the all-lumber or the combined penalties for unused components are minimal,
lumber-mechanical configurations produced Also, only the minimum number of components
inefficiencies in time and costs. These limita- need be used to produce the desired margin of
tions are most obvious in military transporta- safety, which conserves cargo stuffing costs
tion where rapid unloading is essential, and time.

All current restraint systems are attached The pursuit of transportability test proce-
partially tu the container sides. For railcar dures and an MTMTS cargo restraint system
and ship restraints, this form of attachment is were conducted concurrently. Itwas recognized
satisfactory because the railcar sides and ship that the two projects should be brovght together.
bulkheads have ample strength, Restraint at- The restraint system needed comprehensive
tachment to container sides !umborsome due tra n ýtrtability teats; the test procedures
to the low rigidity and strength to support con- i.•edcd a complete trial; and shock and vibra-
centrated loads in any location, By attaching tion criteria for ammunition containers based
restraint members to the container sides, on measured data were needed. MTMTS
options are few for rapid unloading with mini- equipped two MILVAN containers with the J51<-
mum hlmndling equipment, which is a priority and JK-2 cargo restraint systems. U.S, Army
military consideration. In order to unload Mtzteriol Command (USAMC) Ammunition Cen-

cargo rapidly or selectively d 4rectly from a ter, Savanna, Illinois, was assigned the task of
container with a rough terrain forklift, large conducting complete instrumented transporta-
side doors, removable container sides, or bility tests. The primary task was to develop
completely open flat rack configurations are shock and vibration data for criteria for
needed. With cargo restraint attachments MILVAN containers with the MTMTS cargo re-
located in an area required for handling access, straint system. Transportability test proce-
side or selective unloading is impractical be- dures were followed for all testing, analysis,
cause the restraint attachment blocks the ac- and reporting.
coss needed for personnel and equipment to
free the cargo.

RESULTS
Military Traffic Management and Terminal

Service (MTMTS) recognized the need for a The transportability tests were divided into
cargo restraint system that would permit rapid six tasks, each conducted, analyzed, and re-
container unloading with minimum materials ported separately.
handling equipment. The JK-l and JK-2 cargo 1
restraint system is one not dependent on sides Task 1. Highway, In-Service, Method C.
or doors for restraint attachments. Prelimi-
nary engineering showed that the MTMTS Task Z. Laboratory, Method B.
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Tot El k 3. Rail, Method H. the JK-.: systemn with inurt loativri -- mmn
5111gl loading projectil, N,

Ta.s1l 4. Highway, Method 13.
lnoth s ystrnis List- al uminol I (!NtVl1dvrl floor

Trask 3. Te rminal Handling, Method 13. rail bolte'd to On. containoer floutr beaw '. Tho
JX-I Usvs six floor r-alls: and thu .1K-?, foo p

Task 6. Rail, Highway, Te rminal H-an- rails, as scon in the photog raphs. The princl -
duing, Muthodl A, pal rliffc rune e between the .1K-I and .1K-Z is the

miethod oif late ra I re straint. The 1K-i uo se s all-
Two MILVAN containe is, one vequippvd With j1ustablu an mls a ffixed to the floor chocks: the

a 1K-i ru stritlot and tho othur equipped with a .K -2 use s st rapping tor ]atepal I utppoil . Tim
.1K-2 restrpaint, we re dc livcedrn to Abe rdeeni .K-I is qucj kerp to secure cargo but is hean~vier
Proving Ground, Aberdeen, Maryland, where and requires more floor rails to reach cairgo at
the highway in-service. tests originated, Thu all locations an the container floor, Thu *TK-2
car-go for the containers equipped with the .7K-I is less eXpeOnSive to fabricate and weighs less,

r was simulated 105 -mm boxed ammunition, but it requires lateral straps that ore morem
Fig. I shows the MILVAN container and cargo difficult to fasten than aro the adjustable arms,

Fig. 2 shows the other container equipped with

Fig. I 105 -iflmf ammunition boxcm iii

M1I.VAN container with JK-l
cargo restraint

Fiig. 2 -
1 55-mm ammunition in MILVAN
container with JK-2 cargo
re strnint
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to aid in selection of systems for particular Task Z
applications.

Task ?, laboratory tests, were run on two-
Task I high pallet loads of 155-mm unitized and 105-

mm boxed and unitized inert ammunition.
For Taslk 1, highway in-service teots, con- Task 2 tests were intended basically to expert-

tminers were loaded to the nmaxinmum weight meat with two-high stacks to develop the best
limit of legal allowable axle loads for the states strapping and unitizing configuration prior to
en route. For the JK-i system, the gross full container load testing. Throughout Task 2
weight of the cargo anti container was 40, 095 tests, the hold-down straps were instrumented

pounds, and 4Z,094 pounds for the IK-2 system. and the dynamic strap forces measured, Also,
Both containers were instrumented with con- accelerometers were used to control and mneas-
tinuous recording m• chanical accelerometors ure inpuL forces.
located on the floor of the container at the door
end, Both containers were transported sepa- Vibration teats were conducted by subject-

rately on a MILVAN chassis in the 20-foot Ing both the 155-mm and 105-mm ammunition
double-axle configuration with a commercial to a vertical sine input of 1-inch double arnpli-
tractor and driver. Maximumn peak accelera- tudo at 3, 4, and 5 cycles per second. The
tions recorded during the trip were 2. Ig's rigid hold-down produced more working of the
(0, 080 second) vertical; 1. Zg's (0.080 second) 105-mm box nailed joints *han normally seen
lateral; and 0. Sg (0. 100 second) longitudinal, when the boxes are not restrainod in the vorti-
Thu acceleration amplitudes were generally cal direction, The vibration tests showed that
lower than previously recorded by USAT.A strap tension can be maintained throughout the
during similar in-service teats. The reduction tested vibration and that the limiting structure
in shock amplitude could be partially due to the is the 105-mm wooden box package, The re-
.TIK- and ,K-2's tight restraint preventing rola- strained 155-mm load withstood the test
tive motion between the container chassis mass sequence without incident.
and the cargo mass. No conclusions as regards
shock attunuation merits of restraints arc in- Fig. 3 shows the test arrangement for the
tended because of the wide differencea in test shock portion of Task Z. An inclined impact

arrangement, such as the 35-foot container tenter was used to generate the longitudinal
versus the 20-foot container, from Shreveport, input shock. The test specimen consisted of a
Louisiana, to Concord1 California; versus from portion of container floor with floor rails
Aberdeen, Maryland, to Savanna, Illinois; corn- affixed, JK-l and JK-2 floor chocks, and metal
mercial chassis versus MILVAN chassis; and banding. The banding was instrumented to
prototype test restraint versus production corn- measure both the pretension force and the
mercial restraint. The only similarities wore superimposed dynamic forces consequent to
the cargos' l5-mm anti 105-mm ammunition impact,
and the instrumentation type and location.

Fig. 3 - Two-high pallet of 105-mOr
ammunition boxes with
JK-l restraint during
incline impact test
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Due to the flexibility of this type of test, loaded rail weight of the test car was 171, 7H0
miany restraint configurations were tested, pounds, Impacts were affected by accelrating
Criteria developed from this test were that a fully loaded 70-ton hopper, 220, 000 pounds,
strap pretension should be from 1,200 to 1, 500 into the inutrwmented test car, which, before
pounds to prevent zero tension at any time with the impact, was standing alone with the brakes
dynamic loadings. Also, the chocks should be free.
factened to the floor rail with a torque of 80 to
100 pounds per feot. The test restraint con- Instrumentation consisted of a strain gage
figuration was two straps over the cargo with dynamometer coupler to me asure the impact
all additional "figure 8" unitizing strap. force and strain gago dynamometer tielown

straps to nmeasure the impact forces in the re-

The laboratory test proved quite suece ss- straint system, Unbonded strain gage acceler-

ful because failure loads could be developed, orniters were also used at various locations to
and specimen losses due to failure were mini- measure triaxial accelerations.
mal due to their small size and cost. The
development sequencu started tests with the Strain gage data and visual observations
smallest estimated required restraint struc- detected substantial yield at 8-m.p.h. impact
ture, and components wore added or adjustments velocity, or 1,050,000 pounds coupler force.
made during the test to obtain the best arrange- Inspection after the 12-m.p.h. impact showed
meat. This approach ii practical with Task 2 that all major system components, the railcar,
tests due to the ease of changing the test spoil- the chassis, the container, the wooden boxes,
men and retesting the restraint configurations and the restraint systemi had gone beyond their
with a single pallet stack, yield strength to demonstrate a well-balanced

system dlesign. Fig. 4 shows the 155-mm
Task 3 pallet knocked out of the container by the 12-

mi. p.h. impact but still secured to the container
Rail impact tests, Task 3, were conducted floor by unitizing straps. Proof tests run on a

as a failure teat. Impact velocities were in- sinmilar test specimen show the coupler force to
creased in 1-ni..lh.h Increments from 3 rn.p.h. be under 300,000 pounds at 10 mp.ih, where-
to the point where the test specimen could with- as Method B tests produced coupler forces 5
stand no further increase in impact loading, times greater, or 1,500,000 pounds at 10
The test specimen or test car was an 85-foot a. ph. The severity Inc rease is duo to the
trailer on a flatcar loaded with two MILVAN increase in kinetic energy consequent to a much

chassis and containers, which, in turn, were heavier hammer car (210, 000 pounds versus
fully loaded, one with 105-mrnm boxed simulated 170, 000 pounds) combined with working the
ammunition and the other with 155-mm inert cushions to their least efficient force and travel
loaded projectiles, The MILVAN container- range, At these extreme coupler forces, over
chassis combination wuighed 49,430 pounds 1,000, 000, the cushions in the railcar and the
with the 105-nun ammunition, and the other cushions in the hitches have used up all usable
containur-chassis weighed 50,350 pownds. The travel and are substantially solid.

Fig. 4 - Test specimen after 12 in, p. h.

impact (note how unitizing
strap captured cargo)
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Thu rail tests were conducted with several of transverse alturnately spaced railroad tites
bundling and unitizing configurations for deovelop- projecting 6 inches above the roar] surface
mient purposes. The test results generated spaced at 10-foot intervals for 50 feet. Task 4
Keveral restraint system improvements ns an included several test runs over the Hazard
improved) T1-bolt, check, base p~late, and chock Course. No box failures or slippages were de-
bearbing. The restraint systvnm wits continually toutedi even with the pallet loads using the un-
improved throughout testing, and] the final ri'- succes mful banding arrangement. Strap tension
strainit dlesign was of equal or hotter strength (combined static and dynamic forces) rangedl
than the other structural components In the sys- from 1, 600 to 2, 000 pounds , which Is considlervd
tern as regards resistancft to rail imipact loads, satisfactory and serves as a check on Task 2
A balanced, efficient, and optimum design for c rite vin of 1, 400 to 1, 500 pounds preutnsionirig.
the resatraint system was a chiev\ed, and this
met the goal of a Method 13 failure test. The most important observation from the

Task highway tests is that vertical road) resonance
Task 4shock inputs are a most severe loading for the

nailed joints of the wood packaging, If no verti-
Task 4 was conducted by towing the sameo cal restraint is utilized, as with many current

MILVAN container loads of ammrnunit ion, 155- restraint systems, the package. merely bounce
n inni and 105-mm, miounted on a MILVAN chassis free and do not respond to the resonant input to
over test courses. Tiedown straps wero instru- develop high vertical cargo stresses. The cur-
rnented to mecasure pretension and dynamric rent 105-mm boxes withstand this severe load
forces. Thu washboard course cone~istecl of 300 with proper vertical restraint configurations
feet of gravel surface with transverse railroad and are satisfactory for re straint for inte rmodal
rails spaced 26 inches apart. This test surface shipment.
prodluced a severe resonanit condition on the test
specimen. Sonie lateral movements and some Task5
damage wecre found on the 105-mm ammunition
boxes. The strapping configuration differed Task 5, terminal handling tests, consisted
from any tried in tho laboratory during pro- primarily of tilt and drop tosts, Instrunienta-
cedling tests and was found by this test to be tion was active during these tests to measure
unsuccessful. Force and acceleration criteria both strap forces and pertinent accelerations,
data were developed from the washboard test, The .TI-1 restraint with 105-mm boxed ammu-
For this dlynamic loading, the initial strap nition was selocted for terminal handling tests
forces were substantially unrelated to the box as shown in Fig. S. These specimen comipo.
bearing failure and consequent cargo slippage. nento were selected to try the rigid chock arm

of the JK-l IIn the tilt tesat and to seu how ýhe
In order to obtain American Association of nailed box joints from the 105-mim arrangement

Railroads (AAR) approval for ammunition use, hold up for the shock test,
the system must withstand the rigors of tho
UJSAMO Hazard Course. This couirse consists

Fig. 5 -Test specimen during materials
handling tests
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The tilt test consisted of tilting the con- still functiun without interfe ring with at con-
tainer 80 degrees with the vertical as shown in tinuous containu r operation at tqrjoinals. Tile
Fig. 0. The tilt angle is act to produce lateral test consisted of container edcge: drops front ?
forces onl the cargo of coniparable severity to a inches to 2.4 inches in 2-inch incremients.
5(1-deg roe ship roil plus dynamiic or vertical
forces consequent to the iihip niotion. During Maxiniuni strap tension inc rease ait 24 -inch
the tilt test the cargo remiained in position and edge dirop was 1,5~011 pounds, which is it ineas -
did not close tile clearance between tilt boxem urLI Of thuL rebound loadl. Thle imiaximiurn vertical
and the container wall. Thlt, ineasured strap accee le ration roce rrledt onl thu containe r flour
forcits Added a niaxininum of 1, 400 potundu d uring during thlt 24 -inch dirup waH 8 22 f ant ?4 1nil~li-
thle 80 -dogree tilt, which is 11ine r conipa red to SecondsM, 'lth, aystvinc inile rvi w ~ere Bvul by
the strapn tension inc run se clue to rail imipact yitelclllg of thle containu r flour beilns. a otli thle
loading B, measmured permianent yield and the acceler-

omecters indicated a yield of' the system) at a
Container edge drops were conducted, and 9-inch drup and continued accumiulating yield to

the only system failure was floor beamn clfornia- a 24-inch dlrop. After all drop tusting, thle
tion, an shown in rig. 7. The miain purpose of packaging, restraint, and container were all in-
this failure test was to deturmnine tho dynamnic tact, and the mia-ximum- floor beanm yield was
load or drop height at which the container could I1/Z Inch.

Fig, 6-Tilt test

Fig, 7 -MILVAN floor beonr deformia-
tion consequent to edge drop
tests
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It was concluded that after all the drop idcntify many weak system components that can
tests, the system could still function anti not be improved to be more in line with other corn-
interfere with continuous handling as the con- ponents to develop an improved mechanical sys-
tainers could be reconnected to a MIL.VAN tern. Perhaps most important is the opportunity
chassis without difficulty, The floor beam de- to establish a margin of safety for transportation
formation causecl by n severt, handling dirop will system components based on actual tests so that
not damage adjacent contalne:' or Jam the con- structurally marginal components are known and
tainer in the ship cell guides. that effects of overloads can be better aestimated.

Task 6 This first complet, trial of the test proce-
ditres has shown that the goals of an inter-

Task 6, rail, highway, and terminal han- changeable and a reproducible data base can be
dting, all Method A proof tusts, was conducted met. The strain gage instrumentation pro-
to obtain AAR and Coast Guard approval for uae duced measurernents that were directly usable
of the restraint system for ammunition ship- for further mechanical and dynamic analysis.
meats, Test arrangement for the rail portion Force, stress, strain, and failure data dovel-
is shown in Fig. 8. The rail sequence is rail opod on separate components agreed closely
Impacts of 4, 6, and 8 ni.p. h. anti an 8-mp. h. with similar data obtained from cuii.lete sys-
reverse impact. Even though the system com- trn te sts.
ponents wore subjected to greater impact forces
than roquirlod for regulatory approval in pre- Transportability criteria development has
vious tests, the first proof test detected new been hampered by basic variations in test re-
failures in the pa.,kagea. This test showed the port format, testing, instrumentation, and
importance of aligning the cnrgo pallets with the analyses, Even though the tests procedures are
container floor rails to maintain stack shearp general, the procedures have produced data
strap tnsion, and exclude undesirable eccentric from the restraint tests that are of sufficient
loading on the packages. The restraint system consistence in format and data presentation to
MILVAN combination passed the highway and develop transportability criteria. The resulting
tilt proof tests. data are both reproducible and interchangeable

with other data where the test procedurus were

CONCLUSIONSfolwd
USATEA plans to continue this program by

This program hals demonstrated the value developing and publishing criteria for restrain-
of failure toets as described in USATEA test lag cargo with the 3K-i and JK-3 (improved
proceduros, Failure tests establish the re- JK-2) cargo restraint system for rail, highway,
serve, one-time strength of a system that is so water, and terminal handling modes and inter-
imlportant in military transportation where the modal shipments. Also, comprehonsivu cost
trend is toward minimunm storage and holding eflective studies aro scheduled to compare all
and high-speed supply, Also, failure test- approved restraint systems as regards

v Fig, S - Test arrangement for AAR anrd
Coast Guard approval tests
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aggregated costs over the system life cycle.
These cost factors will be developed from
actual military shipments by using the test
restraint systems in MILVAN containers to
secure the same cargo with the same origin
and destination points at the same time. This
should minimize undesired cost and time errors
during study.
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